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A B S T R A C T

Concerning the cost- and resource-saving maintenance of assembly products, it is vital to detect
any potential malfunctions, defects or structural damage at the earliest-possible stage. For this
reason, considerable efforts are being put into the development of Structural Health Monitoring,
a field encompassing different approaches to damage identification and capable of preventing
defects and even failure. Structural Health Monitoring is often supported by machine learning, a
tool for rapid and effective damage identification that can recognize patterns or changes in the
data received from the structure. Despite the advances machine learning has made in recent
years, obtaining a suitable data set for the efficient training of machine learning algorithms
within Structural Health Monitoring remains a challenge. Currently, the data are usually
obtained experimentally, with numerical or analytical models. However, the experimental
approach can often be time consuming, while the reliability of numerically obtained data
relies heavily on the accuracy of the numerical models in capturing the true behavior of the
structure. Analytical models may be constrained by the complexity of the observed object. In
this paper an alternative approach based on an experimental–numerical (i.e., hybrid) modeling
approach is proposed to build a training set for Structural Health Monitoring. Frequency Based
Substructuring is utilized to determine the response model of the assembled system based on
the properties of its components as well as to mix experimental and numerical models, while
leveraging the advantages of each. This makes it possible to generate the samples of the training
set in the form of hybrid models of the structure of interest, exhibiting the realistic properties of
a physical structure, with a reasonable measurement effort. Here, the approach is demonstrated
for the process of joint-damage identification.

. Introduction

In recent years, machine learning (ML) has developed rapidly and its applications have been extended to various aspects of
aily life. Among others, ML approaches are gaining importance in the field of Structural Health Monitoring (SHM) [1–3]. The
im of implementing ML in SHM is to provide early damage detection and thus make structures and devices used on a daily basis
afer and more reliable. A thorough understanding of the current state of a system’s health makes it possible to perform predictive
aintenance, which can lead to significant cost reductions compared to traditional, time-based maintenance strategies [4]. However,

raining an ML model that is capable of accurate damage identification requires a sufficiently large amount of training data that
ontains information about the damage to the structure. There are different approaches to the training of ML algorithms, two of the
ost common being supervised and unsupervised learning.
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To train an unsupervised ML algorithm, only unlabeled data consisting of features of the undamaged condition of the structure
s required [5]. The main task of such an approach is to measure dissimilarity between the two structural conditions [6]. The
nsupervised approach is preferred when the goal is only to detect or/and localize the damage [7], due to the lesser data
equirements compared to the supervised learning. Due to this advantages the unsupervised learning has been utilized in numerous
pplications e.g., by Sarmadi and Yuen [8] for damage detection in concrete bridges, by Entezami et al. [9,10] for early damage
ssessment in bridges under varying severe environmental conditions etc.

However, to obtain further information about the damage to the structure (i.e. type, extent of the damage or even the remaining
seful life of the structure [11]) a supervised ML approach is required. In supervised learning additional information have to be
rovided to the ML model during the training process. This information is stored in form of the labeled data comprising undamaged
s well as damaged samples.

In SHM different types of data obtained from real structures can be used in a damage-identification process (e.g., strain
easurement, ultrasonic inspection, electromechanical impedance-based monitoring [12]), one of the most widely adopted being

ibration-based SHM [13–15]. The dynamic response of the structure can be used as an input into ML algorithms in different forms,
.g., in the form of accelerations (time domain) [16,17], in the form of frequency response functions (frequency domain) [18], or
he form of modal parameters, i.e., natural frequencies, mode shapes and damping, that represent a model of the structure in the
odal domain [19–21].

In addition to the type of data used in the SHM process, a decision needs to be made regarding the data-collection methods.
he data set, consisting of damaged (with known damage states) as well as undamaged samples, is usually obtained either
y measurements made on real structures [16,22] or by numerical simulations [23–25]. Advances in measurement technology
improvements to conventional sensors as well as the development of new measurement techniques, e.g., measurements using
martphones, UAVs, self-charging sensors, connecting sensors into sensor networks, etc. [26]), have enabled the acquisition of large
mounts of data. However, one of the main issues when using the experimental approach is that the various devices or structures
perate in a healthy condition most of the time. This means that large amounts of data are collected for an undamaged structure,
hile there is a lack of information about the structure when it is subjected to different damage scenarios [27–29]. This poses a
articular challenge for structures that have been only recently developed and one-of-a-kind structures and are therefore limited in
erms of the availability of the data [30,31]. However, acquiring data through numerical simulations such as finite element (FE)
nalysis can be computationally demanding. Furthermore, due to the inherent limitations of numerical models, the obtained data
ften fall short of fully representing the properties of the actual structure, largely due to the uncertainty of material and geometrical
arameters fed into the numerical models [30]. These drawbacks were addressed in different ways. The model’s accuracy can be
mproved by the model updating process [32–34], but this is a demanding and time-consuming process. On the other hand, the
fficiency of the synthetic data set generation was improved by using the uniform design method, which makes it possible to reduce
he necessary number of simulations through a careful choice of the simulation’s input parameters [35]. However, the uniform-design
ethod demands a proper understanding of the input parameters to build a suitable training set. In addition, the substantial number

f simulations required poses a challenge for ML algorithms that rely on a large volume of training samples for effective training.
nother approach to reducing the high computational cost of the FE analysis was the introduction of simpler models, based on
E models, obtained using the response surface (RS) methodology. This employs statistical techniques to model the relationships
etween the input and response variables [36]. The problem with this approach is that the deviations of the FE model from the
ctual structure can be additionally amplified when using the RS methodology.

In this paper an approach to generating the ML training data set, specifically designed for vibration-based SHM, is proposed. The
roposed approach targets the assembly products, composed of multiple substructures, varying in complexity, and interconnected
y joints. Given that the damage to such products often occurs in the joint section, the primary focus of the proposed approach lies
n identifying the damage in joints.

Each sample of the training set is designed as a hybrid model of a structure, combining experimental, numerical and analytical
ata of the system’s components. Joints connecting the substructures are modeled analytically, which allows us to easily simulate
arious levels of damage severity. On the other hand, each substructure is modeled in a hybrid manner by mixing the experimental
odel with the numerical model of the substructure, using the dynamic substructuring approach. Such models exhibit dynamic
roperties, consistent with those of actual substructures and at the same time inherit a high spatial density of the numerical model.
his is crucial for an adequate description of the interfaces between the substructures and the adjacent joints. By employing the
ynamic substructuring approach, joint models can be coupled with hybrid models of the substructures, to obtain a valid model
f the complete system. Through the ability to generate a large number of accurate dynamic models with varying degrees of joint
amage, it is possible to construct a comprehensive training set for the ML. As we are only interested in detecting the damage
n the joint regions between substructures, the same hybrid substructure models can be used for all the generated samples. This
pproach ensures computational efficiency and minimizes the experimental effort throughout the process. We will demonstrate that
he resulting data set can be utilized to train an ML model that can accurately identify the location of the damaged joint and evaluate
he extent of the damage.

The paper is organized as follows. First, the theory behind Frequency Based Substructuring is briefly presented, as it provides a
asis for the methods used in the proposed training-set-generation approach. In Section 3, the training-set-generation procedure is
resented. Finally, the method is applied to build a training set for ML-based joint-damage identification on a laboratory structure
Section 4). Subsequently, the trained ML model is tested for its effectiveness in detecting joint damage using both numerical and
xperimental input data.
2
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2. Frequency based substructuring

Frequency based substructuring (FBS) enables the analysis of a complex system by leveraging the dynamic properties of its
ndividual components, often referred to as substructures. Each substructure is represented by the corresponding admittance matrix
(𝑖). When the components of the system are considered separately, there is a set of degrees of freedom (DoFs) located at the common

boundary between the substructures (Fig. 1a). These are called interface DoFs, denoted with the subscript (⋆)2. In these DoFs the
interface forces 𝒈 have to be introduced. These are the forces that hold the substructures together. DoFs away from the interface are
alled internal DoFs. In addition to the interface forces, such a system can be subjected to the external forces 𝒇 located anywhere

on the assembly. In this case the system dynamics can be described using an uncoupled system of equations1:

𝒖 = 𝐘(𝒇 + 𝒈), (1)

where 𝒖 is a vector of the system’s responses to the excitation and 𝐘 is the uncoupled admittance matrix of the system.
For a system of two substructures A and B (Fig. 1), with their respective DoFs partitioned to internal DoFs (⋆)1, (⋆)3 and interface

oFs, elements of Eq. (1) can be written as2:

𝒖 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝒖(A)1

𝒖(A)2

𝒖(B)2

𝒖(B)3

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, 𝐘 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝐘(A)
11 𝐘(A)

12 0 0

𝐘(A)
21 𝐘(A)

22 0 0

0 0 𝐘(B)
22 𝐘(B)

23

0 0 𝐘(B)
32 𝐘(B)

33

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, 𝒇 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝒇 1

𝟎
𝟎
𝟎

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, 𝒈 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝟎

𝒈(A)2

𝒈(B)2

𝟎

⎤

⎥

⎥

⎥

⎥

⎥

⎦

. (2)

Fig. 1. System of substructures A and B in: (a) uncoupled form, (b) coupled form. (∙) Interface DoFs, (∙) internal DoFs.

To obtain the dynamic properties for the assembled system, the dynamic interaction between the substructures is determined by
mposing compatibility and equilibrium conditions at the interface DoFs.

The compatibility condition yields the matching displacements at the interface DoFs. This can be expressed by the equation:

𝐁 𝒖 = 𝟎; 𝐁 =
[

𝟎 𝐈 −𝐈 𝟎
]

, (3)

matrix 𝐁 being a Boolean matrix pairing matching interface DoFs.
On the other hand, the equilibrium condition assumes the equilibrium of interface forces 𝒈. Since matching interface forces

𝒈(A)2 and 𝒈(B)2 differ only in sign, but not in magnitude (according to Newton’s third law of motion), the equilibrium condition can
be satisfied by replacing the interface forces with a set of Lagrange multipliers 𝝀 denoting the magnitude of the interface forces
(𝒈(A)2 = −𝒈(B)2 = 𝝀):

𝒈 = −𝐁T𝝀. (4)

Imposing compatibility and equilibrium conditions on the admittance formulation of the uncoupled system (1) it is possible to
derive the equation for the response of the coupled system [37]:

𝒖 = �̃� 𝒇 ; �̃� = 𝐘 − 𝐘𝐁T (𝐁𝐘𝐁T)−1 𝐁𝐘, (5)

where �̃� is a coupled admittance for the assembly AB. Eq. (5) is often referred to as the Lagrange Multiplier Frequency Based
Substructuring (LM FBS) equation. Taking into account that the excitation DoFs might not always match the response DoFs, Eq. (5)
can be rewritten in a more general form [38]:

�̃� = 𝐘 − 𝐘𝐁T
𝑒
(

𝐁𝑐𝐘𝐁T
𝑒
)−1 𝐁𝑐𝐘. (6)

1 An explicit dependency on the frequency is omitted to improve the readability of the notation, as will be the case for the remainder of the paper.
2 For the sake of simplicity, it is assumed that the system is excited only in the internal DoFs of substructure A.
3
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where 𝐁𝑐 and 𝐁𝑒 are Boolean matrices corresponding to the response DoFs and excitation DoFs, respectively.
The reverse process of dynamic coupling is dynamic decoupling. It provides us with a possibility to decouple a substructure from

the entire system and obtain the dynamic properties of the remaining subsystem. This can be achieved using LM FBS equation (5)
with a negative signed admittance for the substructure to be decoupled. For the case of decoupling substructure B from the coupled
system AB (Fig. 2) the uncoupled admittance equals [39]:

𝐘 =
[

𝐘(AB) 𝟎
𝟎 −𝐘(B)

]

. (7)

Fig. 2. Decoupling of substructure B from the coupled system AB.

. Generation of training set using a hybrid modeling approach

To train ML algorithms that are capable of accurate damage identification, a training set that contains a sufficient number of
amples to cover a wide range of possible damage scenarios is required. Obtaining training data experimentally is often a time-
onsuming task, while building a synthetic training set by numerical simulations is limited by the accuracy of the numerical models
nd can be computationally intensive for large and complex models.

In this paper an alternative methodology based on the hybrid dynamic substructuring techniques for generating a data set for
tructural damage identification using ML is proposed. The aim of the approach is to provide a large number of differently damaged
odels of the structure, along with the corresponding labels that contain information about the damage to the structure. This enables
s to use the data set in the supervised machine learning approaches. The method focuses on the assembly structures consisting of
ultiple parts connected by joints where the damage will occur. The process of model generation consists of several steps, which

re presented in Fig. 3 and explained in the following.
In the first step the hybrid models of the system parts are created, which means that each resulting model is a combination of

n experimental and numerical model (Step 1 in Fig. 3). In this way the dynamic properties of the experimental model (measured
t only a few points on the structure) are expanded to the high spatial resolution of a numerical model.

In the second step the analytical joint models are generated (Step 2 in Fig. 3). Such an approach to joint modeling allows us to
anipulate the joint properties simply by changing the values of its parameters (mass, damping and stiffness properties) and thus

o simulate the damage to individual joints simply by reducing the joint-stiffness parameters by a damage factor that determines
he level of the damage.

Next, hybrid models of the assembly parts as well as the generated joint models are treated as substructures in the dynamic
oupling process (step 3 in Fig. 3). By coupling adjacent substructures, a dynamic model of the complete assembly is obtained.
he same hybrid models can be coupled with a large number of differently damaged joint models, which means that they are
onstructed only once for the entire data set. After that, each sample of the data set is obtained solely by performing dynamic
oupling of substructure models with differently damaged joint models (repeating steps 2 and 3). The efficiency of substructuring
ethods has been demonstrated in [40,41]. Generated models form a data set, intended for use in the ML model-training process.

.1. Step 1: Hybrid modeling using a dynamic substructuring approach

A hybrid model is the result of mixing the experimental model of an assembly part with its numerical model using the System
quivalent Model Mixing (SEMM) method [42].

The SEMM method assumes three models: the parent model 𝐘(par), which is most commonly a numerical model and determines
the DoFs of the resulting hybrid model; the overlay model 𝐘(ov), which imposes its dynamic properties on the DoFs of the parent
model (usually an experimental model with sparse set of DoFs), and the removed model 𝐘(rem), a submodel of the parent model that
contains the DoFs of the parent model that correspond to the DoFs of the overlay model. DoFs that are common to all three models
(the interface DoFs) are called boundary DoFs. The remaining DoFs are referred to as internal DoFs. The model’s DoFs in individual
matrices are usually partitioned in such way that the boundary DoFs follow the internal DoFs:

𝐘(par) =
[

𝐘𝑖𝑖 𝐘𝑖𝑏
𝐘𝑏𝑖 𝐘𝑏𝑏

]

; 𝐘(ov) =
[

𝐘𝑏𝑏
](ov) ; 𝐘(rem) =

[

𝐘𝑏𝑏
](par) , (8)

here the indices 𝑖 and 𝑏 denote the internal and boundary DoFs, respectively.
4

To obtain a hybrid model, the parent model is coupled with the overlay model and the removed model is decoupled (Fig. 4).
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Fig. 3. Data set generation flowchart using hybrid modeling approach.

Fig. 4. SEMM method: By coupling the parent model with the overlay model and decoupling the removed model, a hybrid model is obtained.

The coupling and decoupling can involve a single step using the LM FBS equation (5) for which an uncoupled admittance matrix
is defined as:

𝐘 =
⎡

⎢

⎢

⎣

𝐘(par) 𝟎 𝟎
𝟎 𝐘(ov) 𝟎
𝟎 𝟎 −𝐘(rem)

⎤

⎥

⎥

⎦

(9)

and the Boolean matrix 𝐁 as:

𝐁 =
[

𝐁(par) 𝐁(ov) 𝐁(rem)] =
[

𝟎 −𝐈 𝐈 𝟎
𝟎 𝟎 −𝐈 𝐈

]

. (10)

It turns out that using the original formulation of the SEMM method can result in spurious peaks that are a consequence of the
conflicting dynamics3 between the parent model 𝐘(par) and the overlay model 𝐘(ov) [43]. This problem can be solved by expanding
the removed model definition to the internal DoFs, expanding the decoupling interface. This extension of the original SEMM method
is referred to as an extended-interface SEMM and can be expressed using the following equation:

𝐘(SEMM) = [𝐘](par) −
[

𝐘𝑖𝑘𝑒 𝐘𝑖𝑏
𝐘𝑏𝑘𝑒 𝐘𝑏𝑏

](par)
(

[

𝐘𝑏𝑘𝑒 𝐘𝑏𝑏
](rem))+ (

𝐘(rem)
𝑏𝑏 − 𝐘(ov)

)

(

[

𝐘𝑘𝑐𝑏
𝐘𝑏𝑏

](rem))+
[

𝐘𝑘𝑐 𝑖 𝐘𝑘𝑐𝑏
𝐘𝑏𝑖 𝐘𝑏𝑏

](par)

, (11)

3 The parent and the overlay model observe and control slightly different dynamic spaces, which is due to the slight differences between the two models.
5
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where the indices 𝑘𝑐 and 𝑘𝑒 denote the (internal) output and input DoFs that are included in the removed model, respectively.
By performing measurements at a few points on physical structures (to obtain experimental models) and creating equivalent

numerical models, an extended SEMM method can be used to obtain hybrid models of the individual assembly parts. These exhibit
properties of the real structure and at the same time contain a high DoF density of the numerical model. Another important advantage
of this approach is that the numerical model does not need to thoroughly match the experimental model (introduction of so-called
quasi-equivalent numerical models) as the dynamic of the parent model is entirely decoupled4 and the properties of the experimental
model are extended to all the parent DoFs, as shown by Kodrič et al. in [44]. This provides us with detailed descriptions of the
interfaces between the individual substructures required for the successful dynamic coupling of hybrid models with corresponding
joint models.

3.2. Phase 2: Joint models

Having generated the hybrid models of each assembly part, in the following phase the joint models connecting the physical
substructures are obtained. Each joint model consists of two points of mass, treated as 6-DoF systems (resulting in a 12-DoF joint
model). Spatial dimensions of the joint are assumed negligible. The connection between these two points of mass is determined by
the damping and stiffness properties of the joint (Fig. 5). These properties can be arranged in the joint’s mass matrix 𝐌(J) ∈ R12×12,
the damping matrix 𝐂(J) ∈ R12×12 and the stiffness matrix 𝐊(J) ∈ R12×12:

𝐌(J) =
[

𝐌 𝟎
𝟎 𝐌

]

, 𝐂(J) =
[

𝐂 −𝐂
−𝐂 𝐂

]

, 𝐊(J) =
[

𝐊 −𝐊
−𝐊 𝐊

]

, (12)

𝐌, 𝐂, and 𝐊 being submatrices of 𝐌(J), 𝐂(J), and 𝐊(J), respectively, defined as follows:

𝐌 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑚 0 0 0 0 0
0 𝑚 0 0 0 0
0 0 𝑚 0 0 0
0 0 0 𝐽𝑥 0 0
0 0 0 0 𝐽𝑦 0
0 0 0 0 0 𝐽𝑧

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

; 𝐂 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑐𝑥 0 0 0 0 0
0 𝑐𝑦 0 0 0 0
0 0 𝑐𝑧 0 0 0
0 0 0 𝑐𝑡𝑥 0 0
0 0 0 0 𝑐𝑡𝑦 0
0 0 0 0 0 𝑐𝑡𝑧

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

; 𝐊 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑘𝑥 0 0 0 0 0
0 𝑘𝑦 0 0 0 0
0 0 𝑘𝑧 0 0 0
0 0 0 𝑘𝑡𝑥 0 0
0 0 0 0 𝑘𝑡𝑦 0
0 0 0 0 0 𝑘𝑡𝑧

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (13)

where 𝑚 is the joint mass and 𝐽𝑥, 𝐽𝑦, 𝐽𝑧 are its moments of inertia with respect to the axes 𝑥, 𝑦, and 𝑧, respectively.

Fig. 5. Joint model.

To be able to dynamically couple the joint with neighboring hybrid part models, the matrices in Eq. (12) are used to calculate
the admittance matrix of the joint 𝐘(J) as:

𝐘(J) =
[

−𝐌(J)𝜔2 + 𝐂(J)i𝜔 +𝐊(J)]−1 . (14)

Knowledge of the undamaged state is vital for damage-identification tasks [45]; therefore, care must be taken when selecting
the properties of the undamaged joint (elements of matrices 𝐌, 𝐂, and 𝐊). The joint parameters were fitted manually in such a
manner that the dynamically coupled structure (hybrid part models coupled with joints) fit the measured assembly’s response.

After obtaining the joint properties of an undamaged structure, joint damage is simulated as a decrease in the joint’s stiffness. By
varying the individual translational or rotational stiffness parameters of the undamaged joint, it is possible to simulate various
damage scenarios and thus generate a large number of differently damaged joint models. The level of the joint’s damage is
determined by the vector of damage factors 𝜷 =

[

𝛽1 𝛽2 … 𝛽6
]T, where 𝛽𝑖 = [0, 1] for 𝑖 = 1…6. The value 𝛽𝑖 = 0 denotes

the undamaged state, and the value of 𝛽𝑖=1 denotes the highest degree of damage. Damage factors 𝜷 are applied to each submatrix
𝐊udmg of the stiffness matrix of the undamaged joint 𝐊(J)

udmg to obtain the submatrix 𝐊dmg of the stiffness matrix of the damaged joint
𝐊(J)

dmg using the following equation [46]:

𝐊dmg = (𝐈 − diag (𝜷))𝐊udmg, (15)

where 𝐈 ∈ R6×6 is an identity matrix.

4 As long as observed and controlled dynamics in parent and overlay models are similar.
6
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In some cases, the upper damage modeling strategy can be simplified under assumption that the properties of the joint change
he same in all directions. In this case, Eq. (15) can be simplified to:

𝐊𝐝𝐦𝐠 = (1 − 𝛽)𝐊udmg, (16)

here 𝛽 is a single damage factor common for all the stiffness parameters in 𝐊udmg matrix.
Inserting the resulting matrix into the stiffness matrix of the damaged joint 𝐊(J)

dmg (Eq. (12)) and using 𝐊(J)
dmg in Eq. (14), gives

s the admittance matrix of the damaged joint 𝐘(J)
dmg. The generated joint models are later used in the coupling process for the

eneration of differently damaged models of a complete structure.

.3. Phase 3: Dynamic coupling of substructures

Obtaining hybrid substructure models, as well as joint admittance matrices, all the models to be used in the dynamic coupling
rocess were gathered. However, physical substructures described by hybrid-response models only include translational DoFs at the
nterface, while joint interfaces are described by both translational and rotational DoFs. This non-collocation means that the models
annot be coupled directly. This problem is tackled using an approach called virtual point transformation [47].

.3.1. Virtual point transformation
Virtual point transformation (VPT) makes it possible to project the displacements as well as forces observed at the DoFs in the

icinity of the interface into a single node with six DoFs (3 translations and 3 rotations), called a virtual point (VP) (Fig. 6). The
elations between the observable displacements (stored in a vector of displacements 𝒖 ∈ R𝑛) and the VP displacements (stored in
vector of displacements 𝒒 ∈ R𝑚; 𝑚 ≤ 𝑛5) are described by mutual kinematic relations, stored in the interface deformation mode

IDM) matrix 𝐑u ∈ R𝑛×𝑚6 [48]:

𝒖 = 𝐑u𝒒 + 𝝁, (17)

here 𝝁 is a vector of residual displacements, which cannot be described by the IDM matrix 𝐑u. In order to minimize the residuals
, Eq. (17) is solved in a least-square sense. Taking this into account, the equation describing the displacements of the VP can be
erived:

𝒒 = 𝐓u𝒖; 𝐓u =
(

𝐑𝐮
T𝐑u

)−1 𝐑T
u , (18)

here 𝐓u is a displacement-transformation matrix. Similarly, the forces affecting the interface DoFs can be projected into the VP,
sing the force-transformation matrix:

𝐓T
f = 𝐑𝐟

(

𝐑𝐟
T𝐑𝐟

)−1 , (19)

here 𝐑f is an IDM matrix connecting the loads acting on the DoFs belonging to the structure to the loads acting on the VP.
ransformation matrices 𝐓u and 𝐓f can be used to transform the admittance matrix containing the interface DoFs into an admittance
atrix containing VP DoFs, using the following equation [47]:

𝐘VPT = 𝐓u 𝐘 𝐓T
f . (20)

Fig. 6. Virtual point transformation. (∙) DoFs to be used in VPT, (∙) VP.

Performing VPT on the DoFs in the vicinity of the interface of hybrid substructures, corresponding admittance matrices 𝐘(𝑖)
VPT are

obtained. These contain DoFs collocated with those of the corresponding mass point of the joint model. Thus, the joint model can

5 For the purpose of a better fit, an over-determination is recommended (number of DoFs to be transformed into VP 𝑛 greater than the number of VP DoFs
𝑚).

6 IDM matrix 𝐑 contains a system of equations connecting the translations of each DoF in the vicinity of the interface to the chosen set of DoFs of the VP;
7

these are usually translations and rotations (rigid IDMs), but extension, torsion, skewing, and bending modes (flexible IDMs) can also be included [48].
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be coupled to both adjacent hybrid substructure models simultaneously (Fig. 7), using the LM FBS Eq. (6). In the described case,
the uncoupled admittance matrix in the LM FBS Eq. (6) takes the following form:

𝐘 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐘(A)
VPT,𝑖𝑖 𝐘(A)
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𝑚1𝑚1
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0 0
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0 0
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0 0 0 0 𝐘(B)
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⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (21)

and the Boolean matrices 𝐁𝑐 and 𝐁𝑒, connecting matching pairs of rows and columns of 𝐘, respectively, are shaped as follows:

𝐁𝑐 =
[

𝟎 𝐈 −𝐈 𝟎 𝟎 𝟎
𝟎 𝟎 𝟎 𝐈 𝟎 −𝐈

]

; 𝐁𝑒 =
[

𝟎 𝐈 −𝐈 𝟎 𝟎 𝟎
𝟎 𝟎 𝟎 𝐈 𝟎 −𝐈

]

. (22)

Fig. 7. Dynamic coupling of the VP of substructure A to the first point of mass of the joint model and the VP of substructure B to the second point of mass of
the joint model. (∙) DoFs of A to be used in VPT, (∙) VP of A, (∙) DoFs of B to be used in VPT, (∙) VP of B.

3.4. Generation of training data set

Hybrid substructure models are coupled to the 𝑛 differently damaged joint models (Fig. 8) using the LM FBS equation (5), with
𝑛 denoting the number of samples contained in the data set. The models of the substructures stay the same throughout the entire
process, making the proposed method computationally efficient.

For supervised machine learning it is mandatory to keep a record of the information about the damage corresponding to each
generated sample (e.g., location, type and extent of the joint damage). When describing the joint’s damage, the damage level can
be treated as a continuous variable (numerical value of the damage factor 𝛽) or a categorical variable (values of 𝛽 can be separated
into intervals of, e.g., a 10% stiffness drop, each interval representing an individual output class). On the other hand, the location
of the damage is limited to the finite number of joints, making the location a categorical variable.

The resulting hybrid data set can be used to train various machine learning models, which can then be used for damage
identification based on the dynamic properties of the structure, which is demonstrated in the following.

Fig. 8. Dynamic coupling of substructures A and B with 𝑛 different joint models (𝐽1 ,… , 𝐽𝑛).

4. Case study

4.1. Structure of interest

The observed structure consisted of four substructures (Fig. 9). The individual substructures had either shape A or B, each of
two shapes appearing twice in the entire construction. Substructure A was followed by substructure B, B was followed by A, rotated
by 90◦ counter-clockwise, followed by substructure B, rotated by 90◦ counter-clockwise. Each pair of substructures was connected
with a model of joint J𝑖 for 𝑖 = 1…3, as shown in Fig. 9.

Physical substructure models consisted of multiple sub-components, welded together, while numerical models were modeled as
single-piece objects.

General properties of substructures including dimensions, mass of the physical and corresponding numerical model (mass of the
sensors included) as well as the hysteretic damping factors 𝜂 for the first five modes, following the rigid body modes (RBMs) are
presented in the Table 1. A negligible damping (𝜂RBM ≈ 0) is assumed for RBMs and a hysteretic damping factor of 𝜂 = 0.003 for the
remaining 45 modes, accounted for in the modal superposition when calculating FRFs.
8
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Fig. 9. Experimental structure consisting of substructures A and B (each appearing twice), connected over joints J1, J2, and J3.

Table 1
Properties of substructures A and B.

Dimensions [mm] mexp [g] mnum [g] 𝜂1 𝜂2 𝜂3 𝜂4 𝜂5
Substructure A 150 × 90 × 80 361 363 0.0263 0.0129 0.0241 0.0124 0.0192
Substructure B 250 × 140 × 80 537 529 0.0104 0.0073 0.0132 0.0216 0.0051

4.2. Experimental setup

For the purpose of generating a data set, first, the experimental response models of parts A and B (Fig. 9) were obtained. The
excitation force was applied to structure A at 19 impact points, using a modal hammer (PCB 086E80), and the structure’s response
was measured at 11 response points, using triaxial accelerometers (PCB 356A32 and Dytran 3273A2; Fig. 10). Measurements were
used to estimate the corresponding FRFs, resulting in the admittance matrix 𝐘(A)

exp ∈ C33×19. On the other hand, structure B was
excited at 18 points and responses were measured at 11 points, resulting in the matrix 𝐘(B)

exp ∈ C33×18. Excitation points were
homogeneously distributed over individual structures (Fig. 9). During the measurement, both substructures were suspended on
strings, simulating free boundary conditions (Fig. 10). Due to the large number of response DoFs, we were unable to measure
all the response points simultaneously. For this reason measurements were conducted according to the roving sensor approach,
i.e. in multiple rounds, between which the accelerometers were moved between different observed locations. To account for the
changes in structure’s mass distribution due to the accelerometer relocation, the (gold-colored) brass masses were attached to the
locations without accelerometers in the given measurement sequence. Thus, the dynamic model of the structure remained consistent
throughout entire measurement process. Some response points observed on substructures A and B were located at the surfaces to
which an adjacent substructure was attached after assembling into the system ABAB (Fig. 9). The mass of accelerometers at these
locations was not accounted for in the assembled system, as mass of the assembly was considerably higher then that of the missing
sensors (mABAB ≈ 1760 g compared to the mass of 6 missing sensors with the mass of an individual accelerometer macc ≈ 5.5 g).

Fig. 10. Experimental setup.
9
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Fig. 11. Numerical models of (a) substructure A and (b) substructure B.

4.3. Data set generation

First, the experimental response models of parts A and B (Fig. 9) were obtained. Besides the experimental model, the numerical
models are required for the SEMM method. The dynamic properties of the numerical models of the substructures A and B (Fig. 11)
were obtained with the modal analysis performed using the FE method. As the models resulting from the FE analysis contain large
numbers of DoFs, to avoid a great deal of computational complexity, the frequency response functions were calculated only for the
limited set of DoFs of the numerical models. The chosen response DoFs matched the response DoFs of the experimental models, but
the excitation DoFs were extended to 47 DoFs for substructure A and to 46 DoFs for substructure B, resulting in the admittance
matrices 𝐘(A)

num ∈ C33×47 and 𝐘(B)
num ∈ C33×46, respectively.

The FRFs obtained with the experiment contained a substantial level of noise in a lower frequency range. For this reason they
were blended with numerical results at lower frequencies, using the trust function as proposed in Klaassen et al. [42] to obtain the
combined admittance 𝐘tf . For a smoother transition between the numerical and experimental FRFs, the trust function was assigned
the shape of the sigmoid function (Fig. 12). Fig. 12 also shows some discrepancies between the experimental and numerical models
in the higher frequency range, which can be attributed to the modeling of numerical models of components as single-piece objects,
while the sub-components of the physical model are in fact welded together.

Fig. 12. Mixing of numerical and experimental FRFs of substructure B, using a trust function.

Combined admittances 𝐘(A)
tf and 𝐘(B)

tf of substructures A and B, respectively, were used as overlay models in the SEMM method,
while the parent and removed models were based on numerical models 𝐘(A)

num and 𝐘(B)
num. To obtain the hybrid models 𝐘(A)

SEMM and
𝐘(B)
SEMM, a fully-extended version of the SEMM method (Eq. (11)) was used, meaning that parent models, as well as removed models,

were described by the entire admittance matrix 𝐘(A)
num for substructure A and the entire admittance matrix 𝐘(B)

num for substructure
B. The resulting hybrid models preserved the properties of the real structure, while extending them to all the DoFs of the parent
models (Fig. 13). There is still a high degree of similarity between the FRFs of the hybrid models and the FRFs of the numerical
models, but the locations of the resonance peaks were shifted towards the natural frequencies of the experimental model. It should
also be noted that the damping properties were affected by the SEMM method.

To achieve collocation at the interface DoFs of the each substructure model with those of the adjacent joint models, required
for dynamic coupling, the VPT was performed. The experimental models of substructures A and B contained four interface response
points (12 DoFs) and four excitation points (4 DoFs), which was not sufficient for a successful VPT. Using the SEMM method, interface
excitation DoFs were extended to 12 DoFs, which was sufficient to transform the interface response DoFs as well as the excitation
DoFs into a VP with six excitation DoFs and six response DoFs using Eq. (20). By performing VPT (using an implementation in the
Python package pyFBS [49]) at all joint-adjacent substructure interfaces, the final substructure models, which could be dynamically
coupled to the different joint models, were obtained.
10
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Fig. 13. FRF of a hybrid model (𝐘SEMM) of (a) substructure A and (b) substructure B, compared to the corresponding FRF of the numerical model (𝐘num).

Next, the joint models were built in a manner described in Section 3.2. First, the parameters of the undamaged joints were
obtained by manually fitting the elements of the mass matrix 𝐌(J), the damping matrix 𝐂(J), and the stiffness matrix 𝐊(J)

udmg so that
the response of the coupled system could fit the measured assembly response. Joint dimensions as well as joint mass were assumed
negligible compared to the size/mass of the system. For the undamaged joint, elements of damping matrix were assigned the value
0.003 and the elements of stiffness matrix were assigned value 8×1012 N/m for translational DoFs (𝑘𝑥, 𝑘𝑦 and 𝑘𝑧) and value 8×1010

N m/rad for rotational DoFs (𝑘𝑡𝑥, 𝑘𝑡𝑦 and 𝑘𝑡𝑧). These joint parameters were inserted into Eq. (14) to obtain the admittance matrix of
the undamaged joint. The models of the undamaged joints (𝐘(J1), 𝐘(J2) and 𝐘(J3)) were used in the dynamic coupling process, resulting
in the model of the complete, undamaged structure. The results of the dynamic coupling are compared to the FRF measured in the
assembly in Fig. 14. Slight shifts in the natural frequencies can be observed, due to discrepancies between the physical models of
the substructures and the physical model of the entire structure, which can be, to a large extent, assigned to the differences in the
welds binding the sub-components of each structure. On the other hand, it can be seen that the damping properties of the coupled
model fit well with those of the physical model of the complete system.

Fig. 14. FRF obtained by dynamic coupling (𝐘coupling) compared to the measured assembly FRF (𝐘exp).

Having obtained the undamaged joint parameters, it was possible to determine the damage factors 𝛽 for the damaged joints. The
same damage factors were assumed for the entire 𝐊(J)

dmg matrix of the damaged joint (𝛽1 = 𝛽2 = 𝛽3 = ⋯ = 𝛽6 = 𝛽), meaning that, for
the 𝑖th sample of the data set, Eq. (15) can be simplified to:

𝐊(J)
dmg,𝑖 = (1 − 𝛽𝑖)𝐊

(J)
udmg. (23)

Thus, each damaged joint was labeled with its corresponding factor 𝛽𝑖 and the location of the damaged joint on the structure
(J1, J2 or J3; Fig. 9). In this case the damage identification was considered a classification problem; therefore, the damage factors 𝛽
were arranged into six classes, the first one being the class of the undamaged joint (𝛽 = 0) and the following classes representing
an interval of 10% increase in 𝛽 factor each (0%–10%, 10%–20%, 20%–30%, 30%–40%, and 40%–50%). Each damage class could
occur at one of three joint locations, which meant that there were 16 states of the structure’s health altogether (5 damage levels at
3 different locations and a class for undamaged structures). Altogether, 10,008 joint models were generated using the equation of
motion (14).

In the final phase of synthetic data set generation, all the joint models were coupled with the hybrid substructure models, using
the LM FBS Eq. (6) in such a way that all possible combinations of damage location (either joint J1, J2, or J3) and damage level (𝛽
from 0 to 50%) were evenly distributed across all 10,008 samples.

4.4. Data analysis and feature extraction

To efficiently use generated data in ML model training, the features of the data that contain information about joint damage
had to be identified. Fig. 15 shows how the damage to one of the joints (damage factor 𝛽 = 0.45, alternately at joint J1, J2, or J3,
while the other two joints remain intact) affects the dynamic response of the whole structure. The frequency region of interest was
limited to the interval from 1 to 800 Hz, as a great deal of assembly dynamics is described in this region. It can be observed that
11
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Fig. 15. Effect of location of the damaged joint (𝛽 = 0.45) on a structure’s dynamic response. Changes are most visible in the vicinity of the resonance peaks
corresponding to natural frequencies 𝑓0𝑖.

Fig. 16. Difference between natural frequencies of the undamaged structure 𝑓0𝑖,udmg and natural frequencies of the damaged structure 𝑓0𝑖,dmg (𝑓0𝑖,udmg − 𝑓0𝑖,dmg for
𝑖 = 1,… , 8) depending on the location of the damaged joint (damage factor 𝛽 = 0.45 at joint J1, J2, or J3), while the other two joints remain undamaged.

the different damage locations result in different shifts in the individual natural frequencies. The size of these shifts is presented in
the bar chart in Fig. 16. The damage at joint J1 causes the largest decrease in the sixth and seventh natural frequencies (𝑓06 and 𝑓07,
respectively), the damage at joint J2 causes a significant decrease in the fifth and seventh natural frequencies, while the decrease in
the sixth natural frequency is smaller than in the case of the damage at J1. The damage at joint J3 results in the greatest decrease
in the eighth natural frequency and a negligible drop in the seventh natural frequency. Besides the decrease in natural frequencies,
changes in the magnitudes of the resonance peaks are also observed, which means that joint damage also affects the mode shapes
of the structure. For this reason, using a whole admittance matrix instead of only a single FRF can improve the success of the ML
model at identifying a joint’s damage. These observations prove that the dynamic properties of the structure contain information
about the location of the damaged joint.

On the other hand, the degree to which an individual joint was damaged could be determined by how much the individual
natural frequencies had decreased — the greater the damage the greater the decrease in the natural frequencies. Fig. 17 shows the
changes in the natural frequencies 𝑓06 to 𝑓08 for different values of the damage factor 𝛽 = [0, 0.5] when only joint J1 is damaged.
The values of the natural frequencies start decreasing faster as 𝛽 approaches higher values (close to 0.5). Another important thing to
consider is the frequency resolution. In Fig. 17c we see that at a frequency resolution of 1 Hz the eighth natural frequency does not
change in the interval 𝛽 = [0.014, 0.235], which can make the damage recognition in this area difficult. This limitation is especially
discernible in a lower frequency range where the natural frequencies decrease only by 1 or 2 Hz, even for high 𝛽 values around
𝛽 = 0.5 (Fig. 16). Consequently, the data in this area provided no accurate information about the structure’s health.

The presented findings can be employed for an efficient feature extraction. Each sample of the data, obtained from the coupling
process, contained 6900 frequency response functions (60 output DoFs × 115 input DoFs) between the internal DoFs of hybrid
models of substructures A and B. Each FRF has 800 elements (frequency lines), resulting in altogether 5.52 × 106 features. Such a
large number of features can make the training process for the ML model time consuming and inefficient [50]. For this reason, the
dimensionality of the training data had to be reduced as much as possible with the minimum loss of useful information, while the
data processing should be as quick and simple as possible.

As the natural frequencies contained a great deal of information about the level as well as about the location of the damage,
there was no need for such a large number of FRFs (6900) used for each sample. Therefore, five FRFs were chosen in which the
resonance peaks in the frequency range of interest were clearly visible.
12
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Fig. 17. Effect of the damage factor 𝛽 to (a) 6th, (b) 7th and (c) 8th natural frequency of the structure (damage on the joint J1).

Considering that the frequencies 𝑓01 to 𝑓04 exhibited only a slight decrease at a relatively high 𝛽 value (Fig. 16), the frequency
range of interest was limited to the interval between 360 Hz and 700 Hz. In this way, the data set was reduced by about half, but the
number of features was still large (340 frequency lines × 5 FRFs per sample). For this reason, further data reduction was performed
using principal component analysis (PCA), which has been widely employed for SHM applications [51,52]. PCA allows us to map
the data into a lower dimension space, during which we discard linear combinations of input data with negligible contribution
to the overall variance [30]. This means that the features (or their linear combinations) holding most of the information are kept
within the data set with lower dimensionality from original. According to the previous findings, highest variances are expected at
frequency lines in the proximity of resonance peaks (Fig. 15).

The number of principal components used determines the amount of information kept. On the other hand, a larger number of
used principal components results in a higher number of data set features, and consequently in an inefficient machine learning
process. By keeping the first 40 principal components (of 1700 available) the data set was sufficiently reduced and contained the
information necessary for training the ML algorithm for the joint-damage identification.

As the matrix 𝐀 contains complex values, each component of each sample will be separated into its complex and imaginary
parts, which will then be considered as two distinct features, resulting in 2𝑟 features per sample.

4.5. Training and testing of ML model

The generated data set was used to train the Support Vector Machine (SVM)7 classifier, which is originally a binary classification
algorithm, but can be extended to a multi-class classification. SVM algorithm has several advantages compared to the other classical
or deep learning algorithms for which it was utilized rather than some other ML approach. Compared to the Linear Discriminant
Analysis, SVM allows non-linear boundaries between classes (through the kernel trick) [53]. Compared to the ML methods which
strongly rely on statistical properties of the training data (e.g. Linear Discriminant Analysis, Quadratic Discriminant Analysis, Logistic
Regression), SVM is less affected by outliers, as decision boundary in SVM only depends on the so-called support vectors (i.e. training
set samples closest to the decision boundary) [54]. Compared to the neural networks (including deep learning algorithms), SVM has
stronger generalization capability when limited amount of data is available [55]. In addition to these advantages, SVM also exhibits
high performance on high-dimensional data [53]. In this example an implementation of the SVM in the scikit-learn module [56], a
machine learning library in the Python programming language, was used.

The training data set was fed to the SVM algorithm, where the multi-class problem was handled according to the one-versus-one
approach.8 Training multiple ML models with different settings (kernel type, kernel parameters and value of tuning parameter 𝐶),
and estimating the accuracy of each model based on a 10-fold cross-validation (CV) [53], a polynomial kernel of order six and the
value of the tuning parameter 𝐶 = 5 were chosen. The accuracy of the ML model was estimated in the form of the average 𝐹1-score9

of 10 folds. For the final model, the accuracy of F1 = 1.0 was estimated (with corresponding precision=1.0 and recall=1.0). An 𝐹1
score of 1 indicates that all the test samples were correctly classified, which means that the model was properly trained, i.e., it was
able to predict the joint damage from the input data that were not used to train the model.

However, testing the model on the test data generated with the same algorithm as the training data (resulting from the proposed
approach to data set generation) is not sufficient proof of the model’s accuracy. Therefore, additional testing of the trained SVM
model was required. For this purpose, an additional testing data set consisting of 11 differently damaged numerical models of the
whole structure was built by performing numerical simulations (FE method). These models were inserted into the SVM model to

7 The interested reader is referred to Appendix where the SVM algorithm is further elaborated.
8 In one-versus-one classification

(𝑘
2

)

models are trained, each comparing two from the whole set of 𝑘 classes. The testing sample is tested on all of the trained
models and then assigned to the most frequently predicted class [53].

9 𝐹1-score is defined as (2 ⋅ 𝑝𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛 ⋅ 𝑟𝑒𝑐𝑎𝑙𝑙)∕(𝑝𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛 + 𝑟𝑒𝑐𝑎𝑙𝑙), where precision is a number of true positives divided by number of all predicted positives
(true positives + false positives), and recall is a number of true positives divided by all actual positives (true positives + false negatives) [57].
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obtain predictions about the structure’s health for each model. In addition, the SVM model was also tested on the data obtained
from measurements on several differently damaged physical structures. Note that the ML model has not been changed after being
evaluated using CV; therefore, these numerical models and experimental samples serve us as a validation set for the generated ML
model. Due to the smaller number of these validation models, prediction for each sample will be interpreted separately instead of
calculating overall evaluation metrics.

4.6. ML model verification on numerical models

The numerical models for the validation of the trained ML model were modeled as FE models of substructures A and B, connected
over bushing joints J1, J2, and J3 (Fig. 18). The properties of each joint were determined by its stiffness matrix, which consists of six
parameters (3 translational and 3 rotational stiffness parameters). By changing the joint parameters and performing the FE analysis,
11 models of the structure with different locations and degrees of joint damage were obtained.

Fig. 18. Numerical model of the complete structure.

The admittance matrix of each model was processed in the same way as the training data (limiting the frequency range, PCA,
see Section 4.4) and then used as an input to the trained SVM model, which made the predictions, shown in Table 2. The results
show that the model had problems identifying locations for damage scenarios with a low damage factor 𝛽 of 25% and below, as
the damage at joint J3 was predicted for the vast majority of those samples. However, at the highest damage level, the ML model is
capable of predicting an accurate damage location. Regarding the damage level, in six out of 11 cases the predictions are accurate
and in four cases the predicted damage level deviated from the reference only for a class (samples 1, 4, 7, and 8). The only sample
with a larger discrepancy is sample 10 for which the damage level was underestimated for two classes. This can be explained by
Fig. 19 in which it is clear that at 𝛽 = 0.25, the sixth natural frequency as well as the seventh natural frequency decreased by only
1 Hz from the undamaged state (Figs. 19a and 19b). Accordingly, it is difficult for the ML model to distinguish between the lower
damage levels at the joint J3 at the limited frequency resolution of 1 Hz, despite a slightly higher decrease in the eighth natural
frequency (3 Hz at 𝛽 = 0.25; Fig. 19c). In general some errors in the predictions can also be ascribed to the simplified numerical
models (individual parts of the system modeled as single-piece structures), while the training samples on which the SVM model was
trained exhibit properties of the real structure, consisting of multiple components welded together.
Table 2
The results of the damaged-joint prediction on numerical models of damaged structures using SVM classifier.

Sample no. 1 2 3 4 5 6

loc. 𝛽 [%] loc. 𝛽 [%] loc. 𝛽 [%] loc. 𝛽 [%] loc. 𝛽 [%] loc. 𝛽 [%]

Reference / 0 J1 5 J1 15 J1 25 J1 45 J2 5
Prediction J3 0–10 J3 0–10 J3 10–20 J2 30–40 J1 40–50 J3 0–10

Sample no. 7 8 9 10 11

loc. 𝛽 [%] loc. 𝛽 [%] loc. 𝛽 [%] loc. 𝛽 [%] loc. 𝛽 [%]

Reference J2 25 J2 45 J3 5 J3 25 J3 45
Prediction J3 10–20 J2 30–40 J3 0–10 J3 0–10 J3 40–50

Fig. 19. Effect of the damage factor 𝛽 to (a) 6th, (b) 7th and (c) 8th natural frequency of the structure (damage on the joint J3).
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4.7. ML model validation on experimental data

Finally, the trained SVM model was also validated on the physical structures. Four differently damaged experimental samples
were prepared: an undamaged structure, a structure damaged at joint J1 cut to one-quarter of the beam height (cut depth of 5 mm),
a structure damaged at joint J1 cut to one-half of the beam height (cut depth of 10 mm), and a structure damaged at joint J2 cut to
one-half of the beam height (cut depth of 10 mm) (Fig. 20). Each of these samples is an individual piece with a single-piece beam
at the main axis which was then cut at the joint location, to simulate damage to the structure.

Fig. 20. Damage scenarios on experimental samples.

On each sample a series of measurements was performed to obtain five FRFs corresponding to the FRFs used in the training set
(in terms of DoFs, chosen during feature extraction process; Section 4.4).

These FRFs were processed in the same way as the training data (limiting frequency range and PCA) and inserted into the trained
SVM model to obtain predictions about the damage to each model (level and location). The predictions exhibited an unsatisfactory
accuracy, which can be explained by comparing the FRF of the undamaged structure from the training set (obtained using the
proposed approach) with the FRF from numerical simulations (used for validation of the SVM model in Section 4.6) and the
experimental FRF of the undamaged structure (Fig. 21). We can see that the numerical FRF corresponds very well with the one
of the training sample’s FRF. On the other hand, the resonance peaks of the experimental model deviate slightly more from the
ones of the training set’s FRF. In case these discrepancies would be a consequence of inaccuracies in the hybrid models, they could
be decreased by increasing number of measurement points (excitation points as well as response points). This would contribute to
improved controllability10 and observability11 of experimental models and thus increase robustness of the proposed hybrid approach
as well as decrease discrepancies between the hybrid and physical model. However, despite the presence of these discrepancies to
some extent, they do not appear to be critical for the efficiency of the proposed methodology in this specific case. In the observed
case, the discrepancies, most likely, originate from the differences in the welds between the experimental model of the whole
structure and the models used in the process of hybrid data set generation. Due to these deviations, data reduction using PCA could
eliminate features containing information about the experimental natural frequencies (e.g., the resonance peak at 686 Hz). Besides
that, due to the resonance frequency shifts, the individual features of experimental samples can exhibit considerable discrepancies
compared to the values of individual features of the training samples with the same damage properties. For these reasons, the ML
model returned inaccurate predictions.

Fig. 21. Training test sample FRF of the undamaged structure compared to the experimentally obtained FRF and the numerically obtained FRF.

In order to obtain an ML model capable of identifying damage on experimental structures, despite the aforementioned
discrepancies, an alternative approach to the feature extraction was explored. We performed modal identification, focusing on
extraction of natural frequencies, which presents usually used data for long-term SHM [5,10]. Suitability of natural frequencies

10 Vibration modes excited with impact hammer.
11 Vibration modes that can be observed at measured response points.
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for the purpose of damage identification originates from their tight connection to the physical properties of the structure, affected
by the damage (i.e. stiffness and mass) [30]. Natural frequencies within the frequency range 360 Hz to 700 Hz were used as features
for the new data set. The drawback, due to which this approach was not used from the beginning, is that in some cases, especially
for structures with a high modal density, it can be difficult to automate the process of extracting the natural frequencies. On
the other hand, the advantage of using natural frequencies in ML training when dealing with the experimental data is that the
natural frequencies exhibit low deviations due to experimental errors (e.g., imperfect impact location or direction); there might be
a substantial change in amplitude, but the locations of the resonance peaks remain unchanged. For these reasons, the resonance
frequencies were identified for all 10,008 samples to build a new data set.

The new data set was used to train a new SVM model with a linear kernel and tuning parameter C=1. To test the new ML model,
the 10-fold CV was performed, resulting in an average 𝐹1 score of 𝐹1=0.883 (with corresponding precision=0.922 and recall=0.872).
A somewhat lower 𝐹1 score can be assigned to the substantial reduction of the data set (from 1700 features for 5 FRFs with 340
frequency lines to only 8 features), in which some information was lost. Finally, the new SVM model was validated on data from
measurements on physical structures. The results are shown in Table 3. These results can be interpreted by comparing the dynamics
of experimental samples to the dynamics of the training data samples. As the damage to the joints J1 and J2 affects 6th and 7th
natural frequency most significantly (Fig. 16), the differences between these natural frequencies are displayed in Fig. 22. It can be
noticed that 6th natural frequency of the undamaged experimental sample and of the experimental sample with 5 mm cut as joint
J1 were even slightly higher then the one of the training sample, which explains why both samples were categorized as undamaged.
The sample with deeper cut at joint J1 causes expected decrease in both 6th and 7th natural frequency, which results in correctly
predicted damage location. On the other hand, the sample with 10 mm cut at the joint 𝐽2 results in expected decrease of 7th natural
frequency, while the 6th natural frequency decreased only slightly compared to the undamaged experimental sample, which is a
reason for the lower predicted damage level.

Fig. 22. Difference between the 6th and 7th natural frequencies of the undamaged structure of the training data and of the experimental samples with different
locations and levels of the joint damage.

When analyzing the results, it should be taken into account that the data set samples used for training the ML model only included
damage scenarios with the same damage factor 𝛽 for all the stiffness parameters of the joint (the damage affects structure’s properties
the same in all directions). Yet the damage scenarios of real samples are more complex as the damage affects the properties of the
complete structure in each direction differently. However, the proposed approach allows us to determine the damage factors 𝛽𝑖 for
each stiffness parameter separately and thus to describe the joint damage more accurately. Such an extension of the training set
could improve the performance of the ML model in identifying damage location and severity, but also extend the model’s ability to
identify different types of joint damage. On the other hand, in this case, an ML model should be much more complex, and a larger
data set would be required to successfully train the model.
Table 3
Results of joint damage prediction on experimental models of damaged structures using SVM classifier.

Sample no. 1 2 3 4

loc. cut depth loc. cut depth loc. cut depth loc. cut depth
[mm] [mm] [mm] [mm]

Reference / 0 J1 5 J1 10 J2 10

loc. 𝛽 [%] loc. 𝛽 [%] loc. 𝛽 [%] loc. 𝛽 [%]

Prediction / 0 / 0 J1 40–50 J2 20–30

5. Conclusions

In this paper, a novel approach to generating a synthetic training data set for the purpose of SHM is proposed. The proposed
approach is focused on identification of damage in joint sections of assembly products. The assembly is analyzed based on the
properties of its substructures. Individual parts of the system are modeled as hybrid models obtained using the SEMM method,
which allows mixing of numerical and experimental models of substructures. This way, properties of the real structure are extended
to the high spatial density of the numerical model, which is necessary for the dynamic coupling of substructure models with joint
models. Accuracy of the SEMM method is therefore a key prerequisite to obtain accurate substructure models. As the SEMM method
has been successfully applied to numerous applications in literature [58–60], we believe that the proposed approach of generating
16
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a training set for joint damage identification can be applied to any system for which SEMM method can be applied to obtain hybrid
models of substructures.

Damage to the analytically modeled joints between the individual substructures is simulated by changing the model’s stiffness
roperties. By coupling the hybrid substructure models with different joint models, an ML training set is obtained, comprised of
ifferently damaged samples. As the approach is focused on identifying the damage in joints, the hybrid part models can be built
nly once for the entire training set, which makes the proposed approach computationally efficient.

The proposed approach was used to build an ML training set for joint-damage identification on a laboratory test structure. Using
enerated data, feature extraction was performed (limiting the frequency range and PCA) and an SVM model was trained. The
esulting ML model was tested on both numerical models and physical models of the whole structure. Regarding the numerical
odels, the ML algorithm successfully identified damage level for most of the samples and location of the damage for the samples
ith higher levels of damage.

Testing on experimentally obtained data revealed that the differences between the measured data and the training-set data were
oo distinct to allow successful damage detection using the same feature-extraction approach. Therefore, a different approach to
eature extraction was taken (still using the data set obtained using the proposed approach). The natural frequencies of each sample
ere identified and used to train a new SVM model. The new ML model was able to correctly recognize the undamaged sample,
s well as location and increased damage level on heavily damaged samples. Nevertheless, the ML model was having difficulties in
etecting the damage for the slightly damaged locations.

One of the key limitations of this study is that the proposed method was only tested on a laboratory structure. Testing on some
eal world systems would be beneficial to confirm the applicability of the proposed approach to the real-world problems.

One of the obstacles of the proposed approach is the definition of the undamaged state. Using this approach the undamaged state
s determined based on the response of some sample structure for which we assume that it is undamaged (e.g. because it has just been
anufactured and has not yet been exposed to any operational loads). However, due to some uncertainties in material properties and

nevitable variations in manufacturing process, some discrepancies in dynamic properties between individual undamaged structures
ay occur. The proposed approach does not account for these variations.

The proposed approach is also limited by the assumption that only damage contributes to the changes in the dynamic response
f the observed structure. For this reason the training set obtained using the proposed approach can only be used in the specific
tate of the environment for which it was designed. In real-life scenarios dynamic properties of the structure can be considerably
ffected by the environmental and operational factors (e.g. temperature, humidity, variable loads etc.) [5,10]. In the future research,
he proposed approach could be extended in such manner to take these effect into the account, e.g. by generating the training set
or different combinations of environmental/operational states. However, such an extension could appear much more demanding,
egarding the time and resources required to build such a data set.
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ppendix. Support Vector Machine

Support Vector Machine (SVM) is a machine learning method for binary classification proposed by Boser et al. in [61]. The
ethod assumes that the data set forming a 𝑝-dimensional feature space can be divided into two parts by a (𝑝 − 1) dimensional
yperplane (e.g., a 2D feature space can be separated by the 1D line, and a 3D feature space can be separated by the 2D plane).
he method originates from the simpler maximum margin classifier, which also separated the feature space by a hyperplane, but
as limited to problems with two well-separated classes separable by a linear hyperplane. The distance of the training samples
𝑖 =

[

𝑥𝑖1 𝑥𝑖2 … 𝑥𝑖𝑝
]

; for 𝑖 = 1… 𝑛, closest to the hyperplane (called support vectors) to the hyperplane is called the margin
Fig. A.23). The hyperplane separating the two classes is determined in such way that the margin is maximized. In this case the
osition of individual samples relative to such a hyperplane is determined by the equation:

𝑦𝑖
(

𝜷 ⋅ 𝒙𝑖 + 𝛽0
)

≥ 1, (A.1)

here 𝑦𝑖 is a class label belonging to the class of the 𝑖th training sample (labeled by 1 or −1), and 𝜷 =
[

𝛽1 𝛽2 … 𝛽𝑝
]

together
17
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Fig. A.23. Separation of two classes of samples by a hyperplane for 𝑝=2 case.

Later, the method was extended to the non-separable problems, allowing some samples to lie on the wrong side of the hyperplane
argin or even on the wrong side of the hyperplane. This was achieved by introducing the slack variables 𝜖𝑖; 𝑖 = 1,… , 𝑛,

reformulating Eq. (A.1) to:

𝑦𝑖
(

𝜷 ⋅ 𝒙𝑖 + 𝛽0
)

≥ 1 − 𝜖𝑖. (A.2)

It can be shown that the optimization problem of maximizing the hyperplane margin and at the same time minimizing the slack
penalty ∑𝑛

𝑖=1 𝜖
𝑘
𝑖 (the penalty parameter 𝑘 = 1 is assumed) can be written in the following form:

min
𝜷,𝛽0

1
2
‖𝜷‖2 + 𝐶

𝑛
∑

𝑖=1
𝜖𝑖, (A.3)

subjected to the constraint given by Eqs. (A.2) and:

𝜖𝑖 ≥ 0 for 𝑖 ∈ [1, 𝑛] . (A.4)

𝐶 is a tuning parameter which determines the trade-off between the margin maximization and the slack penalty minimization.
From the upper optimization problem a Lagrangian dual problem can be derived:

max
𝜶

𝑛
∑

𝑖=1
𝛼𝑖 −

1
2

𝑛
∑

𝑖,𝑗=1
𝛼𝑖𝛼𝑗𝑦𝑖𝑦𝑗

(

𝒙T𝑖 𝒙𝑗
)

, (A.5)

subjected to:

0 ≤ 𝛼𝑖 ≤ 𝐶 and (A.6)

𝑚
∑

𝑖=1
𝛼𝑖𝑦𝑖 = 0 for 𝑖 ∈ [1, 𝑛] , (A.7)

where 𝜶 =
[

𝛼1 𝛼2 … 𝛼𝑛
]T is a vector of Lagrangian variables. The dot product

(

𝒙T𝑖 𝒙𝑗
)

in (A.5) can be replaced by the linear
ernel 𝐾

(

𝒙𝑖,𝒙𝑗
)

=
∑𝑝

𝑘=1 𝑥𝑖𝑘𝑥𝑗𝑘:

max
𝜶

𝑛
∑

𝑖=1
𝛼𝑖 −

1
2

𝑛
∑

𝑖,𝑗=1
𝛼𝑖𝛼𝑗𝑦𝑖𝑦𝑗𝐾

(

𝒙𝑖,𝒙𝑗
)

. (A.8)

The general formulation of the SVM extends the upper classifier in such way that it allows the separation of the classes by a
on-linear hyperplane, implementing alternative kernel definitions, e.g., radial basis function:

𝐾(𝒙𝑖,𝒙𝑗 ) = exp
(

−
‖𝒙𝑖 − 𝒙𝑗‖

2𝜎2

)

, (A.9)

𝜎 being a positive constant, or polynomial kernel:

𝐾(𝒙𝑖,𝒙𝑗 ) =
(

𝒙𝑖 ⋅ 𝒙𝑗 + 𝑐
)𝑑 , (A.10)

𝑐 being a positive constant, and 𝑑 being a degree of polynomial kernel. When the Lagrange variables 𝜶 are obtained by training an
SVM model, a sample 𝒙 can be classified according to the following equation:

ℎ(𝒙) = sgn
( 𝑛
∑

𝑖=1
𝛼𝑖𝑦𝑖𝐾(𝒙𝑖,𝒙) + 𝛽0

)

, (A.11)

with ℎ(𝒙) being a predicted class for the sample 𝒙. 𝛽0 can be calculated from any of the training samples for which it holds that
≤ 𝛼𝑖 ≤ 𝐶 [62]:

𝛽0 = 𝑦𝑖 −
𝑛
∑

𝛼𝑗𝑦𝑗𝐾(𝒙𝑗 ,𝒙𝑖). (A.12)
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The SVM classifier can be extended to the multi-class problems in different ways, e.g., using a one-versus-one or one-versus-all
approach [53].
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