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1 Introduction, lecture placement
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Oscillation of multiple Free
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2 Used methods

e representing the excitation using the FOURIER integral

e use of convolution integral

e use of Laplace transform

e approximation of excitation force using an interpolation model and convolution

e numerical integration of the equation of motion

3 The use of convolution integral

3.1 Unit impulse definition

f(t)

Figure 1: Unit impulse.

Unit impulse; Dirac delta function

I
Aty — 0 = N — across all boundaries
1

0 foranyt#t
5(t—t1) = yt#t
oo for t =t4.
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t

The integral of the product of Dirac delta function with an arbitrary function f(¢) equals

/f S(t—t))dt = f(t), 0<t <oo
0
In the special case, where f(t) = 1:

oo
/(St—tl =1, 0<t <00
0

3.2 Impulse response function

Figure 2: Oscillator.

I= Ap = mvy — miy,
where
t
I'= [ F(@t)dt
0
and
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a) Undamped oscillator; d = 0

The equation of motion for an undamped oscillator depicted in Fig. 2:
mi+kx =0

The solution of the equation of motion:

2(t) = Acos(wot) + Bsin(wot),  wo = \/?
m

From the initial conditions we can calculate A = 0 and B = miwo, therefore, the response of the

system can be rewritten as:

I
x(t) = P, sin(wot)

The impulse response function:

1

b) Damped oscillator The equation of motion for an undamped oscillator depicted in Fig. 2:
mi+de+kx =0
The solution of the equation of motion:

x(t) = e_éw"t[A cos(woqt) + B sin(woat)]

From the initial conditions, the constants A and B can be calculated, which are A = 0 and B = —L

I
z(t) = ——e %0 sin(woqt)
mwod

Impulse response function:
1

t) = e~ 990t gin(woat
ot) = —— (woat)

4 Convolution integral

Necessary properties of a system to use the convolutional integral:

e Linearity
e Time invariance

e Causality

A]J(t) = f(tl)Atlg(t — tl)

By using the principle of superposition we obtain

A;—0

a(t) = Tim S f(t)g(t — )AL = / F(t)g(t — ty)dty
=1 0

BOREL’s theorem

mwod :
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f(t,)

.

Ax(t)

AX(t):f(tl) Atl g(t_tl)

Ny

t, t-t, t
t

4.1 Writing convolution using a memory variable 7

f(t) g®) x(t)

t

ﬂf(t) = /f(tl)g(t — tl)dtl

0

More generally, we can write:

x(t) = / F(t0)g(t — tr)dty
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A new time variable can be introduced 7 = ¢ — ¢1, dr7 = —dt;

Notation
r=fxg=gx*f
r=fog=gof

T - memory time variable

g(7) - dynamic memory of the system (oscillator)

f(t)

-+
—
£

=

|

g
t
X(t)
t t ]

AT1;—0

x(t) = /f(t —T7)g(r)dr = lim Z f(t —iAT)g(iAT)AT
0 =0
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5 Examples

5.1 Example 1

F(t)

) - (o

k/2 |_j d k/2

N N\ N

Figure 3: Schematic representation of a press.

A
F(t)

\ 4

Figure 4: Step force.
Determine the response of the press in Fig. 3 to the step force:

a) for an undamped system and

b) for a damped system
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Solution

a) Undamped example

The impulse response function of an undamped oscillator is:

1
t) = i t
g(t) o~ sin(wot)

The system response can be obtained by solving the convolution integral:

z(t) :/f(h)g(t—tl)dh
0

Prior to solving, the impulse response function (1) is written in the form:

gt —t1) = sin(wo(t — t1))

mwo

(3)

By inserting (3) into (2) and taking into account that f(t1) = Fp, the system response can be

calculated:

¢
z(t) = / ni)zo sin(wo(t — t1))dty
0

t

E 1
= oo (bdo cos(wo(t — tl)))
= 7”522 (1 = cos(wot))
0

= % (1 — cos(wot))

0

The response is shown in Fig.5.

A
X(t)
2R,
k

Figure 5: Response of an undamped press.
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b) Damped example

The impulse response function of an undamped oscillator is:

1
t —(50J0t : t
g(t) = 70(16 sin(woqt)

The system response can be obtained by solving the convolution integral:
t
o) = [ flengle )
0

The impulse response function (5) is rewritten in the form:

1 é
t—t) = ——e dwolt=t) g t—t
gt —t1) P sin(woa(t — t1))

The system response is given by solving the following integral:

t

1

l‘(t) = /FO mwoq 67&00(7:7“) Sin(de(t — tl))dtl
0

Homework: solve the integral in Eq. (8)

The system response is shown in Fig. 6.

A
x(t)
2R,

Figure 6: Response of a damped press.

10

\/
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5.2 Example 2

Determine the response of the system in Fig. 7.

x(t)
m —

E(t)
—— [

o | =
N | ==

N N

Figure 7: Cantilever structure.

F(t)4
F,
0 t, t=
Figure 8: Excitation force.
The force can be written as a function of time:
‘o - F0<1—%) 0<t <t o)
0 t > 1o
The impulse response function is written as:
gt —t1) = " sin(wo(t — t1)) (10)

The system response can be calculated by solving the following integral:

x(t) = /FO <1 — i—(l)) mtdo sin(wo(t — tl))dtl (11)
0

11
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The response for 0 <t < ¢ is:

F ¢
t = — 1 _— =
z(t) . T cos(wp) + ot

sin(wot)

The response after the force is no longer present i.e. when t > tg, is written below:

o kOJOtO

x(t)

[(1 — COS(OJoto)) Sin(th) — (tho — Sin(tho)) COS(th)]

A
X(t)

Figure 9: Response of the system in Fig. 7.

12

\ 4
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6 Use of impact excitation

6.1 Discrete systems

i-1 i i1
Xir1Xi+1
/ Fdt
ACQUISITION
| _'_ I »
X | ANALYSIS
CQOH OQO| CQoiﬂ O‘J=
ACQUISITION .
4 ———  Syx
X | ANALYSIS

C\)OH (’QO; Q'JO;H w;

6.2 Continuous system - experimental structural dynamics
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Experimental evaluation of model quality for calculating the

bending oscillations in rotor dynamics

T T 1T

Figure 10: Shaft discretization.

for [Hz] | A %] | for [Hz] | A [%]
Experim. value 480.0 1050.0
MPM 465.7 2.98 1044.4 0.56

14 . ! . : : v . v . )

MAG
dBv

0 PWR SP A LIN 2kHz
X 480. OHz b¢] -3.1dBv

Figure 11: Spectral density diagram.
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8 Non-destructive testing of damaged structures

N
Charge Oscilloscope
preamplifier
> AN
Nylon 4
thread ;
Measurement / ? ‘ Two-channel FFT analyser
structure Accelerometers B&K 2032
/ Charge
/ Impact preamplifier
hammer
Channel A
Steel
hall Channel B

15
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9 Response to base excitation

] I

Equation of motion:
mi = —h(z — y) — d(i - §)

By introducing a new variable z = x — y, the equation of motion (14) can be written in the form:
mzZ+dz+kz=—myjy

Notice the similarity of equations (15) and (16):
mz+di+kz=F

For a viscous-underdamped system, the impulse response function is written as:

1
g(t) = ——e % sin(woqat)
mwod

The solution of the equation of motion (14) is calculated by:

I(t) = f(tl)g(t — tl)dtl
/

t

1
2(t) = ——— [ ij(tr)e %01 gin(woa(t — t1))dty

16

(18)

(19)
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10 Impulse spectrum
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