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Abstract

Fused-filament fabrication, one of the most accessible additive manufactur-
ing technology, has already been used to manufacture piezoresistive static/quasistatic
strain sensors, force sensors and wind sensors. Recent research showed
that fused-filament fabrication could also be used for the manufacturing
of dynamic sensors. However, the anisotropic mechanical and piezoresis-
tive behaviour, the heterogeneity, the large number of process parameters
and the large number of possible geometrical designs open up numerous
design options for manufacturing. Additionally, a small size is difficult to
achieve due to the relatively low geometrical tolerances and the resolution
of fused-filament fabrication. This paper is focused on the design principles
of a single-process, fused-filament fabricated, uni-axial accelerometer with a
piezoresistive sensing element. The anisotropic piezoresistive behaviour is re-
searched for the maximum sensitivity in the measured acceleration direction
and the minimal cross-axis sensitivity for the perpendicular axes. The ana-
lytical accelerometer model is based on a Bernoulli-Euler beam and is used
to understand the frequency and the geometrical influences of the piezore-
sistive accelerometer with a beam-shaped sensing element and an attached
intertial mass. Finally, a small-sized (22x22x15 mm3), single-axis, pro-
totype accelerometer, with an approximately linear response up to-425 Hz
and a low cross-axis sensitivity was manufactured. The derived principles
can be used for further optimisation of the developed prototype sensor and
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as a foundation for the derivation of design principles for other types of
fused-filament fabricated accelerometers, including 3-axis accelerometers.

Keywords: accelerometer, piezoresistivity, additive manufacturing, fused
filament fabrication, dynamic sensor, 3D printing

1. Introduction

Recent advances in additive manufacturing (AM) have enabled the cre-
ation of end-products [1] and even smart structures e.g., metamaterials [2, 3],
energy harvesters [4], actuators [5, 6] and sensors [7, 8].

AM technologies can be used to create an accelerometer; however, seven
different AM technology principles [9] and different sensing possibilities
(piezoresistivity, capacitance, piezoelectricity, etc.) open up numerous de-
sign options. In the earliest studies, AM was used to manufacture the hous-
ing, while inserting conventionally manufactured accelerometers as the sens-
ing element [10]. In 2018 and 2019, combining stereolitography (SLA) and
wet-metallization, Zega et al. manufactured single axis [11] and three-axis
[12] capacitive accelerometers, respectively. In 2020 Liu et al. [13], devel-
oped a fully printed piezoresistive accelerometer using SLA, screen-printing
technology and direct ink writing.

Another promising AM technology for manufacturing accelerometers is
fused-filament fabrication (FFF) as it enables the simultaneous printing of
insulating and stimuli-sensitive materials. This allows the single-process
manufacturing of the accelerometer’s housing and the sensing element. An
additional advantage is the low cost of a FFF machines and therefore the
wide applicability.

When using FFF, piezoresistivity can be used as the sensing principle.
Piezoresistivity denotes the strain dependent electrical resistivity [14]. In
order to exhibit piezoresistivity, a material has to be electrically conduc-
tive; however, thermoplastic materials are used for FFF and they are elec-
trically non-conductive. But by including conductive particles in the non-
conductive polymer matrix, electrical conductivity can be achieved [15]. The
volume ratio between the conductive particles and the non-conductive ma-
trix has to exceed the percolation threshold, in order to conduct an elec-
trical current [16]. Several conductive composites can be used for FFF,
such as acrylonitrile butadiene styrene (ABS)/carbon nanotubes (CNT) [17],
ABS/multiwalled carbon nanotubes (MWCNT) [18], nylon 6/metal and
high-density polyethylene [19], polypropylene/carbon black [20], thermo-
plastic polyurethane (TPU)/MWCNT [21, 22] and polylactic acid (PLA)/carbon



black [23]. In addition to the type and amount of conductive particles, the
FFF process parameters significantly impact on the achieved conductiv-
ity /resistivity of FFF structures [24]. The resistivity of the fabricated parts
is temperature dependent as well [25].

In 2012 Leigh et al. [26] developed an electrically conductive mate-
rial called “carbomorph” that was used with FFF technology. The ap-
plicability of the developed material with FFF for sensing applications was
demonstrated on a 3D-printed glove able to sense finger movements. Af-
terwards, several static/quasi-static sensors were developed, including a
graphene-based PLA and TPU composite sensor by Alsharari et al. [27],
a TPU/MWCNT composite based sensor and bidirectional stretchable sen-
sor by Christ et al. [21, 28], a flex sensors in soft pneumatic components
by Hohimer et al. [29], load cell by Stano et al. [30], an embedded strain
sensor by Gooding and Fields [31], a multiaxial force sensor by Kim et al.
[32] and a wind sensor by Al-Rubaiai et al. [33]. The piezoresistive sensor’s
behaviour is significantly influenced by the FFF process parameters; there-
fore, knowledge about piezoresistivity as a material- and process-dependent
property is of great importance.

Most of piezoresistivity research was limited to resistance-change obser-
vations when a static [31, 34] and a cyclic [35] tensile load or a cyclic bend-
ing load [36] was applied. Only recently, a resistivity-strain tensor-based
experimental method for dynamic piezoresistivity identification was intro-
duced [37]. It was shown that a one-order-of-magnitude higher piezoresistive
coefficient is obtained when the stress and electric field act perpendicular to
the material deposition direction instead of parallel to it.

Recently, the piezoresistive-based dynamic! strain sensing of FFF struc-
tures was researched by Maurizi et al. [38, 39] and showed that FFF can be
used in the future as a dynamic-sensors manufacturing technology. There
are a large variety of accelerometer-design options due to the anisotropic me-
chanical and piezoresistive behaviour, the heterogeneity, the large number
of process parameters with great influence on the mechanical and piezore-
sistive behaviour and the large number of possible geometrical designs. Nu-
merous design options make it difficult and time-consuming to find optimal
accelerometer. In order to reduce the accelerometer’s development time,
it is important to neglect poor-performance accelerometer designs in the
concept-development phase. A shorter time can be achieved by deriving
and following the design principles for an FFF accelerometer.

'harmonic mechanical load in 5-4 000 Hz frequency range



In the manuscript an analytical model based on the Bernoulli-Euler (BE)
beam theory and a tensor-based, linear, piezoresistive material model is
used to find the design principles for an FFF accelerometer. Based on the
derived design principles, a showcase accelerometer is manufactured and
experimentally researched. The manuscript is organized as follows: Sec. 2
gives the theoretical background to piezoresistive acceleration sensing, in
Sec. 3 the design principles for an FFF accelerometer are derived, in Sec. 4
a showcase accelerometer is conceptualised, Sec. 5 gives the background
to the accelerometer manufacturing procedure and experimental research,
Sec. 6 presents the experimental results and Sec. 7 draws the conclusions.

2. Theoretical backgrounds

In a FFF piezoresistive accelerometer, the base acceleration 0}, induces,
due to the inertial effects, the mechanical strain €, which results in a change
of the electrical resistance dR:

acceleration W}, — strain e — resistance change d R.

Resistance change can be used as an acceleration indicator when the change
is proportional to the applied acceleration [40].

The principle of operation for a piezoresistive accelerometer is presented
in Fig. 1. The accelerometer consists of insulating and piezoresistive ma-
terials. Two electrodes are applied to the piezoresistive sensing element.
Between the electrodes a constant resistance R = R exists in the case of no
acceleration; however, when an acceleration is applied, both the insulating
and piezoresistive parts deform and the resistance changes dR(g), due to
the applied strain e.
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Figure 1: Piezoresistive accelerometer a) no base acceleration, b) base acceleration

The strain € in the FFF accelerometer depends on the applied accel-
eration wy(t), the geometrical design (shear-based, bending-based, tension-
based), the bulk material properties and the FFF process parameters.

The resistance R, on the other hand, is the quotient between the voltage
drop w and the current i [41]:

pot_Yr—Vo

(3 (3

(1)

where u is defined by the applied voltages V., V_, see Fig. 1. The resistance
can be written in terms of the electric field intensity E and the electric
current density J [41]:

[ E-di
u o L(t)
T T da (2)

R=
J -da

At)

where L£(t) denotes the integration path, A(t) is the resistor’s cross-section
along the integration path and ¢ is the time. Both the integration path
L(t) and the resistor’s cross-section A(t) can change over time due to the
applied strain (due to the acceleration). The electric field intensity E and
the electric current density J are, for homogeneous structures, related by
Ohm’s law in terms of the summation convention as [42]:

Ei:pij Jj, i,jzl,...,B (3)



where ¢, j denote the coordinate system components and p;; the resistivity
component relating the electric field intensity in the i-th direction and the
electric current density in the j-th direction. The resistivity p;; is the sum
of the initial resistivity (when no strain is applied) pg;; and the change of
the resistivity due to the applied strain dp;;:

dpss o

pij = poij + dpij = poij (1+ p”)- i,j=1,..3 (4)
POij

The relative resistivity change dp;;j/poi; depends on the strain [43]:

dpij
PO ij

:éijkleklv iajak;JZ 17""3 (5)

where §;;,; denotes the piezoresistive coefficient and &4 the strain compo-
nent. Using Voigt-Kelvin notation, which replaces the two-subscript nota-
tion by a single-subscript notation [44],

1—1, 22—2, 33—3, 23—4, 13—5, 12—6 (6)
Eq. (5) simplifies to
dpi/poi = &ij €5, i,j=1,...,6. (7)

For structures with unidirectionally deposited material, orthotropy can be
assumed [45]. The orthotropic resistivity and the matrix of piezoresistive
coefficients from Egs. (3) and (7), respectively, in the material coordinate
system for a planar structure are:

€1 &2 0 |. (8)

11 &2 0
e
0 0 &

_lpun O
P [0 P22

The resistance R (2) can be written in terms of the electric current den-
sity (3):

[ ple) Tl
L(t)
[ J-da
At)

9)

Like with the resistivity p (4), the resistance R can be divided into the inital



resistance Ry and the resistance increment due to the applied strain dR:

R:Ro+dR:R0(1+d—R>. (10)
Ry

Eq. (9) indicates that the resistance R is the result of the geometrical prop-
erties and the resistivity p, which further depends on the exhibited strain
field €, the bulk material properties of the piezoresistive material, and the
FFF process parameters.

3. Accelerometer design principles

In an accelerometer with an intertial mass, the acceleration @y, causes a
change in the strain in the mass support structure e, which further changes
the relative resistance change dR(t)/Ry:

dR(t)

wp(t) —  e(t) =F(wp) —> Ry

=G(e), (11)

where the strain as a function of acceleration is € = F () and the rel-
ative resistance change as a function of strain is dR(¢t)/Ry = G(g). The
accelerometer design principles are derived by observing the analytical ex-
pression of the relative resistance change as a function of the acceleration
dR(t)/Ro = H(p):

T = Hldp) = G(F (b)) (12)
0
The concept of the accelerometer, used to derive the analytical expression
H (), is presented in Fig. 2. The accelerometer consists of an inertial mass
connected with the beam to the housing. In Fig. 2 a single beam is used;
however, symmetrically arranged beams around the e3 axis will be used in
the later experimental showcase. The sensing element consists of a non-
piezoresistive material and a piezoresistive material with the resistivities p.
and p, in the ey direction, respectively. Voltages V., V_ are applied to the
conductive part of the housing, where no bending is exhibited. Dimensions
[, I, and x denote the length of the oscillating part of the beam, the length
of the conductive track in the housing and the length of the piezoresistive
element. The accelerations wy,(t) and e (x,t) denote the base acceleration
and the acceleration due to bending, respectively.

In the manuscript, Newton’s dot notation (e.g.: Z(z,t) = 0%T/0t?) is
used for the time derivatives and Lagrange’s notation for the positional



derivatives (e.g.,: Z'(z,t) = 0*Z/0z?).
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Figure 2: Accelerometer design

3.1. Strain as a function of acceleration

The Bernoulli-Euler (BE) beam theory is used to derive the exhibited
strain € = F(wp) in terms of the base excitation wy. Transverse isotropy
with isotropic properties in the horizontal plane of the insulating material
is assumed [46, 47]. The physical model of the examined beam is shown in
Fig. 3, with symmetry being taken into account. The strain in the beam &
in the direction e; is defined as [48]:

g1 = —zw(z,1), (13)

where z is the coordinate of a certain point of the beam in the e3 direction
with regard to the beam’s centerline [48] and w(z,t) is the total displace-
ment of the beam. The total displacement w(x,t) is the sum of the base
displacement wy,(t) and the relative displacement due to bending wye(z, t):

w(z,t) = wy(t) + wra(x, t). (14)

Since only the relative beam displacement wye(x,t) depends on the po-
sition z, the equation of motion (EOM) for a free vibrating BE beam, as-
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Figure 3: Physical model of the accelerometer

suming no damping, can be reformulated as [48]:

02 wl{;{ + Wre] = —Wh. (15)

c= \/g, (16)

where Y, I, D and A denote Young’s modulus, the second moment of the
area about es, the density and the cross section of the beam, respectively.

Assuming that a harmonic base displacement is applied (17), then the
relative displacement is harmonic as well (18):

with

wt) = Wye®, a7)
wrel(l'at) = Wrel(x)eigta (18)

where Wy, and Wy (z) are the base displacement and the relative displace-
ment amplitudes, respectively. €2 is the angular excitation frequency, i is an
imaginary unit and e is Euler’s number. Inserting Egs. (17), (18) into (15),
yields:

W (z) — B* Wra(z) = B* Wi, (19)
with
02 DAQ?
4 = — =
F= c? YI & (20)



Eq. (19) is of the same form as a forced beam with a constantly distributed
transverse load [49]. The solution to Eq. (19) consists of a complementary
part Wielc and a particular part Wier , [49]:

Wrel(x) = WreLc(CL’) + Wrel,p7 (21)
Wrel,p - _Wb7 (22)

b b
Wrel,C(l‘) = Ky cos <l JU> + K sin <l a:) + (23)

b b
+ K5 cosh(l a:) + K3 sinh(l a:),

where b = 1. The constants Ko— K3 are found from the following boundary
conditions:

wa(0) =0, wlg(0)=0, wl(l/2)=0, Y Iul(1/2) =" w(1/2), (24
After obtaining the coefficients Kq— K3, expressions for the beam’s displace-
ment w(z,t) and, consequently, the strain £; (13) are obtained; however, the
trigonometric and hyperbolic terms in Eq. (24) are difficult to implement
in any further derivation. Therefore, to simplify the analytical expression,
a third-order Taylor expansion is used, as described in Appendix A. As
discussed in the appendix, the simplified expression for the strain 7 is valid
when the ratio r, = m/mj between the inertial mass m and the mass of the
beam my, is greater than 1, and when the excitation frequency €2 is signifi-
cantly below the first natural frequency wp. The simplified (linear with x)
expression is:

1 . .
g1 = ]:(wb) ~—zk (:; — 4) Wb eth, (25)

with the proportionality constant k being;:

%6
12wl

3.2. Relative resistance change as a function of strain

The relative resistance change dR/Ry corresponds to the sensor’s sensi-
tivity, see Eq.(10) and is defined as:

dR(t)  R(t) — Ro

(27)

Ry Ro

10



In order to obtain the relative resistance change dR(t)/Ry = G(e) as a
function of the strain e, the resistance R(t) has to be written in terms
of the strain, see Eq. (27). It is assumed that the piezoresistive material
is unidirectionally deposited and therefore orthotropic [37]. Assuming a
negligible contribution of the geometrical changes to the resistance change
(A, L are constant (9)), the resistance can be written as, see Egs. (2), (9)
and Fig. 2:

12

R(t) = jc /p(w,t) dz, (28)

—ly

where A denotes the cross-section of the sensing element and p(z,t) the
resistivity along z, see Fig. 2:

Pc; lf —lh<$§0
p(z,t) = pplx,t), if 0<z<x (29)

where p. denotes the resistivity of the non-piezoresistive material, which
does not depend on the strain and therefore the time and pp,(x,t) resistivity
of the piezoresistive material, which is due to the piezoresistive nature, time
and strain dependent and equal to:

po(e,t) = pop (1+ €21(2,1)), (30)

where pgp, denotes the initial resistivity of the piezoresistive material and
the piezoresistive coefficient £ is due to Poisson’s effect €9 = —v19¢1, the
relationship in Eq. (8) and the Ohmic properties presented in Fig. 2:

£ =& —vi2éi. (31)

The resistance at time ¢ in terms of strain is, (28) (29), (30):

2

[pc (lh+l/2_X)+P0pX+90p5/51($7t)dx} (32)
0

The initial resistance Ry represents the resistance of the accelerometer when
no strain is exhibited and is equal to the resistance in Eq. (32) with the
integral term being zero. The relative resistance change in terms of the

11



strain G(e) is therefore, see (27), (32):

X
¢ [ei(z,t)da
0

Cxr st

- =6() (33)

3.8. Relative resistance change as a function of the base acceleration

The relative resistance change dR/Ry = H(wy) as a function of the base
acceleration wy, is obtained by inserting Eq. (A.27) into Eq. (33):

dR

P ) — . 1 iQt
Ro H(wb) H%wb Wb (S s (34)

where Har, represents the frequency response function (FRF) [50, 51]
R D

between the relative resistance change and the base acceleration:

2
l
Hun, =— %—le €2k, (35)
W xt g (bt 3 - X)

FRF H R corresponds to the sensor’s sensitivity.
Ro

4. Showcase Design of a 3D-Printed Accelerometer

Here, the design principles of Sec. 3 will be applied to an experimental
showcase. The operational frequency of the showcase should be up to 400 Hz,
the cross-axis sensitivity should be small, the physical dimensions will be
limited to 25 x 25 X 10 mm?.

4.1. Mechanical design

Fig. 4 shows the researched support structure of the accelerometer de-
sign, where four beams (two at the top and two at the bottom) with an
inertial mass in the middle are used to achieve translational motion (in es
direction) of the inertial mass, see also Fig. 2. The dimensions of a showcase
accelerometer are shown in Fig. 4, using a finite element analysis with the
isotropic material parameters? Y = 3.2 GPa, D = 1250 kg/m?, the first nat-
ural frequency is a translational mode in the e3 direction at fo =1425 Hz.

2Tsotropic properties are a reasonable approximation if 100% infill is used for the FFF
printing and a linear region is examined [52]

12



As the first natural frequency is significantly above the expected frequency
range of operation, it is expected that the higher modes will not have a
significant influence in the directions ey, es.

section A-A
yl_/ |
A =
1 |

16
22

9.5
10

housing

Figure 4: Dimension of a showcase accelerometer

4.2. The design of the sensory element

Here, the sensory element is added to the supporting structure of the
accelerometer. Based on Eq. (35) the sensing element will be defined for
the highest sensitivity: the conductive track has been placed at the top
or bottom of the beam (high z value), the piezoresistive coefficient ¢ is
increased by depositing piezoresistive material perpendicular to the applied
strain €; and the electrical field E; [37], see Figs. 2 and 4. Eq. (35) is
further investigated for the length of the piezoresistive part x, for different
resistivity ratios p./pop and the length of I, see 5. Fig. 5 reveals that a less
than 1072 resistivity ratio p./pop is desired. To additionally increase the
sensitivity, the length I}, (see Fig. 2) and the length of the piezoresistive part
x should be minimised; in the showcase design accelerometer Iy ~ x ~ 0.21
was used. The mechanical design of the accelerometer also determines the
coefficient k& (26).

13
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Figure 5: FRF H an % vs. relative length of piezoresistive element x/! for different
0

resistivity ratios pc/pop and length Iy,.

4.83. FElectrical circuit

To increase the accelerometer’s sensitivity while decreasing the cross-
axis sensitivity, a full Wheatstone bridge is used. Instead of a single sensing
track, four parallel tracks with resistances Rg; = 10.54 kQ, Rgs = 9.64 k2,
Rgs = 13.21kQ2 and Rgy = 14.74k() are used, as shown in Fig. 6. The
sensory elements Rg1, Rss, are placed at the top layer of the top beam and
the sensory elements Rgo, Rg4, at the bottom layer of the bottom beam.
These elements are connected in a Wheatstone bridge, as shown in Fig. 6,
whereby potentiometers Rpy, Rpo, Rp3 and Rp,4 are connected in series with
the sensory elements to balance the bridge (R; = Ry = R3 = Ry = 16k,
where R; = Rg;+p;). For a balanced bridge the voltage drop uy, is zero [53];
however, the strain causes a resistance change of the sensory elements d Rg1,
dRgo, dRg3 and dRg4, causing a voltage change duy, as:

u (de dRQ 4 ng _ dR4>
Ry Ry Rs Ry /)’

duy, = 1 (36)
where u = 12V denotes the supply voltage. When the accelerometer is
excited in the es direction it operates in the bending mode. As a result,
when the sensory elements in the top beam Rgi, Rg3 experience tension
(positive resistance increment), the sensory elements in the bottom beam
Rs2, Rgy experience pressure (negative resistance increment); due to the
negative sign in Eq.(36) the sensitivity is doubled. When excited in the
e; and eo directions, all the sensory elements experience a simultaneous
increase/decrease and the resistance increments are canceled out.

14
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Figure 6: Eletrical circuit

5. Experiment

5.1. Manufacturing process

An Ultimaker 3 dual extrusion 3D printer was used to manufacture the
accelerometer. A PLA filament from PLASTIKA TRCEK was used for the
support structure and a PLA/carbon black Proto-pasta [23] for the sen-
sory element. A polyvinyl alcohol (PVA) filament was used as the water-
dissolvable support during printing. The PVA and conductive PLA filaments
were printed through the same nozzle and were changed manually. The fil-
aments diameter was 2.85 mm, the layer height 0.1 mm, the infill density
100 %, the built-plate temperature 60 °C and the line width 0.4 mm. A
zig-zag infill pattern was used for the PLA and the lines pattern for the con-
ductive PLA and PVA. Printing temperatures of 220 °C, 225 °C and 210 °C
were used for the PLA, the conductive PLA and the PVA, respectively. The
orientation of the lines was, for the conductive PLA, perpendicular to the
beam directions (see Fig. 2). The 3D printed accelerometer was, for 2 days,
sunk in warm water in order to dissolve the PVA printing support and then
left for 1 day to dry. Afterwards the electrical contacts were prepared as
described in Sec. 5.2.

5.2. FElectrical contacts

In step 1, eight parallel piezoresistive tracks are 3D printed: 4 in the
top layer of the top beam (Fig. 7 STEP 1) and 4 in the bottom layer of the
bottom beam. In step 2, copper wire is soldered to a conductive tape [54],
which is then taped to the supporting structure of the accelerometer (see
Fig. 7 STEP 2). In step 3, silver conductive paint [55] is used to form purely

15



conductive paths between the copper wires and the sensory elements. The
silver conductive paint represents the resistivity po = 107Qm of length
I, = 3mm.? In the future, steps 2 and 3 might become obsolete, as highly
conductive printing material becomes viable [24].

top
view

conductive

piezoresistive . :
conductive paint

material tape copper
wire

Figure 7: Preparation of electrical contacts, top view

5.3. Experimental setup

The sensitivity S3 and cross-axis sensitivities S7, So of the FFF ac-
celerometer were measured. The sensitivity S3 was measured using an ex-
perimental setup shown in Fig. 8 a) and the cross-axis sensitivity S; as it
is shown in Fig. 8 b). The cross-axis sensitivity Sy was measured by ro-
tating the accelerometer in Fig. 8 b) around the axis e3 for n/2. The FFF
accelerometer was attached to the LDS V555 electrodynamical shaker. The
base plate was excited with a sinusoidal acceleration with 1 g, 3 gand 5 g
amplitudes at a constant frequency for 10 s. The excitation frequencies were
in 25 Hz-1725 Hz range. The base acceleration 0, was measured using a
PCB T333B30 accelerometer. The signals from the accelerometer and the
FFF accelerometer were acquired using a National Instruments 9234 mea-
suring card.

The measured voltage u,, and acceleration wy;, were used to obtain the
FRF H,, ,(f). The sensitivity and cross-axis sensitivities were obtained
from the FRF H, i, (fexc) at the excitation frequency fexc. For signal
processing Python library SciPy [56] was used.

3Resistivity pe is estimated under the assumption of a 0.1 mm thickness.

16



a) base b)
excitation
electrodynamic direction
shaker

.7 — -

S5

accelerometer
-

3d printed
accelerometer

base
plate

Figure 8: Experimental setup for measuring a) sensitivity S3 and b) cross-axis sensitivity
S1 of FFF accelerometer

6. Results

In Fig. 9 the measured voltage amplitude spectrum |Uy,(f)| and FRF
H,, i, for excitations in the ej, e; and e3 directions at a1 g, 3 gad 5 g
base excitation amplitude Wj, are presented. The FRF H,, ., for the ap-
plied excitation in the es direction corresponds to the sensitivity S3 and in
the e1, ey directions corresponds to the cross-axis sensitivities S1, Sa respec-
tively. Based on Fig. 9 and the results in Tab. 1 the following observations
can be made: 1. the first natural frequency of the sensor is at approximately
1615 Hz, 2. the voltage amplitude spectrum |Uy,| for measurements when
acceleration is applied in the e3 direction is more than one order of magni-
tude above the noise-floor range, 3. the voltage amplitude spectrum |Uy,| for
measurements when the acceleration is applied in the e; and ey directions
is the same order of magnitude as the noise-floor range, 4. the sensitivity
13.01 — 14.19 1V s?/m was measured in the 25-425 Hz range for the 1 g and
5 g excitation amplitudes, 6. the cross-axis sensitivity in e; and e; depends
on the amplitude of the excitation and is, for most measurements, below
5%, (one measurement is at 8.5 %).
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Figure 9: Measured a) voltage amplitude spectrum Uy, and b) FRF H.,

7. Conclusions

The Bernoulli-Euler beam theory and the linear-resistivity-strain tensor-
based piezoresistive material model were used to derive the design principles
for FFF accelerometers with the strain and electric field established in the
same direction.

The derived principles for the inertial, sub natural frequency, accelerome-
ter are: 1. the highest possible piezoresistive coefficient & has to be achieved
(finding the optimal material and process parameters), 2. piezoresistive
tracks have to be perpendicular to the strain direction, 3. the sensing ele-
ment has to be located at the bottom or top of the beam (highest possible

18



Table 1: Measured sensitivity Ss and cross-axis sensitivities Si, Sz in 25 Hz-525 Hz
frequency range for 1 g and 5 g excitation amplitudes

f S1 [pVs® /m] Sz [uV's® /m] Ss [uV's® /m] S1/8s [%] Sa2/9s [%]
[HZ] wWp=1g Wp=bg | Wwp=1lg W, =05g | wp=lg Wp=5g | Wwp=lg WpL=5g | Wpb=lg WpL=dg
25 0.96 0.76 0.17 0.28 13.01 13.42 7.38 5.66 1.27 2.11
125 0.76 0.74 0.47 0.63 13.41 13.45 5.68 5.48 3.54 4.71
225 0.08 0.36 0.67 0.61 14.19 13.66 0.59 2.67 4.71 4.44
325 1.14 0.20 0.70 0.55 13.56 13.93 8.43 1.43 5.19 3.95
425 0.12 0.26 0.35 0.32 13.93 13.91 0.87 1.86 2.50 2.29
525 0.37 0.30 0.48 0.52 15.06 14.78 2.49 2.06 3.18 3.50

z value), 4. the ratio between the initial resistivity of the conductive non-
piezoresistive and piezoresistive material p./pop should be minimised, 5. the
piezoresistive material should be located as close to the fixed housing of the
accelerometer, while the length of the housing [}, should be minimised.

Based on the derived principles, a showcase FFF accelerometer with
dimensions of 22x22x15 mm?® was manufactured. A Wheatstone bridge
was used to improve the sensing performance. The first natural frequency
of the accelerometer was at approximately 1615 Hz. An approximately linear
response in the 25-425 Hz frequency range and 1-5 g acceleration amplitude
was measured (less than 10 % difference, most measurements had 5 % or
less of cross-axis sensitivity).

This research shows that FFF technology can be used to manufacture
relatively small and reliable accelerometers. However, knowledge about the
mechanical, resistive and piezoresistive behaviour is vital to achieve high
sensitivity. It is expected that future research will further enhance the prop-
erties of the single-process 3D-printed accelerometers.
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Appendix A. Simplification of Bernoulli-Euler beam

The total displacement of the base excited beam from Fig. 3 is defined
as, see Sec. 3.1:

w(z,t) = wy(t) + wre(x,t), (A.1)
’Ujb(t) == Wb eiQt, (A2)
Weel(2,1) = Wialz)e' (A.3)
Wiet(z) = Ko cos(ll) x) + K, sin(ll) :c) + (A.4)

b b
+ K5 cosh(l x) + K3 sinh(l x) — W
The constants Ky— K3 are found from the following boundary conditions:
wre1(0) = 0, wiy(0) =0, wi(l/2) =0, Y Twg(l/2)= % w(l/2){A.5)

which leads to the system of equations:

Ko+ Ko =Wy, (AG)
Ki+ K3=0, (A7)

b b b b
K sin<2> - K cos<> - Ky sinh<2> - K3 cosh(2> =0, (A.8)
b e N b
Ky [rm b cos<2> + 2 sm<2> Tm b sm<2> -2 cos<2>
b . b ) b b
T'm b cosh<2> -2 smh<2> Tm b smh<2> -2 cosh<2>

where r,, represents the mass ratio between the lumped mass m and the
mass of the beam my, and is:

\V)

+ Ky

+
>
e

+Ko + K
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The obtained coefficients are:

Ko = Wy —Ky= (A.11)
Wi brm [cos (%) cosh (%) — 1} + sinh (2) [4 cos (%) —bry sin %)}

= 5 2 cos (%) sinh (g) —bry + cosh (% {2 sin (g)—i—brm os (%)} ;

K, = —-K3= A.12)

Wi, b sin (%) cosh (%) + sinh (%) [4 sin (b) +bry cos (%)
2 2 cos (g) sinh (g) — bry + cosh (g) { sin ( ) b cos (%)] .

Egs. (A.11), (A.12) show that W} is expressible from the constants Ko-K3
as:

Ko = ko(b,rm) Wh, (A.13)
K1 = k(b rm) Wh, (A.14)
Ky = k(b m)Wba (A.15)
Ky = ks(b,rm) Wi (A.16)

Since the base displacement amplitude W), is related to the acceleration
amplitude Wy, = —Q2 Wy, the second position derivative w” in terms of
the acceleration amplitude Wi, can be derived, see Egs. (14), (17), (18),
(21)-(24), (A.11), (A.12), (A.13)-(A.16):

w’" = —=W(b, T, ) ?2/2 el (A.17)

where W (b, rpy, ) represents:

b2 b b b b
W = i [— ko cos(l x> — k1 sin(l x) + ko cosh(l :c> + k3 sinh(l ZL‘>§|A.18)

An accelerometer normally operates significantly below the first natural fre-
quency < 0.5wg, where wy denotes the first natural frequency. If the
parameter by denotes the parameter b at the natural frequency wy:

4 DAOJ(Q)

bozb(Q:wO): Y71

L (A.19)
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then b can be expressed in terms of by as:
b=1r"Y2bg(rm), (A.20)

where the relative frequency r = §2/wy represents the ratio between the exci-
tation frequency €2 and the first natural frequency wy. Parameter by depends
on the mass ratio r, and is obtained from natural frequency equation of a
beam clamped at both ends and the mass in the center [57]:

rm bo bo bo bo\ . bo . (bo bo\
5 [cos<2> cosh(2> 1 +cos<2) smh<2> —1—sm(2> cosh<2> =(.21)

A closed form approximation can be used to estimate by as [57]:

192

— (A.22)
Tm + %

boapp ~

The solutions by of the transcendental equation (A.21) and the approxima-
tion bpapp (A.22) for different mass ratios ry are shown in Tab. A.2. The

approximation is close to the real value, when the ratio r,, increases, see
Tab. A.2.

Table A.2: Solution to the Eq. (A.21) for different mass ratios rm, [57]

Tm ‘ 0 0.1 0.5 1 2 ) 10 100

bo 4730 4.46 3.846 3.440 3.000 2.446 2.072 1.1760
boapp | 9953 6.29  4.37 3.7 3.120 2.488 2.092 1.1772

Using relationship (A.20), the function W can be written in terms of
the relative frequency r and the parameter bg. Since the accelerometer
operates below the first natural frequency and since the maximum bg value
is 4.730, see Tab. A.2, a third-order Taylor expansion is used, to simplify
the trigonometric and hyperbolic functions in Eq. (A.18):

Whay =

l2

22 o (728 = 192) 7 + 72 — 576 . (728 — 288) 1y — 192 "
21]2 l 37203 (rm + 1) — 576 672b3 (rm +1) — 1152 |7
where Wr,y denotes the simplified function V. In Fig. A.10 a), solid lines

represent analytical function W12 vs. position x at r = 0.1 relative frequency

and different mass ratios rn. W1I? converges to a linear function, when 7y,
increases; therefore, Wr,y is examined, when 7, converges to infinity. Due
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to an “infinite” 7y, approximation bg.pp, can be used and it follows:

24 1?2 96 12
lim Wryy = — r r

oo e CE (A.24)

Since the accelerometer operates significantly below the first natural fre-

quency 7 < 1, the relative frequency in the denominator is neglected and
Eq. (A.24) is simplified as:

9672 jz 1
Wapp = —ZT (7 - Z) (A25)

The approximation Wappl2 with regard to the position = at » = 0.1 is
presented in Fig. A.10 a). In Fig. A.10 b) an analytical function W1I? for
different mass ratios r, and an approximation Wap,, 12 vs. relative frequency
r at position x = [/2 is shown. Eq. (25) is inserted in Eqgs. (A.17), (13) and
the strain as a function of the acceleration is obtained £ = F(uy,):

e1 = F(in) & Heypiy, W', (A.26)

where H. ;, represents the FRF between the strain €1 and the acceleration
wb:

9% (x 1
Hslwb = —Z @ <7 — Z) (A27)

23



Wiz [/]

Wiz [/]

0 0.5
O - ——
0 -
_20 -
_40 -
—60 42
0
—80 1 =0 Fm=10 —_—— Wapp I2
100 - rm=1 rm=100
0.00 0.25 0.50 0.75 1.00
/]

Figure A.10: Function W12 a) versus position x at relative frequency r = 0.1 b) versus
relative frequency r at position z =1/2
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