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1 Introduction, lecture placement

Linear oscillation of single

degree of freedom systems

Free
- undamped

- damped (viscous)

Forced

- harmonic excitation

- periodic excitation

- impulse excitation (transient)

Oscillation of multiple

degree of freedom systems

Free

. . .

Oscillation of continuous systems

2 Used methods

• representing the excitation using the FOURIER integral

• use of convolution integral

• use of Laplace transform

• approximation of excitation force using an interpolation model and convolution

• numerical integration of the equation of motion

3 The use of convolution integral

3.1 Unit impulse definition

Univerza v Ljubljani, Fakulteta za strojnǐstvo
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1 Uvod, umestitev predavanja

Linearna nihanja sistemov lastna - nedeušena

z 1 prostostno stopnjo - dušena (viskozno)

Vsiljena - harmonska motnja

-periodična motnja

- udarna motnja (prehodna)

Nihanja sistemov Lastna

z več pr. st. . . .

Nihanje zveznih sistemov

2 Metode obravnavanja

• predstavitev vzbujanja z FOURIER-jevim integralom

• uporaba konvolucijskega integrala

• uporaba metod Laplacove trasformacije

• aproksimacija vzbujevalne sile z interpolacijskom modelom ter nato uporaba konvolucije

• numerično integracija gibalnih enačb

3 Uporaba konvolucijskega integrala

3.1 Definicija enotskega impulza

f(t)

t
t1 Dt1

1

I
Ät

Slika 1: Enotski impulz

Enotski impulz; Dirac-ova delta funkcija

∆t1 −→ 0 =⇒ I

∆t1
−→ preko vseh meja

δ(t− t1) =





0 za vse t 6= t1

∞ za t = t1,

2

Figure 1: Unit impulse.

Unit impulse; Dirac delta function

∆t1 −→ 0 =⇒ I

∆t1
−→ across all boundaries

δ(t− t1) =




0 for any t ̸= t1

∞ for t = t1.
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The integral of the product of Dirac delta function with an arbitrary function f(t) equals:

∞∫

0

f(t)δ(t− t1)dt = f(t), 0 < t1 < ∞

In the special case, where f(t) = 1:

∞∫

0

δ(t− t1)dt = 1, 0 < t1 < ∞

3.2 Impulse response function
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Integral produkta Diracove delta funkcije s poljubno funkcijo f(t) je:

∞∫

0

f(t)δ(t− t1)dt = f(t), 0 < t1 < ∞

V posebnem primeru, če je f(t) = 1, pa:

∞∫

0

δ(t− t1)dt = 1, 0 < t1 < ∞

3.2 Impulzna prenosna funkcija

k d

m
x

Slika 2: Oscilator

~I = ∆~p = m~v2 −m~v1,

kjer je

~I =

t∫

0

~F (t) dt

in

~v2 =
~I

m

Če vzbudimo oscilator na sliki 2 z impulzom ~I, sta začetna pogoja:

1. x(0) = 0

2. ẋ(0) = I
m

3

Figure 2: Oscillator.

I⃗ = ∆p⃗ = mv⃗2 −mv⃗1,

where

I⃗ =

t∫

0

F⃗ (t) dt

and

v⃗2 =
I⃗

m

If the oscillator in Fig. 2 is excited by the impulse I⃗, the initial conditions state:

1. x(0) = 0

2. ẋ(0) = I
m
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a) Undamped oscillator; d = 0

The equation of motion for an undamped oscillator depicted in Fig. 2:

mẍ+ kx = 0

The solution of the equation of motion:

x(t) = A cos(ω0t) +B sin(ω0t), ω0 =

√
k

m

From the initial conditions we can calculate A = 0 and B = I
mω0

, therefore, the response of the

system can be rewritten as:

x(t) =
I

mω0
sin(ω0t)

The impulse response function:

g(t) =
x(t)

I
=

1

mω0
sin(ω0t)

b) Damped oscillator The equation of motion for an undamped oscillator depicted in Fig. 2:

mẍ+ dẋ+ kx = 0

The solution of the equation of motion:

x(t) = e−δω0t[A cos(ω0dt) +B sin(ω0dt)]

From the initial conditions, the constants A and B can be calculated, which areA = 0 andB = I
mω0d

.

x(t) =
I

mω0d
e−δω0t sin(ω0dt)

Impulse response function:

g(t) =
1

mω0d
e−δω0t sin(ω0dt)

4 Convolution integral

Necessary properties of a system to use the convolutional integral:

• Linearity

• Time invariance

• Causality

∆x(t) = f(t1)∆t1g(t− t1)

By using the principle of superposition we obtain

x(t) = lim
∆i→0

n∑

i=1

f(ti)g(t− ti)∆ti =

t∫

0

f(t1)g(t− t1)dt1

BOREL’s theorem
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4.1 Zapis konvolucije s pomočjo spominske spremenljivke τ

f(t) x(t)g(t)

x(t) =

t∫

0

f(t1)g(t− t1)dt1

Splošneje lahko zapǐsemo:

x(t) =

t∫

−∞

f(t1)g(t− t1)dt1

5

4.1 Writing convolution using a memory variable τ
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4.1 Zapis konvolucije s pomočjo spominske spremenljivke τ

f(t) x(t)g(t)

x(t) =

t∫

0

f(t1)g(t− t1)dt1

Splošneje lahko zapǐsemo:

x(t) =

t∫

−∞

f(t1)g(t− t1)dt1

5

x(t) =

t∫

0

f(t1)g(t− t1)dt1

More generally, we can write:

x(t) =

t∫

−∞

f(t1)g(t− t1)dt1
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A new time variable can be introduced τ = t− t1, dτ = −dt1

x(t) =

∞∫

0

f(t− τ)g(τ)dτ

x(t) =

t∫

0

f(t− τ)g(τ)dτ

Notation

x = f ∗ g = g ∗ f
x = f ◦ g = g ◦ f
τ - memory time variable

g(τ) - dynamic memory of the system (oscillator)
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Sedaj uvedemo novo časovno spremenljivko τ = t− t1, dτ = −dt1

x(t) =

∞∫

0

f(t− τ)g(τ)dτ

x(t) =

t∫

0

f(t− τ)g(τ)dτ

Oznake
x = f ∗ g = g ∗ f
x = f ◦ g = g ◦ f
τ - spominska časovna spremenljivka
g(τ)-dinamični spomin sistema (oscilatorja)

f(t )1

t1

t

t

g(t)

x(t)

t

t

t

x(t) =

t∫

0

f(t− τ)g(τ)dτ = lim
∆τi→0

n∑

i=0

f(t− i∆τ)g(i∆τ)∆τ

6

x(t) =

t∫

0

f(t− τ)g(τ)dτ = lim
∆τi→0

n∑

i=0

f(t− i∆τ)g(i∆τ)∆τ
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f(t)

1

2.0 t [s]

g(t)

g(t)

g(t)

g(t)

t[s]

t[s]

t[s]

t[s]

2

0.5

1

a)

b)

c)

d)

7
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5 Examples

5.1 Example 1

x(t)

F(t)

k/2 k/2d

m

Figure 3: Schematic representation of a press.

F(t)

F0

t

Figure 4: Step force.

Determine the response of the press in Fig. 3 to the step force:

a) for an undamped system and

b) for a damped system
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Solution

a) Undamped example

The impulse response function of an undamped oscillator is:

g(t) =
1

mω0
sin(ω0t) (1)

The system response can be obtained by solving the convolution integral:

x(t) =

t∫

0

f(t1)g(t− t1)dt1 (2)

Prior to solving, the impulse response function (1) is written in the form:

g(t− t1) =
1

mω0
sin(ω0(t− t1)) (3)

By inserting (3) into (2) and taking into account that f(t1) = F0, the system response can be

calculated:

x(t) =

t∫

0

F0

mω0
sin(ω0(t− t1))dt1

=
F0

mω0

(
1

ω0
cos(ω0(t− t1))

) ∣∣∣∣
t

0

=
F0

mω2
0

(1− cos(ω0t))

=
F0

k
(1− cos(ω0t))

(4)

The response is shown in Fig.5.
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Rešitev

a) Nedušen primer
Impulzna prenosna funkcija nedušenega oscilatorja je:

g(t) =
1

mω0
sin(ω0t) (1)

Odziv sistema dobimo z rešitvijo konvolucijskega integrala:

x(t) =

t∫

0

f(t1)g(t− t1)dt1 (2)

Pred tem še preuredimo impulzno prenosno funkcijo (1) v naslednjo obliko:

g(t− t1) =
1

mω0
sin(ω0(t− t1)) (3)

Sedaj z vstavitvijo izraza (3) v (2) in upoštevanjem, da je f(t1) = F0, izračunamo odziv
sistema, ki je:

x(t) =
t∫
0

F0

mω0
sin(ω0(t− t1))dt1

= F0

mω0

(
1
ω0

cos(ω0(t− t1))
)∣∣∣

t

0

= F0

mω2
0
(1− cos(ω0t))

= F0

k (1− cos(ω0t))

(4)

Odziv je prikazan na sliki (5).

x(t)

t

0
F

k

0
2F

k

0

Slika 5: Odziv nedušene stiskalnice.

9

Figure 5: Response of an undamped press.
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b) Damped example

The impulse response function of an undamped oscillator is:

g(t) =
1

mω0d
e−δω0t sin(ω0dt) (5)

The system response can be obtained by solving the convolution integral:

x(t) =

t∫

0

f(t1)g(t− t1)dt1 (6)

The impulse response function (5) is rewritten in the form:

g(t− t1) =
1

mω0d
e−δω0(t−t1) sin(ω0d(t− t1)) (7)

The system response is given by solving the following integral:

x(t) =

t∫

0

F0
1

mω0d
e−δω0(t−t1) sin(ω0d(t− t1))dt1 (8)

Homework: solve the integral in Eq. (8)

The system response is shown in Fig. 6.
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b) Dušen primer
Impulzna prenosna funkcija dušenega sistema je:

g(t) =
1

mω0d
e−δω0t sin(ω0dt) (5)

Odziv sistema dobimo z rešitvijo konvolucijskega integrala:

x(t) =

t∫

0

f(t1)g(t− t1)dt1 (6)

Impulzno prenosno funkcijo (7) preuredimo v naslednjo obliko:

g(t− t1) =
1

mω0d
e−δω0(t−t1) sin(ω0d(t− t1)) (7)

Odziv sistema podaja rešitev naslednjega integrala:

x(t) =

t∫

0

F0
1

mω0d
e−δω0(t−t1) sin(ω0d(t− t1))dt1 (8)

DN Rešite integral (8).

Odziv sistema prikazuje slika 6.

Slika 6: Odziv dušene stiskalnice.

10

Figure 6: Response of a damped press.
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5.2 Example 2

Determine the response of the system in Fig. 7.

F(t)
m

x(t)

2

k

2

k

Figure 7: Cantilever structure.

F(t)

F0

tt00

Figure 8: Excitation force.

The force can be written as a function of time:

f(t) =




F0

(
1− t

t0

)
0 ≤ t ≤ t0

0 t > t0
(9)

The impulse response function is written as:

g(t− t1) =
1

mω0
sin(ω0(t− t1)) (10)

The system response can be calculated by solving the following integral:

x(t) =

t∫

0

F0

(
1− t1

t0

)
1

mω0
sin(ω0(t− t1))dt1 (11)

11



University of Ljubljana, Faculty of Mechanical Engineering
LADISK–Laboratory for Dynamics of Machines and Structures

The response for 0 ≤ t ≤ t0 is:

x(t) =
F0

k

[
1− t

t0
− cos(ω0) +

1

ω0t0
sin(ω0t)

]
(12)

The response after the force is no longer present i.e. when t > t0, is written below:

x(t) =
F0

kω0t0
[(1− cos(ω0t0)) sin(ω0t)− (ω0t0 − sin(ω0t0)) cos(ω0t)] (13)
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Odziv v času 0 ≤ t ≤ t0 je:

x(t) =
F0

k

[
1− t

t0
− cos(ω0) +

1

ω0t0
sin(ω0t)

]
(12)

Odziv po času delovanja sile f(t), torej za čas t > t0 je:

x(t) =
F0

kω0t0
[(1− cos(ω0t0)) sin(ω0t)− (ω0t0 − sin(ω0t0)) cos(ω0t)] (13)

x(t)

t0 t0

Slika 9: Odziv sistema prikazanega na sliki 7.
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Figure 9: Response of the system in Fig. 7.
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6 Use of impact excitation

6.1 Discrete systems

ACQUISITION
+

ANALYSIS

ACQUISITION
+

ANALYSIS

6.2 Continuous system - experimental structural dynamics
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6 Uporaba udarne motnje

6.1 Diskretni sistemi

6.2 Zvezni sistem-eksperimentalna strukturna dinamika

x (t)j

w1 ww 2

H( )w
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7 Experimental evaluation of model quality for calculating the

bending oscillations in rotor dynamics

Figure 10: Shaft discretization.

f01 [Hz] ∆ [%] f02 [Hz] ∆ [%]

Experim. value 480.0 1050.0

MPM 465.7 2.98 1044.4 0.56

Figure 11: Spectral density diagram.
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8 Non-destructive testing of damaged structures

Impact
hammer

Channel B

Channel A

Two-channel FFT analyser
B&K 2032

Steel
ball

Nylon
thread

Measurement
structure

Charge
preamplifier

Oscilloscope

Charge
preamplifier

Accelerometers
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9 Response to base excitation

Univerza v Ljubljani, Fakulteta za strojnǐstvo
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9 Odziv na vzbujanje podlage

k d

m

x

y

Gibalna enačba:

mẍ = −k(x− y)− d(ẋ− ẏ) (14)

Če sedaj uvedemo novo spremenljivko z = x − y, lahko gibalno enačbo (14) zapǐsemo v naslednji
obliki:

mz̈ + dż + kz = −mÿ (15)

Opazimo pa podobnost enačb (15) in (16):

mz̈ + dż + kz = F (16)

Za podkritično viskozno dušen sistem je impulzna prenosna funkcija:

g(t) =
1

mω0d
e−δω0t sin(ω0dt) (17)

Rešitev gibalne enačbe 14 je:

x(t) =

t∫

0

f(t1)g(t− t1)dt1 (18)

z(t) = − 1

ω0d

t∫

0

ÿ(t1)e
−δω0(t−t1) sin(ω0d(t− t1))dt1 (19)

16

Equation of motion:

mẍ = −k(x− y)− d(ẋ− ẏ) (14)

By introducing a new variable z = x− y, the equation of motion (14) can be written in the form:

mz̈ + dż + kz = −mÿ (15)

Notice the similarity of equations (15) and (16):

mz̈ + dż + kz = F (16)

For a viscous-underdamped system, the impulse response function is written as:

g(t) =
1

mω0d
e−δω0t sin(ω0dt) (17)

The solution of the equation of motion (14) is calculated by:

x(t) =

t∫

0

f(t1)g(t− t1)dt1 (18)

z(t) = − 1

ω0d

t∫

0

ÿ(t1)e
−δω0(t−t1) sin(ω0d(t− t1))dt1 (19)
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10 Impulse spectrum
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10 Udarni spekter

max

f(t)

tf

F0

t

1

0

ω0 =
√

k
m ω = π

tf

17

ω0 =

√
k

m
ω =

π

tf

17


