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V treh korakih do uspeha

1. Spoznavanje zakonov (predavanja).

2. Spoznavanje pristopov, postopkov in principov reševanja (vaje).

3. Osvojitev znanja (lasten študij prve in druge točke).

Za uspeh je najpomembneǰsa tretja točka. Veliko uspeha pri študiju!

Opombe

• Pri rešitvah nalog je postopek prikazan striktno
analitično, pri opravljanju kolokvija/izpita se to ne pričakuje.

• Če nimate Mathematice, potem je ogled datotek mogoč z brezplačnim
MathematicaPlayer-jem.

http://www.wolfram.com/products/mathematica/index.html
http://www.wolfram.com/products/player/
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Poglavje 1

Kolokvij 1

Obravnavana tematika:

• dinamika masne točke (MT),

• dinamika sistema masnih točk (SMT),

• masni vztrajnostni momenti teles (MVM),

• dinamika togega telesa (TT),

• rotacija togega telesa okoli stalne osi (Bal).

1.1 Datum: 20.12.2001

Naloga 1 (30 točk) Zadostuje
znanje: MTDrsnik mase m se giblje po vodilu od točke A do točke B pod vplivom konstantne sile F . Določite hitrost

drsnika v točki B, če je le-ta v točki A miroval in če zanemarimo trenje in velikost drsnika.

m = 1 kg

F = 10 N

a = 0,5 m

l = 1 m

Rešitev

∆s = 0,618 m

v = 3,516 m/s

Postopek

Gre za nekonservativen sistem kjer je vloženo delo enako spremembi mehanske energije. Ker se spremeni
samo kinetična energija, velja:

∆Ek = W12.
Točk: 10

Ker je kinetična energija v začetku enaka nič, sledi:

EkB − EkA = EkB = W12
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 CellChangeTimes->{{3.392352032629411*^9, 3.392352064224843*^9}, {

  3.392352117120904*^9, 3.392352142767782*^9}, {3.392352408840376*^9, 

  3.392352428608802*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

   RowBox[{"{", 

    RowBox[{"t", "\[Rule]", "0.3397893306150186`"}], "}"}], ",", 

   "0.28315777551251553`", ",", "0.6666666666666667`", ",", 

   RowBox[{"{", 

    RowBox[{"{", 

     RowBox[{"H", "\[Rule]", "0.13397893306150188`"}], "}"}], "}"}]}], 

  "}"}]], "Output",

 CellChangeTimes->{{3.3923520647556067`*^9, 3.3923520767929153`*^9}, {

   3.3923521197847347`*^9, 3.392352164218627*^9}, 3.39235236378559*^9, {

   3.392352425944971*^9, 3.3923524406961823`*^9}}]

}, Open  ]]

}, Open  ]]

}, Open  ]],



Cell[CellGroupData[{



Cell["3.Naloga", "Title"],



Cell[BoxData[

 RowBox[{"Remove", "[", "\"\<Global`*\>\"", "]"}]], "Input"],



Cell["\<\

Za  dinami\[CHacek]ne sile na le\:017eaj B nastavimo\

\>", "Text",

 CellChangeTimes->{3.392353625169371*^9}],



Cell[BoxData[{

 RowBox[{

  RowBox[{"eq1", "=", 

   RowBox[{

    RowBox[{

     RowBox[{

      RowBox[{"-", "Jx1z1"}], " ", 

      RowBox[{

       RowBox[{"\[CurlyPhi]", "''"}], "[", "t", "]"}]}], "+", 

     RowBox[{"Jy1z1", " ", 

      SuperscriptBox[

       RowBox[{

        RowBox[{"\[CurlyPhi]", "'"}], "[", "t", "]"}], "2"]}]}], "\[Equal]", 

    RowBox[{

     RowBox[{"-", "3"}], "a", " ", "By2"}]}]}], 

  ";"}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"eq2", "=", 

   RowBox[{

    RowBox[{

     RowBox[{

      RowBox[{"-", "Jy1z1"}], " ", 

      RowBox[{

       RowBox[{"\[CurlyPhi]", "''"}], "[", "t", "]"}]}], "-", 

     RowBox[{"Jx1z1", " ", 

      SuperscriptBox[

       RowBox[{

        RowBox[{"\[CurlyPhi]", "'"}], "[", "t", "]"}], "2"]}]}], "\[Equal]", 

    RowBox[{"3", "a", " ", "Bx2"}]}]}], ";"}]}], "Input",

 CellChangeTimes->{{3.3923535116461325`*^9, 3.392353521470259*^9}, {

  3.3923535607968082`*^9, 3.392353601555416*^9}, {3.392353789445589*^9, 

  3.3923537972968783`*^9}, {3.3923542625659027`*^9, 3.392354290255718*^9}, {

  3.3923555257122173`*^9, 3.392355527204363*^9}}],



Cell["Pospe\[SHacek]ek rotorja", "Text",

 CellChangeTimes->{{3.3923536310878816`*^9, 3.3923536363554564`*^9}}],



Cell[BoxData[

 RowBox[{

  RowBox[{"eq3", "=", 

   RowBox[{

    RowBox[{"Jz1z1", " ", 

     RowBox[{

      RowBox[{"\[CurlyPhi]", "''"}], "[", "t", "]"}]}], "\[Equal]", "M"}]}], 

  ";"}]], "Input",

 CellChangeTimes->{{3.392353673238491*^9, 3.3923537391432576`*^9}, {

  3.39235380110235*^9, 3.3923538017132287`*^9}}],



Cell["\<\

Zasuk v odvisnosti od \[CHacek]asa torej je\

\>", "Text",

 CellChangeTimes->{{3.392353747184821*^9, 3.392353765711461*^9}}],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{

  RowBox[{"Clear", "[", "\[CurlyPhi]", "]"}], ";"}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"\[CurlyPhi]", "[", "t_", "]"}], "=", 

  RowBox[{"First", "[", 

   RowBox[{

    RowBox[{"\[CurlyPhi]", "[", "t", "]"}], "/.", 

    RowBox[{"DSolve", "[", 

     RowBox[{

      RowBox[{"{", 

       RowBox[{"eq3", ",", 

        RowBox[{

         RowBox[{"\[CurlyPhi]", "[", "0", "]"}], "\[Equal]", "0"}], ",", 

        RowBox[{

         RowBox[{

          RowBox[{"\[CurlyPhi]", "'"}], "[", "0", "]"}], "\[Equal]", "0"}]}], 

       "}"}], ",", 

      RowBox[{"\[CurlyPhi]", "[", "t", "]"}], ",", "t"}], "]"}]}], 

   "]"}]}]}], "Input",

 CellChangeTimes->{{3.392353767564125*^9, 3.392353853868224*^9}, {

  3.3923539242594414`*^9, 3.3923539396315455`*^9}}],



Cell[BoxData[

 FractionBox[

  RowBox[{"M", " ", 

   SuperscriptBox["t", "2"]}], 

  RowBox[{"2", " ", "Jz1z1"}]]], "Output",

 CellChangeTimes->{{3.3923537815542417`*^9, 3.3923538540785265`*^9}, 

   3.392353940332554*^9, 3.392355317252467*^9, {3.3923555504878435`*^9, 

   3.392355568814195*^9}}]

}, Open  ]],



Cell["Izra\[CHacek]unati moramo mvm:", "Text"],



Cell[BoxData[{

 RowBox[{"Jx1z1", ":=", 

  RowBox[{

   RowBox[{"(", 

    RowBox[{"0", "+", 

     RowBox[{"m", 

      RowBox[{"(", 

       RowBox[{"0", " ", "a"}], ")"}]}]}], ")"}], "+", 

   RowBox[{"(", 

    RowBox[{"0", "+", 

     RowBox[{"m", 

      RowBox[{"(", 

       RowBox[{"0", " ", "2", "a"}], ")"}]}]}], ")"}], "+", 

   RowBox[{"(", 

    RowBox[{"0", "+", 

     RowBox[{"m", 

      RowBox[{"(", 

       RowBox[{

        FractionBox["b", "2"], 

        FractionBox[

         RowBox[{"3", "a"}], "2"]}], ")"}]}]}], 

    ")"}]}]}], "\[IndentingNewLine]", 

 RowBox[{"Jy1z1", ":=", 

  RowBox[{

   RowBox[{"(", 

    RowBox[{"0", "+", 

     RowBox[{"m", 

      RowBox[{"(", 

       RowBox[{

        FractionBox["a", "2"], " ", "a"}], ")"}]}]}], ")"}], "+", 

   RowBox[{"(", 

    RowBox[{"0", "+", 

     RowBox[{"m", 

      RowBox[{"(", 

       RowBox[{

        RowBox[{"(", 

         RowBox[{"-", 

          FractionBox["a", "2"]}], ")"}], " ", "2", "a"}], ")"}]}]}], ")"}], 

   "+", 

   RowBox[{"(", 

    RowBox[{"0", "+", 

     RowBox[{"m", 

      RowBox[{"(", 

       RowBox[{"0", 

        FractionBox[

         RowBox[{"3", "a"}], "2"]}], ")"}]}]}], 

    ")"}]}]}], "\[IndentingNewLine]", 

 RowBox[{"Jz1z1", ":=", 

  RowBox[{

   RowBox[{"(", 

    RowBox[{

     RowBox[{

      FractionBox["1", "12"], "m", " ", 

      SuperscriptBox["a", "2"]}], "+", 

     RowBox[{"m", 

      RowBox[{"(", 

       RowBox[{

        SuperscriptBox["0", "2"], "+", 

        SuperscriptBox[

         RowBox[{"(", 

          FractionBox["a", "2"], ")"}], "2"]}], ")"}]}]}], ")"}], "+", 

   RowBox[{"(", 

    RowBox[{

     RowBox[{

      FractionBox["1", "12"], "m", " ", 

      SuperscriptBox["a", "2"]}], "+", 

     RowBox[{"m", 

      RowBox[{"(", 

       RowBox[{

        SuperscriptBox["0", "2"], "+", 

        SuperscriptBox[

         RowBox[{"(", 

          RowBox[{"-", 

           FractionBox["a", "2"]}], ")"}], "2"]}], ")"}]}]}], ")"}], "+", 

   RowBox[{"(", 

    RowBox[{

     RowBox[{

      FractionBox["1", "12"], "m", " ", 

      SuperscriptBox["b", "2"]}], "+", 

     RowBox[{"m", 

      RowBox[{"(", 

       RowBox[{

        SuperscriptBox[

         RowBox[{"(", 

          FractionBox["b", "2"], ")"}], "2"], "+", "0"}], ")"}]}]}], 

    ")"}]}]}]}], "Input",

 CellChangeTimes->{{3.3923539657791443`*^9, 3.3923542266142063`*^9}}],



Cell["\<\

Sledi re\[SHacek]itev za sile v le\:017eaju B\

\>", "Text",

 CellChangeTimes->{{3.3923550913876896`*^9, 3.392355100160304*^9}}],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"solBy2", "=", 

  RowBox[{

   RowBox[{"Solve", "[", 

    RowBox[{"eq1", ",", "By2"}], "]"}], "/.", 

   RowBox[{"t", "\[Rule]", "1"}]}]}], "\[IndentingNewLine]", 

 RowBox[{"solBx2", "=", 

  RowBox[{

   RowBox[{"Solve", "[", 

    RowBox[{"eq2", ",", "Bx2"}], "]"}], "/.", 

   RowBox[{"t", "\[Rule]", "1"}]}]}]}], "Input",

 CellChangeTimes->{{3.3923543236837854`*^9, 3.3923543983711805`*^9}, {

  3.392355532101405*^9, 3.392355547844042*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{"By2", "\[Rule]", 

    FractionBox[

     RowBox[{"3", " ", 

      RowBox[{"(", 

       RowBox[{

        RowBox[{"2", " ", 

         SuperscriptBox["a", "2"], " ", "b", " ", "m", " ", "M"}], "+", 

        RowBox[{

         SuperscriptBox["b", "3"], " ", "m", " ", "M"}], "+", 

        RowBox[{"2", " ", "a", " ", 

         SuperscriptBox["M", "2"]}]}], ")"}]}], 

     RowBox[{"4", " ", 

      SuperscriptBox[

       RowBox[{"(", 

        RowBox[{

         RowBox[{"2", " ", 

          SuperscriptBox["a", "2"]}], "+", 

         SuperscriptBox["b", "2"]}], ")"}], "2"], " ", "m"}]]}], "}"}], 

  "}"}]], "Output",

 CellChangeTimes->{{3.392354324845456*^9, 3.3923543549787855`*^9}, 

   3.3923543991823473`*^9, 3.3923553173526115`*^9, {3.3923555505279007`*^9, 

   3.392355568914339*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{"Bx2", "\[Rule]", 

    FractionBox[

     RowBox[{

      RowBox[{"4", " ", 

       SuperscriptBox["a", "3"], " ", "m", " ", "M"}], "+", 

      RowBox[{"2", " ", "a", " ", 

       SuperscriptBox["b", "2"], " ", "m", " ", "M"}], "-", 

      RowBox[{"9", " ", "b", " ", 

       SuperscriptBox["M", "2"]}]}], 

     RowBox[{"4", " ", 

      SuperscriptBox[

       RowBox[{"(", 

        RowBox[{

         RowBox[{"2", " ", 

          SuperscriptBox["a", "2"]}], "+", 

         SuperscriptBox["b", "2"]}], ")"}], "2"], " ", "m"}]]}], "}"}], 

  "}"}]], "Output",

 CellChangeTimes->{{3.392354324845456*^9, 3.3923543549787855`*^9}, 

   3.3923543991823473`*^9, 3.3923553173526115`*^9, {3.3923555505279007`*^9, 

   3.3923555689644113`*^9}}]

}, Open  ]],



Cell["\<\

Uporabimo \[SHacek]e II. Newtonow zakon za dolo\[CHacek]itev sil v \

le\:017eaju A\

\>", "Text",

 CellChangeTimes->{{3.392354963343571*^9, 3.3923549848044305`*^9}}],



Cell[BoxData[{

 RowBox[{

  RowBox[{"eq4", "=", 

   RowBox[{

    RowBox[{"Ax1", "+", "Bx2"}], "\[Equal]", 

    RowBox[{

     RowBox[{"-", 

      RowBox[{"(", 

       RowBox[{"6", "m"}], ")"}]}], " ", "e", " ", 

     SuperscriptBox[

      RowBox[{

       RowBox[{"\[CurlyPhi]", "'"}], "[", "t", "]"}], "2"]}]}]}], 

  ";"}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"eq5", "=", 

   RowBox[{

    RowBox[{"Ay1", "+", "By2"}], "\[Equal]", 

    RowBox[{

     RowBox[{"(", 

      RowBox[{"6", "m"}], ")"}], " ", "e", " ", 

     RowBox[{

      RowBox[{"\[CurlyPhi]", "''"}], "[", "t", "]"}]}]}]}], ";"}]}], "Input",

 CellChangeTimes->{{3.392354988199312*^9, 3.392355059071221*^9}, {

  3.3923555376794257`*^9, 3.392355538891168*^9}}],



Cell["Kje je ekscentri\[CHacek]nost", "Text",

 CellChangeTimes->{{3.3923550668423953`*^9, 3.3923550737823744`*^9}}],



Cell[BoxData[

 RowBox[{"e", ":=", 

  FractionBox["b", "12"]}]], "Input",

 CellChangeTimes->{{3.3923550751944046`*^9, 3.3923550821443987`*^9}}],



Cell["\<\

Sledi re\[SHacek]itev za sile v le\:017eaju A\

\>", "Text",

 CellChangeTimes->{{3.3923550913876896`*^9, 3.3923551132691536`*^9}}],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"solAx1", "=", 

  RowBox[{

   RowBox[{

    RowBox[{"Solve", "[", 

     RowBox[{"eq4", ",", "Ax1"}], "]"}], "/.", 

    RowBox[{"t", "\[Rule]", "1"}]}], "/.", 

   "solBx2"}]}], "\[IndentingNewLine]", 

 RowBox[{"solAy1", "=", 

  RowBox[{

   RowBox[{

    RowBox[{"Solve", "[", 

     RowBox[{"eq5", ",", "Ay1"}], "]"}], "/.", 

    RowBox[{"t", "\[Rule]", "1"}]}], "/.", "solBy2"}]}]}], "Input",

 CellChangeTimes->{{3.3923543236837854`*^9, 3.3923543983711805`*^9}, {

  3.392355116513819*^9, 3.3923551393566656`*^9}, {3.392355301740162*^9, 

  3.392355312916232*^9}, {3.392355543067173*^9, 3.392355544178771*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{"{", 

    RowBox[{"Ax1", "\[Rule]", 

     FractionBox[

      RowBox[{

       RowBox[{

        RowBox[{"-", "9"}], " ", "b", " ", 

        SuperscriptBox["M", "2"]}], "-", 

       FractionBox[

        RowBox[{"2", " ", 

         SuperscriptBox["a", "4"], " ", 

         RowBox[{"(", 

          RowBox[{

           RowBox[{"4", " ", 

            SuperscriptBox["a", "3"], " ", "m", " ", "M"}], "+", 

           RowBox[{"2", " ", "a", " ", 

            SuperscriptBox["b", "2"], " ", "m", " ", "M"}], "-", 

           RowBox[{"9", " ", "b", " ", 

            SuperscriptBox["M", "2"]}]}], ")"}]}], 

        SuperscriptBox[

         RowBox[{"(", 

          RowBox[{

           RowBox[{"2", " ", 

            SuperscriptBox["a", "2"]}], "+", 

           SuperscriptBox["b", "2"]}], ")"}], "2"]], "-", 

       FractionBox[

        RowBox[{"2", " ", 

         SuperscriptBox["a", "2"], " ", 

         SuperscriptBox["b", "2"], " ", 

         RowBox[{"(", 

          RowBox[{

           RowBox[{"4", " ", 

            SuperscriptBox["a", "3"], " ", "m", " ", "M"}], "+", 

           RowBox[{"2", " ", "a", " ", 

            SuperscriptBox["b", "2"], " ", "m", " ", "M"}], "-", 

           RowBox[{"9", " ", "b", " ", 

            SuperscriptBox["M", "2"]}]}], ")"}]}], 

        SuperscriptBox[

         RowBox[{"(", 

          RowBox[{

           RowBox[{"2", " ", 

            SuperscriptBox["a", "2"]}], "+", 

           SuperscriptBox["b", "2"]}], ")"}], "2"]], "-", 

       FractionBox[

        RowBox[{

         SuperscriptBox["b", "4"], " ", 

         RowBox[{"(", 

          RowBox[{

           RowBox[{"4", " ", 

            SuperscriptBox["a", "3"], " ", "m", " ", "M"}], "+", 

           RowBox[{"2", " ", "a", " ", 

            SuperscriptBox["b", "2"], " ", "m", " ", "M"}], "-", 

           RowBox[{"9", " ", "b", " ", 

            SuperscriptBox["M", "2"]}]}], ")"}]}], 

        RowBox[{"2", " ", 

         SuperscriptBox[

          RowBox[{"(", 

           RowBox[{

            RowBox[{"2", " ", 

             SuperscriptBox["a", "2"]}], "+", 

            SuperscriptBox["b", "2"]}], ")"}], "2"]}]]}], 

      RowBox[{"2", " ", 

       SuperscriptBox[

        RowBox[{"(", 

         RowBox[{

          RowBox[{"2", " ", 

           SuperscriptBox["a", "2"]}], "+", 

          SuperscriptBox["b", "2"]}], ")"}], "2"], " ", "m"}]]}], "}"}], 

   "}"}], "}"}]], "Output",

 CellChangeTimes->{{3.392354324845456*^9, 3.3923543549787855`*^9}, 

   3.3923543991823473`*^9, 3.392355142421072*^9, {3.392355307428341*^9, 

   3.392355317572928*^9}, {3.3923555505980015`*^9, 3.392355569004469*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{"{", 

    RowBox[{"Ay1", "\[Rule]", 

     FractionBox[

      RowBox[{

       RowBox[{"3", " ", "b", " ", "M"}], "-", 

       FractionBox[

        RowBox[{"3", " ", 

         SuperscriptBox["a", "2"], " ", 

         RowBox[{"(", 

          RowBox[{

           RowBox[{"2", " ", 

            SuperscriptBox["a", "2"], " ", "b", " ", "m", " ", "M"}], "+", 

           RowBox[{

            SuperscriptBox["b", "3"], " ", "m", " ", "M"}], "+", 

           RowBox[{"2", " ", "a", " ", 

            SuperscriptBox["M", "2"]}]}], ")"}]}], 

        RowBox[{

         SuperscriptBox[

          RowBox[{"(", 

           RowBox[{

            RowBox[{"2", " ", 

             SuperscriptBox["a", "2"]}], "+", 

            SuperscriptBox["b", "2"]}], ")"}], "2"], " ", "m"}]], "-", 

       FractionBox[

        RowBox[{"3", " ", 

         SuperscriptBox["b", "2"], " ", 

         RowBox[{"(", 

          RowBox[{

           RowBox[{"2", " ", 

            SuperscriptBox["a", "2"], " ", "b", " ", "m", " ", "M"}], "+", 

           RowBox[{

            SuperscriptBox["b", "3"], " ", "m", " ", "M"}], "+", 

           RowBox[{"2", " ", "a", " ", 

            SuperscriptBox["M", "2"]}]}], ")"}]}], 

        RowBox[{"2", " ", 

         SuperscriptBox[

          RowBox[{"(", 

           RowBox[{

            RowBox[{"2", " ", 

             SuperscriptBox["a", "2"]}], "+", 

            SuperscriptBox["b", "2"]}], ")"}], "2"], " ", "m"}]]}], 

      RowBox[{"2", " ", 

       RowBox[{"(", 

        RowBox[{

         RowBox[{"2", " ", 

          SuperscriptBox["a", "2"]}], "+", 

         SuperscriptBox["b", "2"]}], ")"}]}]]}], "}"}], "}"}], 

  "}"}]], "Output",

 CellChangeTimes->{{3.392354324845456*^9, 3.3923543549787855`*^9}, 

   3.3923543991823473`*^9, 3.392355142421072*^9, {3.392355307428341*^9, 

   3.392355317572928*^9}, {3.3923555505980015`*^9, 3.392355569004469*^9}}]

}, Open  ]],



Cell[CellGroupData[{



Cell["Podatki", "Subtitle"],



Cell[BoxData[{

 RowBox[{"m", ":=", "1"}], "\[IndentingNewLine]", 

 RowBox[{"a", ":=", "0.1"}], "\[IndentingNewLine]", 

 RowBox[{"b", ":=", 

  RowBox[{"a", "/", "2"}]}], "\[IndentingNewLine]", 

 RowBox[{"M", ":=", "1"}]}], "Input",

 CellChangeTimes->{{3.392351998860854*^9, 3.3923520231457744`*^9}, {

  3.392352067579667*^9, 3.3923520750403953`*^9}, {3.392355172995035*^9, 

  3.3923551916819057`*^9}}]

}, Open  ]],



Cell[CellGroupData[{



Cell["Rezultati", "Subtitle"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"N", "[", "\[IndentingNewLine]", 

  RowBox[{"{", 

   RowBox[{"Jx1z1", ",", "Jy1z1", ",", "Jz1z1", ",", 

    RowBox[{

     RowBox[{

      RowBox[{"\[CurlyPhi]", "''"}], "[", "t", "]"}], "/.", 

     RowBox[{"t", "\[Rule]", "1"}]}], ",", 

    RowBox[{

     RowBox[{

      RowBox[{"\[CurlyPhi]", "'"}], "[", "t", "]"}], "/.", 

     RowBox[{"t", "\[Rule]", "1"}]}], ",", "solAx1", ",", "solAy1", ",", 

    "solBx2", ",", "solBy2"}], "}"}], "]"}]], "Input",

 CellChangeTimes->{{3.392352032629411*^9, 3.392352064224843*^9}, {

  3.392352117120904*^9, 3.392352142767782*^9}, {3.392352408840376*^9, 

  3.392352428608802*^9}, {3.392355203378725*^9, 3.392355276193427*^9}, {

  3.392355340956552*^9, 3.3923553518622336`*^9}, {3.3923555543033295`*^9, 

  3.392355556516512*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"0.0037500000000000007`", ",", 

   RowBox[{"-", "0.005000000000000001`"}], ",", "0.0075000000000000015`", ",",

    "133.33333333333331`", ",", "133.33333333333331`", ",", 

   RowBox[{"{", 

    RowBox[{"{", 

     RowBox[{"{", 

      RowBox[{"Ax1", "\[Rule]", 

       RowBox[{"-", "224.4444444444444`"}]}], "}"}], "}"}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"{", 

     RowBox[{"{", 

      RowBox[{"Ay1", "\[Rule]", 

       RowBox[{"-", "294.62962962962945`"}]}], "}"}], "}"}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"{", 

     RowBox[{"Bx2", "\[Rule]", 

      RowBox[{"-", "219.9999999999999`"}]}], "}"}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"{", 

     RowBox[{"By2", "\[Rule]", "297.9629629629628`"}], "}"}], "}"}]}], 

  "}"}]], "Output",

 CellChangeTimes->{{3.3923520647556067`*^9, 3.3923520767929153`*^9}, {

   3.3923521197847347`*^9, 3.392352164218627*^9}, 3.39235236378559*^9, {

   3.392352425944971*^9, 3.3923524406961823`*^9}, {3.3923552188710012`*^9, 

   3.3923552329612627`*^9}, 3.39235527731504*^9, 3.3923553176530433`*^9, 

   3.3923553525632415`*^9, {3.392355550638059*^9, 3.392355569044526*^9}}]

}, Open  ]]

}, Open  ]]

}, Open  ]]

},

WindowToolbars->{"RulerBar", "EditBar"},

WindowSize->{968, 681},

WindowMargins->{{0, Automatic}, {Automatic, 0}},

Magnification->1.25,

FrontEndVersion->"6.0 for Microsoft Windows (32-bit) (April 28, 2007)",

StyleDefinitions->FrontEnd`FileName[{"Creative"}, "NaturalColor.nb", 

  CharacterEncoding -> "WindowsEastEurope"]

]
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1

2
mv2B = F ∆s,

Točk: 10

kjer je ∆s =
√
l2 + a2 − a. Sedaj lahko izračunamo hitrost v točki B:

vB =

√
2F ∆s

m
.

Točk: 10

Naloga 2 (35 točk) Zadostuje
znanje: TT

Homogen valj mase m in polmera r vržemo na vodoravno ravnino z začetno hitrostjo v0 in brez začetne
kotne hitrosti. Pri danem koeficientu trenja določite najvǐsjo lego težǐsča valja H. Valj pri dviganju po
krivulji ne podrsava.

m = 1 kg

r = 0,1 m

L = 1 m

v0 = 1 m/s

µ = 0,1

g = 9,81 m/s
2

Rešitev

t1 = 0,34 s

x1 = 0,283 m

ẋ1 =
2

3
m/s

H = 0,134 m

Postopek

Nalogo rešimo v dveh delih. Najprej izračunamo hitrost gibanja težǐsča, ko se začne valj kotaliti1 V
drugem delu pa izračunamo, kako visoko se dvigne valj s preostalo energijo.

Prvi del rešimo s pomočjo II. Newtonovega zakona:∑
i

~Fi = m~aT

∑
i

MTi = JT ϕ̈

Točk: 5

Ravnotežje sil za x in y os (slika 1.1):

−Ft = mẍ,

N −mg = 0 = mÿ.

Ravnotežje momentov glede na težǐsče:

JT ϕ̈ = Ft r.
Točk: 5

1Pri kotaljenju valj ne drsi.
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Slika 1.1: Prikaz sil in kinematičnih spremenljivk.

Masni vztrajnostni moment za težǐsče valja JT = 1
2mr2 in sila trenja Ft = mg µ.

Z integriranjem izraza za pospešek ẍ izračunamo hitrost in nato še za pot v odvisnosti od časa:

ẋ = v0 − g µ t

x = v0 t− g µ
t2

2

Podobno naredimo za kotni pospešek valja ϕ̈:

ϕ̇ =
2 g µ

r
t

Točk: 5

Ko velja:

ϕ̇(t1) = r ẋ(t1)
Točk: 5

takrat valj ne podrsava več. Sledi:

t1 =
1 v0
3 g µ

Točk: 5

Ker je x(t1) < L, se to zgodi preden se valj začne dvigovati. Hitrost v tem trenutku je

ẋ1 = ẋ(t1),

ϕ̇1 =
ẋ(t1)

r
.

Pri najvǐsji legi težǐsča se vsa kinetična energija spremeni v potencialno (predpostavimo primerno obliko
krivulje):

Ek1 = Ep

1

2
mẋ21 +

1

2
JT ϕ̇

2
1 = mg (H − r).

Točk: 5

Sledi rešitev:

H = r +
v20
3 g
.

Točk: 5
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Naloga 3 (35 točk) Zadostuje
znanje: BalNa rotor dolžine 3a sta privarjeni homogeni palici, vsaka dolžine a in mase m ter homogena pravokotna

plošča mase m in velikosti a × b, kot prikazuje slika. Rotor poženemo iz mirovanja in ga poganjamo s
konstantnim momentom M . Določite velikosti amplitud dinamičnih sil v podporah po 1 sekundi obrato-
vanja.

m = 1 kg

a = 10 cm

b = 5 cm

M = 1 Nm

t1 = 1 s

Rešitev

Jx1z1 = 0,00375 kg m2

Jy1z1 = −0,005 kg m2

Jz1z1 = 0,0075 kg m2

ϕ̈1 = 133,3 rad/s
2

ϕ̇1 = 133,3 rad/s

Ax1 = −224,444 N

Ay1 = −294,630 N

Bx2 = −220 N

By2 = 297,963 N

Postopek

Slika 1.2: Prikaz sil in kinematičnih spremenljivk.

Za izračun velikosti dinamičnih sil na ležaje bomo uporabili izraza:∑
Mx1

= −Jx1z1 ϕ̈+ Jy1z1 ϕ̇
2

∑
My1 = −Jx1z1 ϕ̇

2 − Jy1z1 ϕ̈
Točk: 5

Da lahko zgornja izraza rešimo, rabimo kotni pospešek ϕ̈ in kotno hitrost ϕ̇. Kotni pospešek določimo iz
II. Newtonovega zakona:∑

Mz1 = Jz1z1 ϕ̈
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Izpeljemo:

ϕ̈ =
M

Jz1z1

in upoštevajoč začetne pogoje z integriranjem:

ϕ̇ = ϕ̈ t

Sedaj izračunamo potrebne masne vztrajnostne momente:

Jx1z1 = 0 +m (0 · a)︸ ︷︷ ︸
1. palica

+ 0 +m (0 · 2a)︸ ︷︷ ︸
2. palica

+ 0 +m

(
b

2
· 3a

2

)
︸ ︷︷ ︸

plošča

=
3

4
mab

Jy1z1 = 0 +m
(a

2
· a
)

︸ ︷︷ ︸
1. palica

+ 0 +m
((
−a

2

)
· 2a
)

︸ ︷︷ ︸
2. palica

+ 0 +m

(
0 · 3a

2

)
︸ ︷︷ ︸

plošča

= −1

2
ma2

Jz1z1 =
1

12
ma2 +m

(
02 +

(a
2

)2)
︸ ︷︷ ︸

1. palica

+
1

12
ma2 +m

(
02 +

(
−a

2

)2)
︸ ︷︷ ︸

2. palica

+
1

12
mb2 +m

((
b

2

)2

+ 0

)
︸ ︷︷ ︸

plošča
= 1

3 m (2a2 + b2)

Točk: 10

Označimo z:

ϕ̈1 = ϕ̈(t1)

ϕ̇1 = ϕ̇(t1).

Sedaj lahko izračunamo sile v podpori B: Točk: 5

By2 = − 1

3a

(
−Jx1z1 ϕ̈1 + Jy1z1 ϕ̇

2
1

)
Bx2

= +
1

3a

(
−Jx1z1 ϕ̇

2
1 − Jy1z1 ϕ̈1

)
.

Točk: 5

Ker težǐsče rotorja leži v ravnini xz lahko za izračun sil Ax1 in Ay1 uporabimo izraza za ravnotežja sil:

Ax1
+Bx2

= −mt e ϕ̇
2

Ay1 +By2 = mt e ϕ̈,

kjer je masa mt = 6m in e = b/12. Točk: 10

1.2 Datum: 12.6.2003
Povprečen uspeh 5 študentov: 51%
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     SuperscriptBox[

      RowBox[{
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  RowBox[{

   FractionBox["1", "2"], " ", 

   RowBox[{"(", 

    RowBox[{"Jh", "-", 

     RowBox[{

      SuperscriptBox["l1", "2"], " ", "m1"}]}], ")"}], " ", 
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 RowBox[{"Jt", ":=", "0.1"}], "\[IndentingNewLine]", 

 RowBox[{"l1", ":=", "6"}], "\[IndentingNewLine]", 
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  RowBox[{"yd", "[", "vy0_", "]"}], ":=", 
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   SuperscriptBox[
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  RowBox[{

   RowBox[{"Td", "[", "vy0", "]"}], "+", 

   RowBox[{"T", "[", 

    RowBox[{"y", "+", 

     RowBox[{"yd", "[", "vy0", "]"}]}], "]"}]}]}]], "Input"],



Cell["Mesto padca:", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"xd", "[", 

   RowBox[{"vx0_", ",", "vy0_", ",", "y_"}], "]"}], ":=", 

  RowBox[{"vx0", " ", 

   RowBox[{"TS", "[", 

    RowBox[{"vy0", ",", "y"}], "]"}]}]}]], "Input"],
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Cell["Podatki", "Subtitle"],



Cell[BoxData[{

 RowBox[{"a", ":=", "0.2"}], "\[IndentingNewLine]", 

 RowBox[{"b", ":=", "0.2"}], "\[IndentingNewLine]", 

 RowBox[{"c", ":=", "0.1"}], "\[IndentingNewLine]", 

 RowBox[{"r", ":=", "0.015"}], "\[IndentingNewLine]", 

 RowBox[{"g", ":=", "9.81"}], "\[IndentingNewLine]", 

 RowBox[{"vy0", ":=", "0.1"}], "\[IndentingNewLine]", 

 RowBox[{"vx0", ":=", "1"}]}], "Input"]

}, Open  ]],



Cell[CellGroupData[{



Cell["Rezultati", "Subtitle"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"vy", "[", 

  RowBox[{"a", "+", "r"}], "]"}], "\[IndentingNewLine]", 

 RowBox[{"T", "[", 

  RowBox[{"a", "+", "r"}], "]"}], "\[IndentingNewLine]", 

 RowBox[{"v0", "[", 

  RowBox[{

   RowBox[{"a", "+", "r"}], ",", 

   RowBox[{"b", "+", "r"}]}], "]"}], "\[IndentingNewLine]", 

 RowBox[{"v0", "[", 

  RowBox[{

   RowBox[{"a", "+", "r"}], ",", 

   RowBox[{"b", "+", "c", "-", "r"}]}], "]"}]}], "Input"],



Cell[BoxData["2.053850043211529`"], "Output",

 CellChangeTimes->{3.3924416836587954`*^9}],



Cell[BoxData["0.2093628994099418`"], "Output",

 CellChangeTimes->{3.392441683708867*^9}],



Cell[BoxData["1.0269250216057646`"], "Output",

 CellChangeTimes->{3.392441683728896*^9}],



Cell[BoxData["1.3612727030588043`"], "Output",

 CellChangeTimes->{3.3924416837489247`*^9}]
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Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"Td", "[", "vy0", "]"}], "\[IndentingNewLine]", 

 RowBox[{"yd", "[", "vy0", "]"}], "\[IndentingNewLine]", 

 RowBox[{"TS", "[", 

  RowBox[{"vy0", ",", 

   RowBox[{"b", "+", "r"}]}], "]"}], "\[IndentingNewLine]", 

 RowBox[{"xd", "[", 

  RowBox[{"vx0", ",", "vy0", ",", 

   RowBox[{"b", "+", "r"}]}], "]"}]}], "Input"],



Cell[BoxData["0.010193679918450561`"], "Output",

 CellChangeTimes->{3.3924416837689533`*^9}],



Cell[BoxData["0.0005096839959225281`"], "Output",

 CellChangeTimes->{3.392441683778968*^9}],



Cell[BoxData["0.21980459270597036`"], "Output",

 CellChangeTimes->{3.3924416837889824`*^9}],



Cell[BoxData["0.21980459270597036`"], "Output",

 CellChangeTimes->{3.3924416838090115`*^9}]

}, Open  ]]

}, Open  ]]
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Naloga 1 (30 točk) Zadostuje
znanje: TT

Povprečen
uspeh: 50%

Slika prikazuje tekoči trak. Pralni stroj mase m2

in težǐsčnega masnega vztrajnostnega momenta J
je togo pritrjen na togo palico zanemarljive mase,
le-ta pa je pritrjena na kolo mase m1 in polmera r.
Vrv je pripeta na razdalji a od vrtǐsča kolesa in se v
nekem trenutku napne ter začne delovati na palico s
silo F . Izračunajte pospešek težǐsča pralnega stroja
v tem trenutku. Trenje in rotacijsko vztrajnost
kolesa zanemarite.

a = 0,5 m

b = 1 m

m1 = 10 kg

m2 = 60 kg

r = 0.1 m

F = 400 N

J = 6 kg m2

Rešitev

aT = 5,71 m/s
2

α = 12,42 rad/s
2

JT = 25,286 kg m2

yT = 1,286 m

aP = 3,05 m/s
2

Postopek

Postavimo nepomični koordinatni sistem na vǐsino vrtǐsča kolesa; x-os naj bo v smeri delovanja sile, y-os
pa naj bo navzdol, pozitivna rotacija je torej protiurna.
Pospešek težǐsča izračunamo iz II. Newtonovega zakona za translacijo (zunanja sila povzroči spremembo
gibalne količine):

aT = − F

m1 +m2
.

Točk: 10

Zunanji moment povzroči spremembo vrtilne količine in za izbrani koordinatni sistem zapǐsemo:

−F a = −yT (m1 +m2) aT + JT α

kjer je razdalja do težǐsča:

yT =
0m1 +m2(a+ b)

m1 +m2
Točk: 5

in masni vztrajnostni moment sistema glede na težǐsče (zanemarimo rotacijsko vztrajnost kolesa):

JT = J +m2 (a+ b− yT)2 +m1 y
2
T

Točk: 10

Pospešek pralnega stroja torej je:

aP = aT − (a+ b− yT)α,
Točk: 5
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Naloga 2 (35 točk) Zadostuje
znanje: TT

Povprečen
uspeh: 46%

Helikopter mase m se dviguje glede
na funkcijo y(t), hkrati pa se po-
mika naprej glede na funkcijo x(t).
Pri tem helikopter izvaja še rotacijo
okrog navpične osi sourno s kotno
hitrostjo ωh. Na hrbtu helikopterja
je vzdolžno nameščena turbina, ka-
tere vrteči del ima masni vztrajno-
stni moment Jt in se vrti s kotno hi-
trostjo ωt. Glavna elisa se vrti proti-
urno s hitrostjo ωe, krmilna elisa pa
6 krat hitreje.
Masni vztrajnostni moment celo-
tnega helikopterja okrog navpične osi
je Jh. Krak glavne elise je dolg l1
in težak m1, krak pomožne pa je
dolg l2 in težak m2. Deviacijske ma-
sne vztrajnostne momente zanema-
rite.
Izračunajte kinetično energijo ob
času t0.

x(t) = t

y(t) = t2

m = 1,5 t

m1 = 20 kg

m2 = 1 kg

l1 = 6 m

l2 = 0,35 m

Jh = 2000 kg m2

Jt = 0,1 kg m2

ωe = 7× 2π rad/s

ωh = 0,1× 2π rad/s

ωt = 250× 2π rad/s

t0 = 1 s

Rešitev

EkHt(t0) = 3750 J

EkHr(t0) = 252,662 J

Ekt = 123370 J

Ek1 = 676644 J

Ek2 = 4265,45 J

Ek = 808282 J

J1 = 720 kg m2

J2 = 0,1225 kg m2

Postopek

Kinetična energija helikopterja je:

Ek = EkHt(t) + EkHr + Ek1 + Ek2,
Točk: 5

kjer je kinetična energija translacije (težǐsča) helikopterja:

EkHt(t) =
1

2
mv2(t),

kjer je:

v(t) =
√
ẋ2(t) + ẏ2(t).

Točk: 5

Kinetična energija rotacije helikopterja je:

EkHr =
1

2
(Jh − J1)ω2

h.

Točk: 5



POGLAVJE 1. KOLOKVIJ 1 11

Kinetična energija turbine:

EkT =
1

2
Jt ω

2
t .

Točk: 5

Kinetična energija glavne elise:

Ek1 =
1

2
J1 (−ωe + ωh)2.

Točk: 5

Kinetična energija pomožne elise:

Ek2 =
1

2
J2 (6ωe)

2.

Točk: 5

Za izračun potrebujemo še masna vztrajnostna momenta elis:

J1 = 3
1

3
m1 l

2
1

J2 = 3
1

3
m2 l

2
2.

Točk: 5

Kje so imeli študentje težave?
Pri Ek vrtenja helikopterja je potrebno odšteti masni vztrajnostni moment glavne elise J1, ker se ta mase
vrti z drugo absolutno hitrostjo. Pri Ek glavne elise je potrebno upoštevati absolutno kotno hitrost.

Naloga 3 (35 točk) Zadostuje
znanje: Trk

Povprečen
uspeh: 57%

Na sliki je prikazana naprava za sortiranje
ležajnih krogel. Kakšna je najmanǰsa in
kakšna je največja hitrost v0, da krogla
pade v luknjo. Skicirani sta skrajni legi 1
in 2.
Recimo, da krogla zaradi napake v
proizvodnji poskakuje in zapusti tla z
vertikalno hitrostjo vy0 in s horizontalno
hitrostjo vx0. Ali v tem primeru pade v
luknjo?

a = 20 cm

b = 20 cm

c = 10 cm

r = 1.5 cm

g = 9,81 m/s
2

vx0 = 1 m/s

vy0 = 0,1 m/s

Rešitev

vy(a+ r) = 2,05 m/s

T (a+ r) = 0,209 s

v0(a+ r,b+ r) = 1,03 m/s

v0(a+ r,b+ c− r) = 1,36 m/s

Td = 0,0102 s

yd = 0,510 mm

Ts = 0,2198 s

xd = 0,2198 m
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Postopek

Iz spremembe potencialne energije v kinetično najprej poǐsčemo navpično hitrost krogle v odvisnosti od
globine padca:

mg y =
1

2
mv2y(y)

vy(y) =
√

2 g y.
Točk: 5

Ker velja vy = dy/dt, z integriranjem (upoštevajoč začetne pogoje y(0 s) = 0 m, ẏ(0 s) = 0 m/s) pridemo
do časa padanja v odvisnosti od globine padca:

T (y) =

∫
dy

vy(y)
=

√
2 y

g
.

Točk: 5

Ker gibanje v horizontalni smeri ni pospešeno, velja x = v0 t in izpeljemo:

v0(y,x) =
x

T (y)
.

Točk: 5

Potrebna začetna hitrost za prvo lego je:

v0(a+ r,b+ r) =

√
g (b+ r)2

2 (a+ r)
Točk: 5

in za drugo lego:

v0(a+ r,b+ c− r) =

√
g (b+ c− r)2

2 (a+ r)
.

Točk: 5

Pri krogli, ki poskakuje, moramo najprej ugotoviti koliko časa se dviga in kako visoko se dvigne. Iz
ravnotežja sil mg = ma in integriranja enačbe dv/dt = a sledi:

Td =
vy0
g
.

Z nadaljnjim integriranjem pridemo do vǐsine dviga:

yd =
1

2
g T 2

d .

Točk: 5

Skupni čas padanja krogle je torej:

Ts = Td + T (yd + b+ r)

iz česar sledi novi domet krogle:

xd = vx0 Ts.

Glede na rezultat krogla pade v luknjo. Točk: 5

1.3 Datum: 28.8.2003
Povprečen uspeh 2 študentov: 40%
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(* Beginning of Notebook Content *)

Notebook[{



Cell[CellGroupData[{

Cell["\<\

Dinamika - re\[SHacek]eni kolokviji in izpiti\

\>", "Title",

 CellChangeTimes->{{3.392350139347005*^9, 3.3923501905706606`*^9}}],



Cell["Dr. Janko Slavi\[CHacek], 2001-2007", "Subsubtitle",

 CellChangeTimes->{{3.3923500368295918`*^9, 3.3923500673434687`*^9}, {

   3.3923501942159023`*^9, 3.3923502006050897`*^9}, {3.3924417487323666`*^9, 

   3.3924417494934607`*^9}, 3.39244179057253*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell["1.Naloga", "Title"],



Cell[BoxData[

 RowBox[{"Remove", "[", "\"\<Global`*\>\"", "]"}]], "Input"],



Cell["Kineti\[CHacek]na energija sistema:", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"Ek", "[", "t_", "]"}], ":=", 

  RowBox[{"Ek0", "+", 

   RowBox[{"Ek1", "[", "t", "]"}]}]}]], "Input"],



Cell["\<\

Kjer je kineti\[CHacek]na energija mase m0\

\>", "Text"],



Cell[BoxData[

 RowBox[{"Ek0", ":=", 

  RowBox[{

   FractionBox["1", "2"], "m0", " ", 

   SuperscriptBox["v", "2"]}]}]], "Input"],



Cell["In kineti\[CHacek]na energija mase m1", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"Ek1", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{

    FractionBox["1", "2"], "m1", " ", 

    SuperscriptBox[

     RowBox[{"v1", "[", "t", "]"}], "2"]}], "+", 

   RowBox[{

    FractionBox["1", "2"], "J1", " ", 

    SuperscriptBox[

     RowBox[{

      RowBox[{"\[CurlyPhi]", "'"}], "[", "t", "]"}], "2"]}]}]}]], "Input"],



Cell["Kjer je hitrost te\:017ei\[SHacek]\[CHacek]a palice", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"v1", "[", "t_", "]"}], ":=", 

  SqrtBox[

   RowBox[{

    SuperscriptBox[

     RowBox[{"(", 

      RowBox[{"v", "+", 

       RowBox[{

        FractionBox["l", "2"], 

        RowBox[{

         RowBox[{"\[CurlyPhi]", "'"}], "[", "t", "]"}], 

        RowBox[{"Cos", "[", 

         RowBox[{"\[CurlyPhi]", "[", "t", "]"}], "]"}]}]}], ")"}], "2"], "+", 

    

    SuperscriptBox[

     RowBox[{"(", 

      RowBox[{

       FractionBox["l", "2"], 

       RowBox[{

        RowBox[{"\[CurlyPhi]", "'"}], "[", "t", "]"}], 

       RowBox[{"Sin", "[", 

        RowBox[{"\[CurlyPhi]", "[", "t", "]"}], "]"}]}], ")"}], 

     "2"]}]]}]], "Input"],



Cell["\<\

Manjka \[SHacek]e masni vztrajnostni moment palice okoli te\:017ei\[SHacek]\

\[CHacek]a\

\>", "Text"],



Cell[BoxData[

 RowBox[{"J1", ":=", 

  RowBox[{

   FractionBox["1", "12"], "m1", " ", 

   SuperscriptBox["l", "2"]}]}]], "Input"],



Cell["Re\[SHacek]itev", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"Simplify", "[", 

  RowBox[{"Ek", "[", "t", "]"}], "]"}]], "Input"],



Cell[BoxData[

 RowBox[{

  FractionBox["1", "6"], " ", 

  RowBox[{"(", 

   RowBox[{

    RowBox[{"3", " ", 

     RowBox[{"(", 

      RowBox[{"m0", "+", "m1"}], ")"}], " ", 

     SuperscriptBox["v", "2"]}], "+", 

    RowBox[{"3", " ", "l", " ", "m1", " ", "v", " ", 

     RowBox[{"Cos", "[", 

      RowBox[{"\[CurlyPhi]", "[", "t", "]"}], "]"}], " ", 

     RowBox[{

      SuperscriptBox["\[CurlyPhi]", "\[Prime]",

       MultilineFunction->None], "[", "t", "]"}]}], "+", 

    RowBox[{

     SuperscriptBox["l", "2"], " ", "m1", " ", 

     SuperscriptBox[

      RowBox[{

       SuperscriptBox["\[CurlyPhi]", "\[Prime]",

        MultilineFunction->None], "[", "t", "]"}], "2"]}]}], 

   ")"}]}]], "Output",

 CellChangeTimes->{3.39247831047777*^9}]

}, Open  ]],



Cell["Povezava", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{"\[CurlyPhi]", "[", "te", "]"}], ":=", 

   RowBox[{"\[Omega]", " ", "te"}]}], ";"}]], "Input"],



Cell[CellGroupData[{



Cell["Podatki", "Subtitle"],



Cell[BoxData[{

 RowBox[{"m0", ":=", "1"}], "\[IndentingNewLine]", 

 RowBox[{"m1", ":=", "0.1"}], "\[IndentingNewLine]", 

 RowBox[{"l", ":=", "0.1"}], "\[IndentingNewLine]", 

 RowBox[{"v", ":=", "3"}], "\[IndentingNewLine]", 

 RowBox[{"\[Omega]", ":=", "2"}], "\[IndentingNewLine]", 

 RowBox[{"te", ":=", "1"}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{

   RowBox[{"\[CurlyPhi]", "'"}], "[", "t_", "]"}], ":=", 

  "\[Omega]"}]}], "Input"]

}, Open  ]],



Cell[CellGroupData[{



Cell["Rezultati", "Subtitle"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"J1", ",", 

   RowBox[{"\[CurlyPhi]", "[", "te", "]"}], ",", "Ek0", ",", 

   RowBox[{"Ek1", "[", "te", "]"}], ",", 

   RowBox[{"Ek", "[", "te", "]"}]}], "}"}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"0.00008333333333333334`", ",", 

   RowBox[{"\[CurlyPhi]", "[", "1", "]"}], ",", 

   FractionBox["9", "2"], ",", 

   RowBox[{"0.0001666666666666667`", "\[InvisibleSpace]", "+", 

    RowBox[{"0.05`", " ", 

     RowBox[{"(", 

      RowBox[{

       SuperscriptBox[

        RowBox[{"(", 

         RowBox[{"3", "+", 

          RowBox[{"0.1`", " ", 

           RowBox[{"Cos", "[", 

            RowBox[{"\[CurlyPhi]", "[", "1", "]"}], "]"}]}]}], ")"}], "2"], 

       "+", 

       RowBox[{"0.010000000000000002`", " ", 

        SuperscriptBox[

         RowBox[{"Sin", "[", 

          RowBox[{"\[CurlyPhi]", "[", "1", "]"}], "]"}], "2"]}]}], ")"}]}]}], 

   ",", 

   RowBox[{"4.500166666666667`", "\[InvisibleSpace]", "+", 

    RowBox[{"0.05`", " ", 

     RowBox[{"(", 

      RowBox[{

       SuperscriptBox[

        RowBox[{"(", 

         RowBox[{"3", "+", 

          RowBox[{"0.1`", " ", 

           RowBox[{"Cos", "[", 

            RowBox[{"\[CurlyPhi]", "[", "1", "]"}], "]"}]}]}], ")"}], "2"], 

       "+", 

       RowBox[{"0.010000000000000002`", " ", 

        SuperscriptBox[

         RowBox[{"Sin", "[", 

          RowBox[{"\[CurlyPhi]", "[", "1", "]"}], "]"}], "2"]}]}], 

      ")"}]}]}]}], "}"}]], "Output",

 CellChangeTimes->{3.3924783105478706`*^9}]

}, Open  ]]

}, Open  ]]

}, Open  ]],



Cell[CellGroupData[{



Cell["2.Naloga", "Title"],



Cell[BoxData[

 RowBox[{"Remove", "[", "\"\<Global`*\>\"", "]"}]], "Input"],



Cell["\<\

Naloge se lotimo s pomo\[CHacek]jo polarnega koordinatnega sistema: {eR, e\

\[CurlyPhi]}\

\>", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"vn", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{"r", "'"}], "[", "t", "]"}]}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"vt", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{"r", "[", "t", "]"}], " ", 

   RowBox[{

    RowBox[{"\[CurlyPhi]", "'"}], "[", "t", 

    "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"an", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{

    RowBox[{"r", "''"}], "[", "t", "]"}], "-", 

   RowBox[{

    RowBox[{"r", "[", "t", "]"}], " ", 

    SuperscriptBox[

     RowBox[{

      RowBox[{"\[CurlyPhi]", "'"}], "[", "t", "]"}], 

     "2"]}]}]}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"at", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{

    RowBox[{"r", "[", "t", "]"}], " ", 

    RowBox[{

     RowBox[{"\[CurlyPhi]", "''"}], "[", "t", "]"}]}], "+", 

   RowBox[{"2", 

    RowBox[{

     RowBox[{"r", "'"}], "[", "t", "]"}], " ", 

    RowBox[{

     RowBox[{"\[CurlyPhi]", "'"}], "[", "t", "]"}]}]}]}]}], "Input"],



Cell["Polmer se ne spreminja", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"r", "[", "t_", "]"}], ":=", "R"}]], "Input"],



Cell["Zasuk", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"\[CurlyPhi]", "[", "t_", "]"}], ":=", 

  FractionBox[

   RowBox[{"s", "[", "t", "]"}], "R"]}]], "Input"],



Cell["Pomik vozila", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"s", "[", "t_", "]"}], ":=", 

  RowBox[{"Integrate", "[", 

   RowBox[{

    RowBox[{"v", "[", "t", "]"}], ",", "t"}], "]"}]}]], "Input"],



Cell["Sila trenja", "Text"],



Cell[BoxData[

 RowBox[{"Ftr", ":=", 

  RowBox[{"m", " ", "g", " ", "\[Mu]"}]}]], "Input"],



Cell["Pospe\[SHacek]ek tik pred zdrsom", "Text"],



Cell[BoxData[

 RowBox[{"az", ":=", 

  FractionBox["Ftr", "m"]}]], "Input"],



Cell["Poi\[SHacek]\[CHacek]emo \[CHacek]as zdrsa", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"sol", "=", 

  RowBox[{"Solve", "[", 

   RowBox[{

    RowBox[{"az", "\[Equal]", 

     SqrtBox[

      RowBox[{

       SuperscriptBox[

        RowBox[{"an", "[", "t", "]"}], "2"], "+", 

       SuperscriptBox[

        RowBox[{"at", "[", "t", "]"}], "2"]}]]}], ",", "t"}], 

   "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{"InverseFunction", "::", "\<\"ifun\"\>"}], 

  RowBox[{

  ":", " "}], "\<\"Inverse functions are being used. Values may be lost for \

multivalued inverses. \\!\\(\\*ButtonBox[\\\"\[RightSkeleton]\\\", \

ButtonStyle->\\\"Link\\\", ButtonFrame->None, \

ButtonData:>\\\"paclet:ref/message/InverseFunction/ifun\\\", ButtonNote -> \\\

\"InverseFunction::ifun\\\"]\\)\"\>"}]], "Message",

 CellChangeTimes->{3.392478318709606*^9}],



Cell[BoxData[

 RowBox[{

  RowBox[{"InverseFunction", "::", "\<\"ifun\"\>"}], 

  RowBox[{

  ":", " "}], "\<\"Inverse functions are being used. Values may be lost for \

multivalued inverses. \\!\\(\\*ButtonBox[\\\"\[RightSkeleton]\\\", \

ButtonStyle->\\\"Link\\\", ButtonFrame->None, \

ButtonData:>\\\"paclet:ref/message/InverseFunction/ifun\\\", ButtonNote -> \\\

\"InverseFunction::ifun\\\"]\\)\"\>"}]], "Message",

 CellChangeTimes->{3.3924783187596784`*^9}],



Cell[BoxData[

 RowBox[{

  RowBox[{"InverseFunction", "::", "\<\"ifun\"\>"}], 

  RowBox[{

  ":", " "}], "\<\"Inverse functions are being used. Values may be lost for \

multivalued inverses. \\!\\(\\*ButtonBox[\\\"\[RightSkeleton]\\\", \

ButtonStyle->\\\"Link\\\", ButtonFrame->None, \

ButtonData:>\\\"paclet:ref/message/InverseFunction/ifun\\\", ButtonNote -> \\\

\"InverseFunction::ifun\\\"]\\)\"\>"}]], "Message",

 CellChangeTimes->{3.392478318779707*^9}],



Cell[BoxData[

 RowBox[{

  RowBox[{"General", "::", "\<\"stop\"\>"}], 

  RowBox[{

  ":", " "}], "\<\"Further output of \\!\\(InverseFunction :: \\\"ifun\\\"\\) \

will be suppressed during this calculation. \\!\\(\\*ButtonBox[\\\"\

\[RightSkeleton]\\\", ButtonStyle->\\\"Link\\\", ButtonFrame->None, \

ButtonData:>\\\"paclet:ref/message/General/stop\\\", ButtonNote -> \

\\\"General::stop\\\"]\\)\"\>"}]], "Message",

 CellChangeTimes->{3.392478319120197*^9}],



Cell[BoxData[

 RowBox[{

  RowBox[{"Solve", "::", "\<\"tdep\"\>"}], 

  RowBox[{

  ":", " "}], "\<\"The equations appear to involve the variables to be solved \

for in an essentially non-algebraic way. \\!\\(\\*ButtonBox[\\\"\

\[RightSkeleton]\\\", ButtonStyle->\\\"Link\\\", ButtonFrame->None, \

ButtonData:>\\\"paclet:ref/message/Solve/tdep\\\", ButtonNote -> \

\\\"Solve::tdep\\\"]\\)\"\>"}]], "Message",

 CellChangeTimes->{3.3924783194106145`*^9}],



Cell[BoxData[

 RowBox[{"Solve", "[", 

  RowBox[{

   RowBox[{

    RowBox[{"g", " ", "\[Mu]"}], "\[Equal]", 

    SqrtBox[

     RowBox[{

      FractionBox[

       SuperscriptBox[

        RowBox[{"v", "[", "t", "]"}], "4"], 

       SuperscriptBox["R", "2"]], "+", 

      SuperscriptBox[

       RowBox[{

        SuperscriptBox["v", "\[Prime]",

         MultilineFunction->None], "[", "t", "]"}], "2"]}]]}], ",", "t"}], 

  "]"}]], "Output",

 CellChangeTimes->{3.392478319450672*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell["Podatki", "Subtitle"],



Cell[BoxData[

 RowBox[{

  RowBox[{"v", "[", "t_", "]"}], ":=", 

  RowBox[{"c", " ", "t"}]}]], "Input"]

}, Open  ]],



Cell[CellGroupData[{



Cell["Rezultati", "Subtitle"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"s", "[", "t", "]"}]], "Input"],



Cell[BoxData[

 FractionBox[

  RowBox[{"c", " ", 

   SuperscriptBox["t", "2"]}], "2"]], "Output",

 CellChangeTimes->{3.3924783196910176`*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"vn", "[", "t", "]"}], "\[IndentingNewLine]", 

 RowBox[{"vt", "[", "t", "]"}], "\[IndentingNewLine]", 

 RowBox[{"an", "[", "t", "]"}], "\[IndentingNewLine]", 

 RowBox[{"at", "[", "t", "]"}]}], "Input"],



Cell[BoxData["0"], "Output",

 CellChangeTimes->{3.392478319711046*^9}],



Cell[BoxData[

 RowBox[{"c", " ", "t"}]], "Output",

 CellChangeTimes->{3.39247831974109*^9}],



Cell[BoxData[

 RowBox[{"-", 

  FractionBox[

   RowBox[{

    SuperscriptBox["c", "2"], " ", 

    SuperscriptBox["t", "2"]}], "R"]}]], "Output",

 CellChangeTimes->{3.3924783197711325`*^9}],



Cell[BoxData["c"], "Output",

 CellChangeTimes->{3.392478319781147*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData["sol"], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

   RowBox[{"{", 

    RowBox[{"t", "\[Rule]", 

     RowBox[{"-", 

      FractionBox[

       SuperscriptBox[

        RowBox[{"(", 

         RowBox[{

          RowBox[{

           RowBox[{"-", 

            SuperscriptBox["c", "2"]}], " ", 

           SuperscriptBox["R", "2"]}], "+", 

          RowBox[{

           SuperscriptBox["g", "2"], " ", 

           SuperscriptBox["R", "2"], " ", 

           SuperscriptBox["\[Mu]", "2"]}]}], ")"}], 

        RowBox[{"1", "/", "4"}]], "c"]}]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"t", "\[Rule]", 

     RowBox[{"-", 

      FractionBox[

       RowBox[{"\[ImaginaryI]", " ", 

        SuperscriptBox[

         RowBox[{"(", 

          RowBox[{

           RowBox[{

            RowBox[{"-", 

             SuperscriptBox["c", "2"]}], " ", 

            SuperscriptBox["R", "2"]}], "+", 

           RowBox[{

            SuperscriptBox["g", "2"], " ", 

            SuperscriptBox["R", "2"], " ", 

            SuperscriptBox["\[Mu]", "2"]}]}], ")"}], 

         RowBox[{"1", "/", "4"}]]}], "c"]}]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"t", "\[Rule]", 

     FractionBox[

      RowBox[{"\[ImaginaryI]", " ", 

       SuperscriptBox[

        RowBox[{"(", 

         RowBox[{

          RowBox[{

           RowBox[{"-", 

            SuperscriptBox["c", "2"]}], " ", 

           SuperscriptBox["R", "2"]}], "+", 

          RowBox[{

           SuperscriptBox["g", "2"], " ", 

           SuperscriptBox["R", "2"], " ", 

           SuperscriptBox["\[Mu]", "2"]}]}], ")"}], 

        RowBox[{"1", "/", "4"}]]}], "c"]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"t", "\[Rule]", 

     FractionBox[

      SuperscriptBox[

       RowBox[{"(", 

        RowBox[{

         RowBox[{

          RowBox[{"-", 

           SuperscriptBox["c", "2"]}], " ", 

          SuperscriptBox["R", "2"]}], "+", 

         RowBox[{

          SuperscriptBox["g", "2"], " ", 

          SuperscriptBox["R", "2"], " ", 

          SuperscriptBox["\[Mu]", "2"]}]}], ")"}], 

       RowBox[{"1", "/", "4"}]], "c"]}], "}"}]}], "}"}]], "Output",

 CellChangeTimes->{3.3924783199614067`*^9}]

}, Open  ]]

}, Open  ]],



Cell[CellGroupData[{



Cell["Podatki", "Subtitle"],



Cell[BoxData[{

 RowBox[{"m", ":=", "75"}], "\[IndentingNewLine]", 

 RowBox[{"R", ":=", "30"}], "\[IndentingNewLine]", 

 RowBox[{"c", ":=", "1"}], "\[IndentingNewLine]", 

 RowBox[{"g", ":=", "9.81"}], "\[IndentingNewLine]", 

 RowBox[{"\[Mu]", ":=", "0.8"}]}], "Input"]

}, Open  ]],



Cell[CellGroupData[{



Cell["Rezultati", "Subtitle"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"N", "[", "sol", "]"}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

   RowBox[{"{", 

    RowBox[{"t", "\[Rule]", 

     RowBox[{"-", "15.281389442971367`"}]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"t", "\[Rule]", 

     RowBox[{"0.`", "\[InvisibleSpace]", "-", 

      RowBox[{"15.281389442971367`", " ", "\[ImaginaryI]"}]}]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"t", "\[Rule]", 

     RowBox[{"0.`", "\[InvisibleSpace]", "+", 

      RowBox[{"15.281389442971367`", " ", "\[ImaginaryI]"}]}]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"t", "\[Rule]", "15.281389442971367`"}], "}"}]}], "}"}]], "Output",\



 CellChangeTimes->{3.392478320001464*^9}]

}, Open  ]]

}, Open  ]]

}, Open  ]],



Cell[CellGroupData[{



Cell["3.Naloga", "Title"],



Cell[BoxData[

 RowBox[{"Remove", "[", "\"\<Global`*\>\"", "]"}]], "Input"],



Cell["Ohranjanje vrtilne koli\[CHacek]ine", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"sol", ":=", 

   RowBox[{"Solve", "[", 

    RowBox[{

     RowBox[{"L0", "\[Equal]", "L1"}], ",", "\[Omega]"}], "]"}]}], 

  ";"}]], "Input"],



Cell["Vrtilna koli\[CHacek]ina pred trkom", "Text"],



Cell[BoxData[

 RowBox[{"L0", ":=", 

  RowBox[{"m", " ", "v", " ", 

   FractionBox["b", "2"]}]}]], "Input"],



Cell["Vrtilna koli\[CHacek]ina po trku", "Text"],



Cell[BoxData[

 RowBox[{"L1", ":=", 

  RowBox[{"JA", " ", "\[Omega]"}]}]], "Input"],



Cell["Masni vztrajnostni moment mase", "Text"],



Cell[BoxData[

 RowBox[{"JA", ":=", 

  RowBox[{

   RowBox[{

    FractionBox["1", "12"], "m", 

    RowBox[{"(", 

     RowBox[{

      SuperscriptBox["a", "2"], "+", 

      SuperscriptBox["b", "2"]}], ")"}]}], "+", 

   RowBox[{"m", " ", 

    RowBox[{"(", 

     RowBox[{

      SuperscriptBox[

       RowBox[{"(", 

        FractionBox["a", "2"], ")"}], "2"], "+", 

      SuperscriptBox[

       RowBox[{"(", 

        FractionBox["b", "2"], ")"}], "2"]}], ")"}]}]}]}]], "Input"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"\[Omega]", "=", 

  RowBox[{

   RowBox[{"ReplaceAll", "[", 

    RowBox[{"\[Omega]", ",", "sol"}], "]"}], "\[LeftDoubleBracket]", "1", 

   "\[RightDoubleBracket]"}]}]], "Input"],



Cell[BoxData[

 FractionBox[

  RowBox[{"3", " ", "b", " ", "v"}], 

  RowBox[{"2", " ", 

   RowBox[{"(", 

    RowBox[{

     SuperscriptBox["a", "2"], "+", 

     SuperscriptBox["b", "2"]}], ")"}]}]]], "Output",

 CellChangeTimes->{3.3924783314278946`*^9}]

}, Open  ]],



Cell["Enakost energij", "Text"],



Cell[BoxData[

 RowBox[{"sol2", ":=", 

  RowBox[{"Solve", "[", 

   RowBox[{

    RowBox[{"Ep", "\[Equal]", "Ek"}], ",", "v"}], "]"}]}]], "Input"],



Cell["Potencialna energija", "Text"],



Cell[BoxData[

 RowBox[{"Ep", ":=", 

  RowBox[{"m", " ", "g", " ", 

   RowBox[{"(", 

    RowBox[{

     FractionBox[

      SqrtBox[

       RowBox[{

        SuperscriptBox["a", "2"], "+", 

        SuperscriptBox["b", "2"]}]], "2"], "-", 

     FractionBox["b", "2"]}], ")"}]}]}]], "Input"],



Cell["Kineti\[CHacek]na energija", "Text"],



Cell[BoxData[

 RowBox[{"Ek", ":=", 

  RowBox[{

   FractionBox["1", "2"], "JA", " ", 

   SuperscriptBox["\[Omega]", "2"]}]}]], "Input"],



Cell[CellGroupData[{



Cell[BoxData["sol2"], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

   RowBox[{"{", 

    RowBox[{"v", "\[Rule]", 

     RowBox[{"-", 

      FractionBox[

       RowBox[{"2", " ", 

        SqrtBox[

         RowBox[{

          RowBox[{

           RowBox[{"-", "b"}], " ", "g"}], "+", 

          RowBox[{

           SqrtBox[

            RowBox[{

             SuperscriptBox["a", "2"], "+", 

             SuperscriptBox["b", "2"]}]], " ", "g"}]}]]}], 

       RowBox[{

        SqrtBox["3"], " ", 

        SqrtBox[

         RowBox[{

          FractionBox[

           RowBox[{

            SuperscriptBox["a", "2"], " ", 

            SuperscriptBox["b", "2"]}], 

           SuperscriptBox[

            RowBox[{"(", 

             RowBox[{

              SuperscriptBox["a", "2"], "+", 

              SuperscriptBox["b", "2"]}], ")"}], "2"]], "+", 

          FractionBox[

           SuperscriptBox["b", "4"], 

           SuperscriptBox[

            RowBox[{"(", 

             RowBox[{

              SuperscriptBox["a", "2"], "+", 

              SuperscriptBox["b", "2"]}], ")"}], "2"]]}]]}]]}]}], "}"}], ",", 

   

   RowBox[{"{", 

    RowBox[{"v", "\[Rule]", 

     FractionBox[

      RowBox[{"2", " ", 

       SqrtBox[

        RowBox[{

         RowBox[{

          RowBox[{"-", "b"}], " ", "g"}], "+", 

         RowBox[{

          SqrtBox[

           RowBox[{

            SuperscriptBox["a", "2"], "+", 

            SuperscriptBox["b", "2"]}]], " ", "g"}]}]]}], 

      RowBox[{

       SqrtBox["3"], " ", 

       SqrtBox[

        RowBox[{

         FractionBox[

          RowBox[{

           SuperscriptBox["a", "2"], " ", 

           SuperscriptBox["b", "2"]}], 

          SuperscriptBox[

           RowBox[{"(", 

            RowBox[{

             SuperscriptBox["a", "2"], "+", 
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Naloga 1 (30 točk) Zadostuje
znanje: TT

Povprečen
uspeh: 50%m0 = 1 kg

m1 = 0,1 kg

v = 3 m/s

l = 0,1 m

ϕ(0 s) = 0 rad

ω = 1 rad/s

te = 1 s

Masa m0 drsi brez trenja po podlagi
s konstantno hitrostjo v. Palica mase
m1 in dolžine l se vrti okoli točke A
s konstantno kotno hitrostjo ω = ϕ̇.
Izračunajte kinetično energijo sistema
ob času te. Ali se mehanska energija
ohranja?

Rešitev

J1 = 83,333 · 10−6 kg m2

ϕ(1 s) = 2 rad

Ek0 = 4,5 J

Ek1(1 s) = 0,4382 J

Ek(1 s) = 4.9382 J

Postopek

Kinetična energija sistema je sestavljena iz kinetične energije drseče mase in kinetične energije relativno
na maso vrteče se palice:

Ek(t) = Ek0 + Ek1(t)

Podana je kinematika palice in mase; mehanska energija se spreminja. Kinetična energija drseče mase: Točk: 5

Ek0 =
1

2
m0 v

2.
Točk: 5

Palica ima translatorno in rotacijsko kinetično energijo:

Ek1(t) =
1

2
m1 v

2
1(t) +

1

2
J1 ϕ̇(t).

Točk: 5

Absolutna hitrost gibanja težǐsča palice je:

v1(t) =

√(
v +

l

2
ϕ̇(t) cosϕ(t)

)2

+

(
l

2
ϕ̇(t) sinϕ(t)

)2

.

Točk: 5

Potrebujemo še masni vztrajnostni moment palice okoli težǐsča:

J1 =
1

12
m1 l

2.
Točk: 2.5

Kinetična energija sistema torej je:

Ek(t) =
1

2
(m0 +m1) v2 +

1

2
l m1 v ϕ̇(t) cosϕ(t) +

1

6
l2m1 ϕ̇(t)

2

Točk: 5

Potrebujemo še zvezo med zasukom palice in časom. Ker je hitrost vrtenja konstantna, sledi:

ϕ(t) = ω t
Točk: 2.5

Kje so imeli študentje težave?
Napačno so izračunali kinetično energijo po formuli: Ek = 1

2 (m0 +m1) v2 + 1
2 ( 1

3 m1 l
2)ω2.

Pravilno izračunamo kinetično energijo sistema togih teles tako, da seštejemo kinetično energijo posa-
meznih teles. Kinetična energija posameznega telesa: 1

2 mv2t + 1
2 Jt ω

2
t ; vse glede na težǐsče in vedno

absolutne vrednosti hitrosti!
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Naloga 2 (35 točk) Zadostuje
znanje: MT

Povprečen
uspeh: 36%

Vozilo se pelje v krogu s polmerom R. Hitrost vozila definira funkcija v(t). Poǐsčite izraz za normalno in
tangencialno komponento hitrosti ter pospeška. Izračunajte čas tz, ko pralni stroj mase m, ki se nahaja
v tovornem prostoru, zdrsne. Koeficient trenja med pralnim strojem in tlemi je µ. Vozilo začnemo spre-
mljati pri času t = 0, ko je ϕ(0 s) = 0 rad. Nasvet: uporabite polarne koordinate.

v(t) = c · t
c = 1 m/s

2

R = 30 m

m = 75 kg

g = 9.81 m/s
2

µ = 0.8

~er = +~ı cosϕ+ ~ sinϕ

~eϕ = −~ı sinϕ+ ~ cosϕ

~r = r · ~er

Rešitev

s(t) =
1

2
c t2

vn(t) = 0 m/s

vt(t) = c t

an(t) = −c
2 t2

R
at(t) = c

az = µ g

tz = 15,28 s

Postopek

Z odvajanjem krajevnega vektorja ~r po času dobimo vektor hitrosti (~̇er = ϕ̇ ~eϕ, ~̇eϕ = −ϕ̇ ~er):

~v(t) = ṙ(t)~er + r(t) ϕ̇(t)~eϕ

Razberemo normalno in tangencialno hitrost vozila:

vn(t) = ṙ(t)

vt(t) = r(t) ϕ̇(t)
Točk: 5

Z nadaljnjim odvajanjem pridemo do izraza za pospešek:

~a(t) =
(
r̈(t)− r(t) ϕ̇(t)2

)
~er + (r(t) ϕ̈(t) + 2 ṙ(t) ϕ̇(t)) ~eϕ

an(t) = r̈(t)− r(t) ϕ̇(t)2

at(t) = r(t) ϕ̈(t) + 2 ṙ(t) ϕ̇(t)
Točk: 5

Povežemo podatek za pot vozila s kotom ϕ(t):

ϕ(t) =
s(t)

R
Točk: 5

Pomik vozila v odvisnosti od časa s(t) dobimo z integriranjem izraza za hitrost:

s(t) =

∫ t

0

v(p) dp
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Točk: 5

Največjo silo trenja definira teža pralnega stroja:

Ftr = µmg.
Točk: 5

Pospešek tik preden pralni stroj zdrsne s sedeža dobimo iz II. Newtonovega zakona (
∑
F = ma):

az =
Ftr

m
= µ g.

Točk: 5

Pospešek tik pred zdrsom je sestavljen iz normalnega in tangencialnega pospeška:

az =
√
an(t)2 + at(t)2.

Iz zgornje enačbe sledi čas zdrsa:

tz =

(
R2
(
−c2 + g2 µ2

)) 1
4

c
Točk: 5

Naloga 3 (35 točk) Zadostuje
znanje: TT

Povprečen
uspeh: 36%

Zaposleni ste v podjetju, ki izdeluje elektromotorje. Da bi lahko ob uveljavljanju garancije preverili, ali
je bil elektromotor izpostavljen prevelikim udarcem, razmǐsljate o možnih tehničnih rešitvah.

a = 10 mm

b = 2,5 mm

m = 0,5 g

g = 9.81 m/s
2

Jt =
1

12
(a2 + b2)

Na misel vam pride na sliki prikazana ideja:
v zaprtem ohǐsju se nahaja kvader mase m,
masnega vztrajnostnega momenta okoli težǐsča
Jt in prečnega preseka a × b. Kvader se lahko
prosto vrti okoli levega spodnjega roba (točka
A). Zanima vas, pri kakšni hitrosti trka v ob
steno se bo masa prevrnila iz položaja 1 v
položaj 2. Ohǐsje se po trku ne odbije.

Rešitev

v = 1,31762 m/s

Postopek

Med trkom se ohranja vrtilna količina:

L0 = L1.
Točk: 5

Tik pred trkom je vrtilna količina okoli vrtǐsča (gledano v absolutnih koordinatah):

L0 = mv
b

2
.

Točk: 5

Tik po trku je vrtilna količina okoli iste točke:

L1 = JA ω,
Točk: 5
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kjer je JA masni vztrajnostni moment okoli točke A:

JA = Jt +m

((a
2

)2
+

(
b

2

)2
)
.

Točk: 2.5

Sedaj lahko izpeljemo kotno hitrost vrtenja ω takoj po trku:

ω =
3 b v

2(a2 + b2)
Točk: 2.5

Da se mase zvrne, mora rotacijska kinetična energija biti vsaj enaka potencialni energiji največjega dviga
težǐsča mase:

Ep = Ek.

Kjer je:

Ep = mg

(√
a2 + b2

2
− b

2

)
Točk: 5

in

Ek =
1

2
JA ω

2.

Točk: 5

Končno izpeljemo izraz za hitrost:

v =
2
√√

a2 + b2 − b√g
√

3
√

b2

a2+b2

Točk: 5

Kje so imeli študentje težave?
Napačno so predpostavili, da se med trkom ohranja mehanska energija. Pravilno bi bilo, da se ohranja
vrtilna količina!

1.4 Datum: 23.12.2004
Povprečen uspeh 119 študentov: 52%

Naloga 1 (35 točk) Zadostuje
znanje: TT

Povprečen
uspeh: 55%

m1 = 5m

m2 = m

m = 1000 kg

M = 100 kN m

l = 22 m

g = 9.81 m/s
2

V ljubljanskem BTC-ju je v decembru gosto-
val zabavǐsčni park, ki je med drugim predsta-
vljal napravo Eclipse (na sliki). Drog dolžine l
in mase m1 se vrti okoli nepomične osi A. Na
koncu droga je privarjena konstrukcija s sedeži
mase m2. Če je drog pri kotu ϕ = 0 rad mi-
roval in nanj deluje motor s konstantnim mo-
mentom M , potem izračunajte pospešek na
maso m2 v najnižji točki. Maso m2 aproksi-
mirajte z masno točko.
Namig: uporabite II. Newtonov zakon.
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Cell["\<\

in izraz za pospe\[SHacek]ek v odvisnosti od kota:\

\>", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"pos\[CurlyPhi]", "=", 

  RowBox[{"Simplify", "[", 

   RowBox[{

    RowBox[{"Solve", "[", 

     RowBox[{"NZ", ",", 

      RowBox[{

       RowBox[{"\[CurlyPhi]", "''"}], "[", "t", "]"}]}], "]"}], "[", 

    RowBox[{"[", 

     RowBox[{"1", ",", "1"}], "]"}], "]"}], "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{

   SuperscriptBox["\[CurlyPhi]", "\[Prime]\[Prime]",

    MultilineFunction->None], "[", "t", "]"}], "\[Rule]", 

  FractionBox[

   RowBox[{"3", " ", 

    RowBox[{"(", 

     RowBox[{

      RowBox[{"2", " ", "M"}], "+", 

      RowBox[{"7", " ", "g", " ", "l", " ", "m", " ", 

       RowBox[{"Sin", "[", 

        RowBox[{"\[CurlyPhi]", "[", "t", "]"}], "]"}]}]}], ")"}]}], 

   RowBox[{"16", " ", 

    SuperscriptBox["l", "2"], " ", "m"}]]}]], "Output",

 CellChangeTimes->{3.3925246903347826`*^9}]

}, Open  ]],



Cell[TextData[{

 "Za integriranje po zasuku moramo uporabiti zamenjavo \[CurlyPhi]''[t] ",

 Cell[BoxData[

  FormBox["\[Rule]", TraditionalForm]]],

 "\[CurlyPhi]' d\[CurlyPhi]'/d\[CurlyPhi] in nastavimo integral:"

}], "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"int", "=", "\[IndentingNewLine]", 

  RowBox[{

   RowBox[{"Integrate", "[", 

    RowBox[{

     RowBox[{"M", "+", 

      RowBox[{

       FractionBox["1", "2"], " ", "l", " ", "g", " ", "m1", " ", 

       RowBox[{"Sin", "[", 

        RowBox[{"\[CurlyPhi]", "[", "t", "]"}], "]"}]}], "+", 

      RowBox[{"l", " ", "g", " ", "m2", " ", 

       RowBox[{"Sin", "[", 

        RowBox[{"\[CurlyPhi]", "[", "t", "]"}], "]"}]}]}], ",", 

     RowBox[{"{", 

      RowBox[{

       RowBox[{"\[CurlyPhi]", "[", "t", "]"}], ",", "0", ",", 

       RowBox[{"\[CurlyPhi]", "[", "t", "]"}]}], "}"}]}], "]"}], "\[Equal]", 

   "\[IndentingNewLine]", 

   RowBox[{"Integrate", "[", 

    RowBox[{

     RowBox[{"Jo", " ", 

      RowBox[{

       RowBox[{"\[CurlyPhi]", "'"}], "[", "t", "]"}]}], ",", 

     RowBox[{"{", 

      RowBox[{

       RowBox[{

        RowBox[{"\[CurlyPhi]", "'"}], "[", "t", "]"}], ",", "0", ",", 

       RowBox[{

        RowBox[{"\[CurlyPhi]", "'"}], "[", "t", "]"}]}], "}"}]}], 

    "]"}]}]}]], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{"7", " ", "g", " ", "l", " ", "m", " ", 

    SuperscriptBox[

     RowBox[{"Sin", "[", 

      FractionBox[

       RowBox[{"\[CurlyPhi]", "[", "t", "]"}], "2"], "]"}], "2"]}], "+", 

   RowBox[{"M", " ", 

    RowBox[{"\[CurlyPhi]", "[", "t", "]"}]}]}], "\[Equal]", 

  RowBox[{

   FractionBox["4", "3"], " ", 

   SuperscriptBox["l", "2"], " ", "m", " ", 

   SuperscriptBox[

    RowBox[{

     SuperscriptBox["\[CurlyPhi]", "\[Prime]",

      MultilineFunction->None], "[", "t", "]"}], "2"]}]}]], "Output",

 CellChangeTimes->{3.3925246935694337`*^9}]

}, Open  ]],



Cell["Izpostavimo izraz za hitrost", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"hit\[CurlyPhi]", "=", 

  RowBox[{

   RowBox[{"Solve", "[", 

    RowBox[{"int", ",", 

     RowBox[{

      RowBox[{"\[CurlyPhi]", "'"}], "[", "t", "]"}]}], "]"}], "[", 

   RowBox[{"[", 

    RowBox[{"2", ",", "1"}], "]"}], "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{

   SuperscriptBox["\[CurlyPhi]", "\[Prime]",

    MultilineFunction->None], "[", "t", "]"}], "\[Rule]", 

  FractionBox[

   RowBox[{

    SqrtBox[

     FractionBox["3", "2"]], " ", 

    SqrtBox[

     RowBox[{

      RowBox[{"7", " ", "g", " ", "l", " ", "m"}], "-", 

      RowBox[{"7", " ", "g", " ", "l", " ", "m", " ", 

       RowBox[{"Cos", "[", 

        RowBox[{"\[CurlyPhi]", "[", "t", "]"}], "]"}]}], "+", 

      RowBox[{"2", " ", "M", " ", 

       RowBox[{"\[CurlyPhi]", "[", "t", "]"}]}]}]]}], 

   RowBox[{"2", " ", "l", " ", 

    SqrtBox["m"]}]]}]], "Output",

 CellChangeTimes->{3.3925246937196493`*^9}]

}, Open  ]],



Cell["\<\

je pospe\[SHacek]ek v najni\:017eji to\[CHacek]ki torej\

\>", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"rez", "=", "\[IndentingNewLine]", 

  RowBox[{"Simplify", "[", "\[IndentingNewLine]", 

   RowBox[{"ReplaceAll", "[", "\[IndentingNewLine]", 

    RowBox[{

     RowBox[{"ReplaceAll", "[", 

      RowBox[{"a", ",", 

       RowBox[{"{", 

        RowBox[{"hit\[CurlyPhi]", ",", "pos\[CurlyPhi]"}], "}"}]}], "]"}], 

     ",", "\[IndentingNewLine]", 

     RowBox[{

      RowBox[{"\[CurlyPhi]", "[", "t", "]"}], "\[Rule]", "\[Pi]"}]}], 

    "\[IndentingNewLine]", "]"}], "\[IndentingNewLine]", "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{

  FractionBox["3", "8"], " ", 

  SqrtBox[

   FractionBox[

    RowBox[{

     SuperscriptBox["M", "2"], "+", 

     RowBox[{"4", " ", 

      SuperscriptBox[

       RowBox[{"(", 

        RowBox[{

         RowBox[{"7", " ", "g", " ", "l", " ", "m"}], "+", 

         RowBox[{"M", " ", "\[Pi]"}]}], ")"}], "2"]}]}], 

    RowBox[{

     SuperscriptBox["l", "2"], " ", 

     SuperscriptBox["m", "2"]}]]]}]], "Output",

 CellChangeTimes->{3.392524693849837*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell["Podatki", "Subtitle"],



Cell[BoxData[{

 RowBox[{"M", ":=", "100000"}], "\[IndentingNewLine]", 

 RowBox[{"m", ":=", "1000"}], "\[IndentingNewLine]", 

 RowBox[{"l", ":=", "22"}], "\[IndentingNewLine]", 

 RowBox[{"g", ":=", "9.81"}]}], "Input"]

}, Open  ]],



Cell[CellGroupData[{



Cell["Rezultati", "Subtitle"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"N", "[", "\[IndentingNewLine]", 

  RowBox[{"ReplaceAll", "[", 

   RowBox[{

    RowBox[{"{", 

     RowBox[{"pos\[CurlyPhi]", ",", "hit\[CurlyPhi]", ",", "Jo", ",", "rez"}],

      "}"}], ",", 

    RowBox[{

     RowBox[{"\[CurlyPhi]", "[", "t", "]"}], "\[Rule]", "\[Pi]"}]}], "]"}], 

  "]"}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

   RowBox[{

    RowBox[{

     SuperscriptBox["\[CurlyPhi]", "\[Prime]\[Prime]",

      MultilineFunction->None], "[", "t", "]"}], "\[Rule]", 

    "0.07747933884297521`"}], ",", 

   RowBox[{

    RowBox[{

     SuperscriptBox["\[CurlyPhi]", "\[Prime]",

      MultilineFunction->None], "[", "t", "]"}], "\[Rule]", 

    "1.6816182000385513`"}], ",", "1.2906666666666667`*^6", ",", 

   "62.23582180131746`"}], "}"}]], "Output",

 CellChangeTimes->{3.39252469387988*^9}]

}, Open  ]]

}, Open  ]]

}, Open  ]],



Cell[CellGroupData[{



Cell["2.Naloga", "Title"],



Cell[BoxData[

 RowBox[{"Remove", "[", "\"\<Global`*\>\"", "]"}]], "Input"],



Cell["\<\

Sprememba mehanske energije je enaka vlo\:017eenemu delu\

\>", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"eq", ":=", 

   RowBox[{

    RowBox[{"W12", "[", "t", "]"}], "\[Equal]", 

    RowBox[{"A12", "[", "t", "]"}]}]}], ";"}]], "Input"],



Cell["Mehanska energija in delo sta definirana kot", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"W12", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{"Ek", "[", "t", "]"}], "+", 

   RowBox[{"Ep", "[", "t", "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"A12", "[", "t_", "]"}], ":=", 

  RowBox[{"F", " ", 

   RowBox[{"xA", "[", "t", "]"}]}]}]}], "Input"],



Cell["Kineti\[CHacek]na energija", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"Ek", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{"EkA", "[", "t", "]"}], "+", 

   RowBox[{"EkB", "[", "t", "]"}], "+", 

   RowBox[{"EkC", "[", "t", "]"}]}]}]], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{"EkA", "[", "t_", "]"}], ":=", 

  RowBox[{

   FractionBox["1", "2"], "m", " ", 

   SuperscriptBox[

    RowBox[{

     RowBox[{"xA", "'"}], "[", "t", "]"}], "2"]}]}]], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{"EkB", "[", "t_", "]"}], ":=", 

  RowBox[{

   FractionBox["1", "2"], "JB", " ", 

   SuperscriptBox[

    RowBox[{

     RowBox[{"\[CurlyPhi]B", "'"}], "[", "t", "]"}], "2"]}]}]], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{"EkC", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{

    FractionBox["1", "2"], 

    RowBox[{"(", 

     RowBox[{"2", "m"}], ")"}], 

    SuperscriptBox[

     RowBox[{

      RowBox[{"xC", "'"}], "[", "t", "]"}], "2"]}], "+", 

   RowBox[{

    FractionBox["1", "2"], "JC", " ", 

    SuperscriptBox[

     RowBox[{

      RowBox[{"\[CurlyPhi]C", "'"}], "[", "t", "]"}], "2"]}]}]}]], "Input"],



Cell["Potencialna energija", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"Ep", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{"EpA", "[", "t", "]"}], "+", 

   RowBox[{"EpC", "[", "t", "]"}]}]}]], "Input"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"EpA", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{"-", "m"}], " ", "g", " ", 

   RowBox[{"xA", "[", "t", "]"}], 

   RowBox[{"Sin", "[", "\[Alpha]", "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"EpC", "[", "t_", "]"}], ":=", 

  RowBox[{"2", "m", " ", "g", " ", 

   RowBox[{"xC", "[", "t", "]"}]}]}]}], "Input"],



Cell["Povezave med koordinatami", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"\[CurlyPhi]B", "[", "t_", "]"}], ":=", 

  FractionBox[

   RowBox[{"xA", "[", "t", "]"}], "r"]}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"\[CurlyPhi]C", "[", "t_", "]"}], ":=", 

  FractionBox[

   RowBox[{"xA", "[", "t", "]"}], 

   RowBox[{"4", "r"}]]}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"xC", "[", "t_", "]"}], ":=", 

  RowBox[{"2", "r", " ", 

   RowBox[{"\[CurlyPhi]C", "[", "t", "]"}]}]}]}], "Input"],



Cell["Masni vztrajnostni momenti", "Text"],



Cell[BoxData[{

 RowBox[{"JB", ":=", 

  RowBox[{

   FractionBox["1", "2"], "m", " ", 

   SuperscriptBox["r", "2"]}]}], "\[IndentingNewLine]", 

 RowBox[{"JC", ":=", 

  RowBox[{

   FractionBox["1", "2"], 

   RowBox[{"(", 

    RowBox[{"2", "m"}], ")"}], 

   SuperscriptBox[

    RowBox[{"(", 

     RowBox[{"2", "r"}], ")"}], "2"]}]}]}], "Input"],



Cell["Ravnote\:017eje energij torej je", "Text"],



Cell[CellGroupData[{



Cell[BoxData["eq"], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{"g", " ", "m", " ", 

    RowBox[{"xA", "[", "t", "]"}]}], "-", 

   RowBox[{"g", " ", "m", " ", 

    RowBox[{"Sin", "[", "\[Alpha]", "]"}], " ", 

    RowBox[{"xA", "[", "t", "]"}]}], "+", 

   RowBox[{

    FractionBox["9", "8"], " ", "m", " ", 

    SuperscriptBox[

     RowBox[{

      SuperscriptBox["xA", "\[Prime]",

       MultilineFunction->None], "[", "t", "]"}], "2"]}]}], "\[Equal]", 

  RowBox[{"F", " ", 

   RowBox[{"xA", "[", "t", "]"}]}]}]], "Output",

 CellChangeTimes->{3.3925246972447186`*^9}]

}, Open  ]],



Cell["\<\

Z odvajanjem in izpostavitvijo dobimo pospe\[SHacek]ek\

\>", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"pos", "=", "\[IndentingNewLine]", 

  RowBox[{"Solve", "[", "\[IndentingNewLine]", 

   RowBox[{

    RowBox[{

     RowBox[{"D", "[", 

      RowBox[{"eq", ",", "t"}], "]"}], "/.", 

     RowBox[{

      RowBox[{

       RowBox[{"xA", "'"}], "[", "t", "]"}], "\[Rule]", "1"}]}], ",", 

    "\[IndentingNewLine]", 

    RowBox[{

     RowBox[{"xA", "''"}], "[", "t", "]"}]}], "\[IndentingNewLine]", 

   "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{

    RowBox[{

     SuperscriptBox["xA", "\[Prime]\[Prime]",

      MultilineFunction->None], "[", "t", "]"}], "\[Rule]", 

    FractionBox[

     RowBox[{"4", " ", 

      RowBox[{"(", 

       RowBox[{"F", "-", 

        RowBox[{"g", " ", "m"}], "+", 

        RowBox[{"g", " ", "m", " ", 

         RowBox[{"Sin", "[", "\[Alpha]", "]"}]}]}], ")"}]}], 

     RowBox[{"9", " ", "m"}]]}], "}"}], "}"}]], "Output",

 CellChangeTimes->{3.3925246972747617`*^9}]

}, Open  ]]

}, Open  ]],



Cell[CellGroupData[{



Cell["3.Naloga", "Title"],



Cell[BoxData[

 RowBox[{"Remove", "[", "\"\<Global`*\>\"", "]"}]], "Input"],



Cell["\<\

Za dinami\[CHacek]ne sile na le\:017eaj A nastavimo\

\>", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"eq1", "=", 

   RowBox[{

    RowBox[{

     RowBox[{

      RowBox[{"-", "Jx2z2"}], " ", 

      RowBox[{

       RowBox[{"\[CurlyPhi]", "''"}], "[", "t", "]"}]}], "+", 

     RowBox[{"Jy2z2", " ", 

      SuperscriptBox[

       RowBox[{

        RowBox[{"\[CurlyPhi]", "'"}], "[", "t", "]"}], "2"]}]}], "\[Equal]", 

    RowBox[{"Ay", " ", "4", "a"}]}]}], ";"}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"eq2", "=", 

   RowBox[{

    RowBox[{

     RowBox[{

      RowBox[{"-", "Jy2z2"}], " ", 

      RowBox[{

       RowBox[{"\[CurlyPhi]", "''"}], "[", "t", "]"}]}], "-", 

     RowBox[{"Jx2z2", " ", 

      SuperscriptBox[

       RowBox[{

        RowBox[{"\[CurlyPhi]", "'"}], "[", "t", "]"}], "2"]}]}], "\[Equal]", 

    RowBox[{

     RowBox[{"-", "Ax"}], " ", "4", "a"}]}]}], ";"}]}], "Input"],



Cell["Izra\[CHacek]unati moramo mvm:", "Text"],



Cell[BoxData[{

 RowBox[{"Jx2z2", ":=", 

  RowBox[{"JxTzT", "+", 

   RowBox[{"4", "m", " ", 

    RowBox[{"(", 

     RowBox[{"a", " ", "a"}], ")"}]}]}]}], "\[IndentingNewLine]", 

 RowBox[{"Jy2z2", ":=", 

  RowBox[{"JyTzT", "+", 

   RowBox[{"4", "m", " ", 

    RowBox[{"(", 

     RowBox[{"0", " ", "a"}], ")"}]}]}]}]}], "Input"],



Cell["\<\

Izra\[CHacek]unamo \[SHacek]e mvm za te\:017ei\[SHacek]\[CHacek]e pritrjenega \

telesa\

\>", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"eqJ1", "=", 

   RowBox[{"Jxz", "\[Equal]", 

    RowBox[{"JxTzT", "+", 

     RowBox[{"4", "m", 

      RowBox[{"(", 

       RowBox[{"-", "a"}], ")"}], 

      RowBox[{"(", "a", ")"}]}]}]}]}], ";"}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"eqJ2", "=", 

   RowBox[{"Jyz", "\[Equal]", 

    RowBox[{"JyTzT", "+", 

     RowBox[{"4", "m", 

      RowBox[{"(", "0", ")"}], 

      RowBox[{"(", "a", ")"}]}]}]}]}], ";"}]}], "Input"],



Cell["Mvm za ks 2 torej je", "Text"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"sol1", "=", 

  RowBox[{"Solve", "[", 

   RowBox[{"eqJ1", ",", "JxTzT"}], "]"}]}], "\[IndentingNewLine]", 

 RowBox[{"sol2", "=", 

  RowBox[{"Solve", "[", 

   RowBox[{"eqJ2", ",", "JyTzT"}], "]"}]}]}], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{"JxTzT", "\[Rule]", 

    RowBox[{"Jxz", "+", 

     RowBox[{"4", " ", 

      SuperscriptBox["a", "2"], " ", "m"}]}]}], "}"}], "}"}]], "Output",

 CellChangeTimes->{3.392524702792696*^9}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{"JyTzT", "\[Rule]", "Jyz"}], "}"}], "}"}]], "Output",

 CellChangeTimes->{3.3925247028027105`*^9}]

}, Open  ]],



Cell[BoxData[{

 RowBox[{

  RowBox[{"Jx2z2", "=", 

   RowBox[{"ReplaceAll", "[", 

    RowBox[{"Jx2z2", ",", 

     RowBox[{"sol1", "[", 

      RowBox[{"[", 

       RowBox[{"1", ",", "1"}], "]"}], "]"}]}], "]"}]}], 

  ";"}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"Jy2z2", "=", 

   RowBox[{"ReplaceAll", "[", 

    RowBox[{"Jy2z2", ",", 

     RowBox[{"sol2", "[", 

      RowBox[{"[", 

       RowBox[{"1", ",", "1"}], "]"}], "]"}]}], "]"}]}], ";"}]}], "Input"],



Cell["Izrazimo torej silo na le\:017eaj A", "Text"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"Solve", "[", 

  RowBox[{"eq1", ",", "Ay"}], "]"}], "\[IndentingNewLine]", 

 RowBox[{"Solve", "[", 

  RowBox[{"eq2", ",", "Ax"}], "]"}]}], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{"Ay", "\[Rule]", 

    FractionBox[

     RowBox[{

      RowBox[{"Jyz", " ", 

       SuperscriptBox[

        RowBox[{

         SuperscriptBox["\[CurlyPhi]", "\[Prime]",

          MultilineFunction->None], "[", "t", "]"}], "2"]}], "-", 

      RowBox[{"Jxz", " ", 

       RowBox[{

        SuperscriptBox["\[CurlyPhi]", "\[Prime]\[Prime]",

         MultilineFunction->None], "[", "t", "]"}]}], "-", 

      RowBox[{"8", " ", 

       SuperscriptBox["a", "2"], " ", "m", " ", 

       RowBox[{

        SuperscriptBox["\[CurlyPhi]", "\[Prime]\[Prime]",

         MultilineFunction->None], "[", "t", "]"}]}]}], 

     RowBox[{"4", " ", "a"}]]}], "}"}], "}"}]], "Output",

 CellChangeTimes->{3.3925247028327537`*^9}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{"Ax", "\[Rule]", 

    FractionBox[

     RowBox[{

      RowBox[{"Jxz", " ", 

       SuperscriptBox[

        RowBox[{

         SuperscriptBox["\[CurlyPhi]", "\[Prime]",

          MultilineFunction->None], "[", "t", "]"}], "2"]}], "+", 

      RowBox[{"8", " ", 

       SuperscriptBox["a", "2"], " ", "m", " ", 

       SuperscriptBox[

        RowBox[{

         SuperscriptBox["\[CurlyPhi]", "\[Prime]",

          MultilineFunction->None], "[", "t", "]"}], "2"]}], "+", 

      RowBox[{"Jyz", " ", 

       RowBox[{

        SuperscriptBox["\[CurlyPhi]", "\[Prime]\[Prime]",

         MultilineFunction->None], "[", "t", "]"}]}]}], 

     RowBox[{"4", " ", "a"}]]}], "}"}], "}"}]], "Output",

 CellChangeTimes->{3.3925247028427677`*^9}]

}, Open  ]],



Cell["Z uporabo ostalih podatkov", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"\[CurlyPhi]", "[", "t_", "]"}], ":=", 

  RowBox[{"k", " ", 

   SuperscriptBox["t", "2"]}]}], "\[IndentingNewLine]", 

 RowBox[{"Jxx", ":=", 

  RowBox[{"2", "m", " ", 

   SuperscriptBox["a", "2"]}]}], "\[IndentingNewLine]", 

 RowBox[{"Jyy", ":=", 

  RowBox[{"4", "m", " ", 

   SuperscriptBox["a", "2"]}]}], "\[IndentingNewLine]", 

 RowBox[{"Jzz", ":=", 

  RowBox[{"6", "m", " ", 

   SuperscriptBox["a", "2"]}]}], "\[IndentingNewLine]", 

 RowBox[{"Jxy", ":=", 

  RowBox[{

   RowBox[{"-", "m"}], " ", 

   SuperscriptBox["a", "2"]}]}], "\[IndentingNewLine]", 

 RowBox[{"Jxz", ":=", 

  RowBox[{"2", "m", " ", 

   SuperscriptBox["a", "2"]}]}], "\[IndentingNewLine]", 

 RowBox[{"Jyz", ":=", 

  RowBox[{"m", " ", 

   SuperscriptBox["a", "2"]}]}]}], "Input"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

   RowBox[{"Solve", "[", 

    RowBox[{"eq1", ",", "Ay"}], "]"}], ",", 

   RowBox[{"Solve", "[", 

    RowBox[{"eq2", ",", "Ax"}], "]"}]}], "}"}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

   RowBox[{"{", 

    RowBox[{"{", 

     RowBox[{"Ay", "\[Rule]", 

      RowBox[{

       RowBox[{

        RowBox[{"-", "5"}], " ", "a", " ", "k", " ", "m"}], "+", 

       RowBox[{"a", " ", 

        SuperscriptBox["k", "2"], " ", "m", " ", 

        SuperscriptBox["t", "2"]}]}]}], "}"}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"{", 

     RowBox[{"Ax", "\[Rule]", 

      RowBox[{

       FractionBox["1", "2"], " ", 

       RowBox[{"(", 

        RowBox[{

         RowBox[{"a", " ", "k", " ", "m"}], "+", 

         RowBox[{"20", " ", "a", " ", 

          SuperscriptBox["k", "2"], " ", "m", " ", 

          SuperscriptBox["t", "2"]}]}], ")"}]}]}], "}"}], "}"}]}], 

  "}"}]], "Output",

 CellChangeTimes->{3.3925247028728113`*^9}]

}, Open  ]]

}, Open  ]]

},

WindowToolbars->{"RulerBar", "EditBar"},

WindowSize->{968, 681},

WindowMargins->{{0, Automatic}, {Automatic, 0}},

Magnification->1.25,

FrontEndVersion->"6.0 for Microsoft Windows (32-bit) (April 28, 2007)",

StyleDefinitions->FrontEnd`FileName[{"Creative"}, "NaturalColor.nb", 

  CharacterEncoding -> "WindowsEastEurope"]

]
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Rešitev

ϕ̈ = 0,0775 rad/s
2

ϕ̇ = 1,6816 rad/s

JO = 1 290 667 kg m2

a = 62,236 m/s
2

Postopek

Uporabili bomo polarni koordinatni sistem; pospešek na masno točko je:

a =
√
a2r + a2ϕ,

Točk: 5

kjer je v splošnem ar = r̈−r ϕ̇2 in aϕ = r ϕ̈+2 ṙ ϕ̇ in v našem primeru ob konstantnem polmeru kroženja l
velja:

ar = −l ϕ̇2 aϕ = l ϕ̈.
Točk: 5

Za izračun pospeška nam manjkata kotni pospešek in kotna hitrost; pomagamo si z II. Newtonovim
zakonom za rotacijo okrog nepomične osi

∑
MA = JA ϕ̈:

M +
1

2
m1 g l sinϕ+m2 g l sinϕ = JA ϕ̈,

Točk: 5

kjer je izraz za masni vztrajnostni moment okoli vrtǐsča:

JA =

(
1

12
m1 l

2 +m1

(
1

2
l

)2
)

+m2 l
2 =

8 l2m

3
.

Točk: 5

Kotni pospešek torej je:

ϕ̈ =
6M + 21 l g m sinϕ

16 l2m
.

Rabimo še kotno hitrost pri najnižji točki; najprej je potrebno izraz preoblikovati tako, da bomo po

integriranju dobili zvezo kotna hitrost–kot: d2
ϕ

dt2
= dϕ̇

dϕ
dϕ
dt

= ϕ̇ dϕ̇
dϕ

:

∫
ϕ̇dϕ̇ =

∫
6M + 21 l g m sinϕ

16 l2m
dϕ.

Točk: 5

Ob upoštevanju začetnih pogojev (pri ϕ = 0 rad je ϕ̇ = 0 rad/s) izpeljemo:

ϕ̇2 =
6M ϕ− 21 l g m(cosϕ− 1)

8 l2m
.

Točk: 5

Pospešek torej je:

a =

√
9M2

64 l2m2
+

(
3 (14 l g m+ 2M π)

8 l m

)2

=
3

8

√
M2 + (14 l g m+ 2M π)2

l2m2

Točk: 5

Kje so imeli študentje težave?
Niso narisali skice z momenti na os A in so se zato pogosto zmotili.
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Naloga 2 (35 točk) Zadostuje
znanje: TT

Povprečen
uspeh: 43%

Izračunajte pospešek telesa A v odvisnosti od
sile F , če sistem v začetku miruje. Razmǐsljate,
da morate najprej določiti gibalno enačbo,
razmǐsljate o energijah. . .
Telesi B in C sta valja, trenje pa na klancu
je zanemarljivo majhno. Podani podatki so:
F,m, r, g, α.

Rešitev

ẍA =
4 (F + gm (sinα− 1))

9m
.

Postopek

Sistem ima eno prostostno stopnjo in ker nas naloga sprašuje po pospešku telesa A, bomo vse spremen-
ljivke zapisali s koordinato xA (kolinearno z naklonom klanca; navzdol).
Nalogo rešimo s pomočjo energij: vloženo delo je enako spremembi mehanske energije:

E12 = A12,

kjer je:

E12 = Ek + Ep A12 = F xA.
Točk: 5

Kinetična energija je:

Ek = EkA + EkB + EkC,

EkA =
1

2
mẋ2A,

EkB =
1

2
JB ϕ̇

2
B,

EkC =
1

2
(2m) ẋ2C +

1

2
JC ϕ̇

2
C.

Točk: 10

Masni vztrajnostni momenti so:

JB =
1

2
mr2 JC =

1

2
(2m) (2 r)2

Točk: 5

in manjkajoče povezave med koordinatami (slika 1.3):

ϕB =
xA
r
,

ϕC =
xA
4 r
,

xC = 2 r ϕC =
xA
2
.

Točk: 5
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Slika 1.3: Prikaz profilov hitrosti za pola hitrosti valja B in C.

Manjkajo še potencialne energija:

Ep = EpA + EpC,

EpA = −mg xA sinα EpC = 2mg xC
Točk: 5

Izpeljemo torej ravnotežje energij:

9

8
mẋ2A + gmxA − gmxA sinα = F xA

in nato z odvajanjem po času:

gm ẋA − gm ẋA sinα+
9

4
mẍA ẋA = F ẋA.

Ker zgornji izraz velja ob poljubnem času (hitrosti), velja:

ẍA =
4 (F + gm (sinα− 1))

9m
.

Točk: 5

Kje so imeli študentje težave?
Z določitvijo kotne hitrosti valja C. Telo C izvaja splošno ravninsko gibanje (translacija in rotacija)!
Kljub navodilu so nekateri reševali po Newtonu; ker je potrebno obravnavati vsako telo posebej je tak
pristop zamuden!

Naloga 3 (30 točk) Zadostuje
znanje: Bal

Povprečen
uspeh: 60%

Na sliki je prikazan rotor z gredjo mase 6m in dolžino 6 a; na zunanji strani ležaja B je na dolžino
gredi 2 a pritrjeno telo mase 4m. Za pritrjeno telo ste v Ansysu izračunali masne vztrajnostne momente
za koordinatni sistem xyz v točki J: Jxx, Jyy, Jzz, Jxy, Jxz, Jyz.
Pritrjeno telo ima težǐsče v točki T in je pritrjeno na gred, kakor je prikazano na sliki.
Izračunajte dinamične sile na ležaj A pri poljubnem času t, če vrtenje gredi popisuje funkcija ϕ(t).
Velikost ležajev zanemarite. Parametra a in m sta znana.
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Jxx = 2ma2

Jyy = 4ma2

Jzz = 6ma2

Jxy = −1ma2

Jxz = 2ma2

Jyz = ma2

ϕ(t) = k t2

Rešitev

Ax1 =
1

2

(
20 a k2mt2 + a km

)
Ay1 = a k2mt2 − 5 a km

Postopek

Za sile na ležaj A moramo zapisati ravnotežje momentov za ležaj B (koordinatni sistem x2y2z2):∑
Mx2 = −Jx2z2 ϕ̈+ Jy2z2 ϕ̇

2,

∑
My2 = −Jx2z2 ϕ̇

2 − Jy2z2 ϕ̈,

kjer je vsota vseh momentov na os x2 oz. y2:∑
Mx2

= 4 aAy1
∑

My2 = −4 aAx1

Točk: 5

V zgornjem izrazu nam za izračun sil manjkajo masni vztrajnostni momenti:

Jx2z2 =

∫
m

x2 z2dm = (0 + 4m (0) (−2 a))︸ ︷︷ ︸
Gred med ležaji.

+ (0 + 2m (0) (+a))︸ ︷︷ ︸
Gred na zun. str. lež. B.

+ (JxTzT + 4m (a) (a))︸ ︷︷ ︸
Pritrjena masa.

,

Jx2z2 = JxTzT + 4ma2

Točk: 5

V zgornjem izrazu smo masni vztrajnostni moment za posamezno telo vedno zapisali v obliki: težǐsče +
Steinerjev stavek.
Podobno velja za Jy2z2 :

Jy2z2 =

∫
m

y2 z2 dm = (0 + 4m (0) (−2 a)) + (0 + 2m (0) (+a)) + (JyTzT + 4m (0) (a)) = JyTzT .

Točk: 5

Težǐsčne masne vztrajnostne momente pritrjenega telesa določimo s pomočjo znanih za koordinatni sistem
xyz:

Jxz = JxTzT + (−a) (a) 4m ⇒ JxTzT = Jxz + 4ma2,
Točk: 5
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Jyz = JyTzT + (0) (a) 4m ⇒ JyTzT = Jyz.
Točk: 5

Za izračun sil potrebujemo še kotno hitrost in kotni pospešek:

ϕ̇ = 2 k t ϕ̈ = 2 k.

Ax1
=

1

2

(
20 a k2mt2 + a km

)
Ay1 = a k2mt2 − 5 a km

Točk: 5

Kje so imeli študentje težave?
Stainerjev stavek velja za težǐsče: če premikamo masni vztrajnostni moment iz točke J v točko K, ga
moramo najprej premakniti v težǐsče T in nato v točko K!
Najlažje se je postaviti v ležaj B in izračunati dinamične sile na ležaj A. Bolj zamudna metoda je, da
najprej izračunamo sile na ležaj B in nato s pomočjo ekscentričnosti sile na ležaj A. Nekateri so imeli
težave z določevanjem predznaka:

∑
Mx,

∑
My.

1.5 Datum: 14.12.2007
Povprečen uspeh 204 študentov: 46%

Naloga 1 (50 točk) Zadostuje
znanje: MT

Povprečen
uspeh: 52%

Kolesar mase 2m se s kolesom mase m pri hitrost v0 zaleti v mirujoči avtomobil mase 10m, sl. (a). Kolo,
kolesarja in avtomobil obravnavamo kot masno točko, vse izgube pri trku(ih) pa zanemarimo. Pri trku
kolesarja v avto se kolo takoj sprime z avtomobilom, kolesar pa po večkratnih trkih z avtomobilom v
nekem trenutku prileti v steno za avtomobilom, kjer ima horizontalno hitrost v2 in vertikalno hitrost
enako nič. Težǐsče kolesarja je v tem trenutku na enaki vǐsini kot tik pred trkom, sistem kolo-avtomobil
pa ima v tistem trenutku horizontalno hitrost v1, sl. (b). Izračunajte najprej hitrost kolesarja v2 ter
hitrost avtomobila s kolesom, v1. V nadaljevanju naloge (ko poznate v2) določite, kakšen konstanten
pojemek a doživi glava kolesarja, ko le-ta trči v steno pri v2 – ob koncu deformacije čelade, d, se kolesar
(in s tem glava kolesarja) ustavi, sl. (c). Med trkom v steno se kolesar vertikalno ne giblje.

Podatki: v0, m, d

aaaaaaaaaaaaaaaaa

v0

h

d(a) (c)

v1

v2

v

v2

(b)

aaaaaaaaaaaaaaaa

v=0

h

Rešitev

v1 = 0,051 v0

v2 = 1,219 v0

a = −0,074
v20
d

Postopek

Točkovanje (50%): uporaba zakona o gibalni količini 10%, uporaba zakona o ohranitvi mehanske energije
10%, uporaba obeh zakonov za izračun v1 in v2 10%, izbira in pravilni zapis ustreznega pristopa za
določitev pospeška 10%, dokončna določitev pospeška 10%.
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    RowBox[{"\[CurlyPhi]B", "[", "t", "]"}]}], "+", 

   RowBox[{

    FractionBox["15", "16"], " ", "m", " ", 

    SuperscriptBox["r", "2"], " ", 

    SuperscriptBox[

     RowBox[{

      SuperscriptBox["\[CurlyPhi]B", "\[Prime]",

       MultilineFunction->None], "[", "t", "]"}], "2"]}]}], "\[Equal]", 

  RowBox[{

   RowBox[{

    FractionBox["1", "2"], " ", "F", " ", "r", " ", 

    RowBox[{"\[CurlyPhi]B", "[", "t", "]"}]}], "-", 

   RowBox[{"g", " ", "m", " ", "r", " ", "\[Mu]", " ", 

    RowBox[{"Cos", "[", "\[Alpha]", "]"}], " ", 

    RowBox[{"\[CurlyPhi]B", "[", "t", "]"}]}]}]}]], "Output",

 CellChangeTimes->{

  3.3925246972447186`*^9, 3.406201334277648*^9, {3.406201387784587*^9, 

   3.4062013992510753`*^9}, 3.406205507806912*^9, 3.4062061854212737`*^9, 

   3.406206262792528*^9, 3.4062092426173058`*^9, 3.4062123370068192`*^9, 

   3.4062125170757456`*^9}]

}, Open  ]],



Cell["\<\

Z odvajanjem in izpostavitvijo dobimo pospe\[SHacek]ek\

\>", "Text"],
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 RowBox[{"sol", "=", "\[IndentingNewLine]", 

  RowBox[{"Solve", "[", "\[IndentingNewLine]", 

   RowBox[{
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     RowBox[{"D", "[", 

      RowBox[{"eq", ",", "t"}], "]"}], "/.", 

     RowBox[{

      RowBox[{
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    RowBox[{
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}, Open  ]],



Cell["\<\

Opazimo, da je kotni pospe\[SHacek]ek konstanten:\

\>", "Text",

 CellChangeTimes->{{3.4062070250986705`*^9, 3.406207034001472*^9}, {

  3.406207310709358*^9, 3.406207320002722*^9}, {3.406207440996702*^9, 
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Cell[BoxData[
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  RowBox[{"Hold", "[", 

   RowBox[{

    RowBox[{

     RowBox[{"\[CurlyPhi]B", "''"}], "[", "t", "]"}], "/.", 

    RowBox[{"sol", "[", 
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 CellChangeTimes->{{3.406207322135789*^9, 3.406207345909974*^9}, {
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Cell["\<\

Preoblikujemo odvod po \[CHacek]asu na odvod po kotu in integriramo, ter \

dobimo odvisnost:\

\>", "Text",

 CellChangeTimes->{{3.4062073535109043`*^9, 3.4062073767843695`*^9}}],



Cell[BoxData[
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Cell["\<\

Vrtilna koli\[CHacek]ina glede na vrti\[SHacek]\[CHacek]e valja B\

\>", "Text",

 CellChangeTimes->{{3.406204820248251*^9, 3.4062048331868563`*^9}}],



Cell[BoxData[

 RowBox[{

  RowBox[{"LB", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{"JB", " ", 

    RowBox[{

     RowBox[{"\[CurlyPhi]B", "'"}], "[", "t", "]"}]}], "+", 

   RowBox[{"r", 
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      RowBox[{
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     RowBox[{"m", " ", 

      RowBox[{
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    RowBox[{
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 CellChangeTimes->{{3.406204817484277*^9, 3.4062049340018206`*^9}, {
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Cell[CellGroupData[{



Cell[BoxData[
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 CellChangeTimes->{{3.4062125025748944`*^9, 3.4062125076622095`*^9}, {
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Cell[BoxData[

 RowBox[{
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  SuperscriptBox["r", "2"], " ", 

  SqrtBox[

   RowBox[{"\[CurlyPhi]B", " ", 

    RowBox[{"Hold", "[", 

     RowBox[{

      RowBox[{

       SuperscriptBox["\[CurlyPhi]B", "\[Prime]\[Prime]",

        MultilineFunction->None], "[", "t", "]"}], "/.", "\[InvisibleSpace]", 

      

      RowBox[{"sol", "\[LeftDoubleBracket]", "1", "\[RightDoubleBracket]"}]}],

      "]"}]}]]}]], "Output",

 CellChangeTimes->{{3.4062125079426126`*^9, 3.406212521081506*^9}, {

  3.4062125874769773`*^9, 3.4062125932052145`*^9}}]

}, Open  ]]
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Naloga 2 (50 točk) Zadostuje
znanje: TT

Povprečen
uspeh: 41%

Dinamski sistem na sliki sestavljajo tri toga telesa. Med telesom A
in podlago nagiba α je koeficient trenja µ. Valj B ima polmer r in
maso m. Na valj C, ki se kotali po podlagi ter ima polmer 1,5 r in
maso m, deluje konstantna sila F .
Določite a) število prostostnih stopenj, b) odvisnosti med koordi-
natami, ki popisujejo gibanje teles (xA, xC, ϕB, ϕC), c) kinetično
energijo sistema, d) potencialno energijo sistema, e) delo zunanjih
nekonservativnih sil in izračunajte f) kotni pospešek telesa B ϕ̈B in
g) hitrosti ϕ̇B v odvisnosti od kota ϕB. Potem zapǐsite še vrtilno
količino sistema glede na vrtǐsče valja B h) kot funkcijo kota ϕB.
Sistem je v začetku miroval.
Podani podatki so: F,m, r, g, α, µ.

Rešitev

xA = r ϕB

ϕC =
1

3
ϕB

xC = −3

2
r ϕC = −1

2
r ϕB

Ek =
15

16
mr2 ϕ̇2

B

Ep = Ep0 +
1

2
gmr sinαϕB

A =
1

2
F r ϕB − gmr µ cosαϕB

ϕ̈B =
4

15mr
(F − 2mg µ cosα+mg sinα)

ϕ̇B = H

H =
4

15mr
(F − 2mg µ cosα+mg sinα)

ϕ̇B = 2
√
H ϕB

L =
13

4
mr2

√
ϕBH

Postopek

a)
Sistem ima eno prostostno stopnjo in ker nas naloga zanima pospešek telesa B, bomo vse spremenljivke
zapisali s koordinato ϕB. Točk: 5

b)
Povezave med koordinatami telesa A in B sta očitni in enostavno, povezavo med telesoma B in C določimo
preko profila hitrosti. Telo C ima kotno hitrost ϕ̇c in ima pol hitrosti glede na stičǐsče s podlago; sledi,
da je hitrost težǐsča 3/2 r ϕ̇C = −ẋC. Po drugi strani je obodna hitrost valja C glede na pol enaka hitrost
obodni hitrosti valja A: 3 r ϕ̇C = r ϕ̇B. Izpeljemo torej lahko:

xA = r ϕB,

ϕC =
1

3
ϕB,

xC = −3

2
r ϕC = −1

2
r ϕB.

Točk: 5
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c)
Kinetična energija sistema je:

Ek = EkA + EkB + EkC,

EkA =
1

2
mẋ2A,

EkB =
1

2
JB ϕ̇

2
B,

EkC =
1

2
mẋ2C +

1

2
JC ϕ̇

2
C.

Z upoštevanje masnih vztrajnostnih momentov JB = 1
2 mr2 in JC = 1

2 m (3/2 r)2 in povezav med koor-
dinatami, izpeljemo:

Ek =
15

16
mr2 ϕ̇2

B.

Točk: 10

e)
Potencialna energija:

Ep = EpA + EpC + Ep0,

EpA = mg xA sinα EpC = mg xC sinα,

kjer je Ep0 neka začetna potencialna energija. Točk: 5

f)
Delo zunanjih nekonservativnih sil:

A = −mg µ cosαxA − F xC
Točk: 5

g)
Do kotnega pospeška pridemo tako, da izpeljemo gibalno enačbo. Gibalno enačbo izpeljemo s pomočjo
energij: vloženo delo je enako mehanski energiji:

A = Em,

kjer je:

Em = Ek + Ep.
Točk: 5

Z odvajanjem izraza A = Em po času izpeljemo gibalno enačbo:

ϕ̈B = H,

kjer je konstanta H:

H =
4

15mr
(F − 2mg µ cosα+mg sinα) .

Točk: 5
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g)

Da dobimo funkcijo kotne hitrosti ϕ̇B od kota ϕB, je potrebno odvod
dϕ̇B
dt

preoblikovati v:
dϕ̇B
dt

=

dϕ̇B
dϕB

dϕB
dt

in z integriranjem izpeljemo:

ϕ̇B = 2
√
H ϕB.

Točk: 5

h)
Vrtilna količina glede na vrtǐsče valja B (pozitivno smer definira koordinata ϕB; definicija vrtilne količine
L = rT ×mvT + JT ϕ̇):

L = r (mẋA) + JB ϕ̇B +
1

2
r (mẋC) + JC ϕ̇C.

Točk: 5

Kje so imeli študentje težave?
Težave s sledenjem navodilom. Pravilno je prostostne stopnje in ne prostorske stopnje. Nekateri so kotni
pospešek ϕ̈B iskali s pomočjo II. Newtonovega zakona, kar je bistveno preveč zapleten postopek. Vrtilna
količina sistema je vsota posameznih vrtilnih količin.

1.6 Datum: 29.11.2010

Naloga 1 (35 točk) Zadostuje
zna-
nje: SMT

Mehanizem z dvema kroglama, vsaka masa m, se prosto vrti okoli
navpične osi s hitrostjo n. Z delovanjem konstantne sile F se začetni
kot ϕ spremeni na kot ϕ1. Opomba: pri spodnjih izračunih predpo-
stavite, da je masa rok in drsnikov zanemarljiva.
Podatki: m= 4 kg, n= 20 min−1, ϕ= 85 ◦, ϕ1= 60 ◦, g= 9,81 m/s2,
a= 0,15 m, l= 0,2 m
Določite/izračunajte:

1. Število prostostnih stopenj sistema?

2. Spremembo vǐsine krogel ∆h zaradi spremembe kota ϕ?

3. Polmer kroženja pred (r) in po (r1) spremembi kota ϕ.

4. Določite kotno hitrost ω1 krogel v novi legi mehanizma.

5. Izračunajte spremembo kinetične energije Ek krogel.

6. Izračunajte spremembo potencialne energije Ep krogel.

7. Izračunajte delo W sile F .
Rešitev

1. 2

2. ∆h = 0,0702 m

3. r =0,445 m, r1 =0,496 m

4. ω1 = 1,682 rad/s

5. Ek = -0,683 J

6. Ep = 5,512 J

7. W = 4,829 J

Postopek
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Naloga 2 (30 točk) Zadostuje
znanje: Bal

b b

a,m

O Mx

yz

2m

Na sliki je prikazan sistem, ki je sestavljen iz tanke
kovinske plošče velikosti b × b in debeline t. Na spo-
dnjem desnem robu je privarjena palica dolžine a in
mase m. Izračunajte masni vztrajnostni moment ce-
lotnega sistema okoli osi OM, če je masa plošče enaka
2m.
Podatki: b = 0,8 m, a = 0,3 m, m = 1 kg.
Namig: Masne vztrajnostne momente izračunajte
glede na označeni koordinatni sistem

Rešitev

JOM = = 0,17 kgm2

Postopek

Masni vztrajnostni moment okoli osi OM izračunamo z enačbo:

JAB = Jxλ
2
x + Jyλ

2
y + Jzλ

2
z − 2Jxyλxλy − 2Jxzλxλz − 2Jyzλyλz.

Prvo je potrebno izračunati vse masne vztrajnotne momente glede na izbrani koordinatni sistem. Koor-
dinatni sistem izberemo, tako da koordinatno izhodǐsče leži na osi OM. V našem primeru smo izhodǐsče
koordinatnega sistema postavili v točko O.

Jx =
1

12
2m (2b2) +

((
b

2

)2

+

(
b

2

)2
)

2m+m 2 b2 = 2,13 kgm2

Jy =
1

12
2mb2 +

(
b

2

)2

2m+
1

3
ma2 + b2m = 1,09 kgm2

Jz =
1

12
2mb2 +

(
b

2

)2

2m+
1

12
ma2 +

(
b2 +

(a
2

)2)
m = 1.09 kgm2

Jxy =
a

2
bm = 0,12 kgm2

Jxz =
a

2
(−b)m = −0,12 kgm2

Jyz =
b

2

(
− b

2

)
2m+ b(−b)m = −0,96 kgm2

. Sedaj je potrebno še določiti vektor usmerjenosti λ, ki ga določimo na osnovi krajvnega vektorja rOM

rOM = rM − rO =

 a
b
−b


Sedaj lahko izračunamo enotski vektor λ

λ =

 λx
λy
λz

 =

 a
b
−b


√
a2 + b2 + (−b)2

=

 0.256
0.683
−0.683


Sedaj lahko izračunamo masni vztrajnostni moment okoli osi OM, ki je enak:

JOM = 0,17 kgm2
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Naloga 3 (35 točk) Zadostuje
znanje: TT

f

x
D

m,2L

g

Drsnik zanemarljive mase se giblje po podlagi brez trenja
s sledečim funkcijskim predpisom ẍD = A cos(ϕ). Na dr-
snik je vrtljivo vpeta palica dolžine 2L in mase m. Določite
število prostostnih stopenj sistema ter tip gibanja (rotacij-
sko, translatorno, splošno).
Določite tudi gibalno enačbo (zakon gibanja) sistema.
Podatki: ẍD = A cos(ϕ),mL.

Rešitev

ϕ̈ =
3

4L

(
A

1 + cos(2ϕ)

2
− g sin(ϕ)

)

Postopek

Gibalno enačbo bomo zapisali z uporabo drugega Newtonovega zakona:

ma =
∑
i

Fi,

JT ϕ̈ =
∑
i

Mi.

V prvem koraku zapǐsemo koordinate težǐsča palice in izračunamo hitrost ter popešek težǐsča palice:

rT =

{
xD − L sin(ϕ)
−L cos(ϕ)

}
, ṙT =

{
ẋD − L cos(ϕ) ϕ̇

L sin(ϕ) ϕ̇

}
,

r̈T =

{
ẍD + L sin(ϕ) ϕ̇2 − L cos(ϕ) ϕ̈
L cos(ϕ) ϕ̇2 + L sin(ϕ) ϕ̈

}
.

Zapǐsemo drugi Newtonov zakon za smer x, y in ϕ. Pri tem je potrebno v formulacijo vključiti tudi
notranje sile v spoju med palico in drsnikom:

(ẍD + L sin(ϕ) ϕ̇2 − L cos(ϕ) ϕ̈)m = Nx,

(L cos(ϕ) ϕ̇2 + L sin(ϕ) ϕ̈)m = Ny −mg,

JT ϕ̈ = −Ny L sin(ϕ) +Nx L cos(ϕ).

Iz zgornjih dveh enačb izrazimo sile v podporah in jih vstavimo v enačbo za rotacijo okoli težǐsča:

JT ϕ̈ = mL(−L ϕ̈+ ẍD cos(ϕ)− g sin(ϕ)).

Enačbo uredimo in upoštevamo izraz za ẍD pri čemer dobimo gibalno enačbo sistema:

ϕ̈ =
3

4L

(
A cos2(ϕ) cosϕ− g sin(ϕ)

)
=

3

4L

(
A

1 + cos(2ϕ)

2
− g sin(ϕ)

)
.
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1.7 Datum: 7.12.2011

Naloga 1 (35 točk) Zadostuje
znanje: MT

Raziskujete nove pristope k procesu štancanja. Na sliki je prikazan rezilni nož mase m1, ki se s hitrostjo
v1 približuje pločevini debeline a. Rezilni nož zaradi velike vztrajnosti prereže pločevino in ima po rezanju
hitrost k × v1. Med procesom rezanja izmerite na pločevini silo pol-sinusne oblike, amplitude F0.
Podatki: a=5·10−4 m, m1=200 kg, v1= 0.2 m/s, k= 0.9, v3= 1 m/s.

Določite/izračunajte:

1. Ali sila na nož povzroči spremembo gibalne količine
noža?

2. Ali se mehanska energija sistema spremeni?

3. Izračunajte začetno gibalno količino noža.

4. Izračunajte spremembo gibalne količine noža.

5. Izračunajte amplitudo sile F0.

6. Predpostavite nespremenjeni potek sile F (x) in
izračunajte maso noža, da je hitrost pred rezanjem
v3 in po rezanju k × v3.

Naloga 2 (30 točk) Zadostuje
znanje: TT

�C

R,m R,m

R ,m/2 R ,m/2

A

CF

L

Na sliki je prikazan sistem štirih valjev, pri čemer
je na valj A navita vrv. Na prosti konec vrvi de-
luje konstantna sila F . Če sistem spustimo iz stanja
mirovanja, določite kotno hitrost in kotni pospešek
valja C v trenutku, ko sila F opravi pot L. Predpo-
stavite, da valji ne podrsavajo.
Podatki: R = 0,2 m, m = 1 kg, g = 9,81 m/s

2
,

F = 1 kN L = 5 m.

Naloga 3 (35 točk) Zadostuje
znanje: Bal

a,m

y1

A

z ,z1 2

B

g x2

a

a

2a m,R
y2

x1

M

a,m

a,m Slika prikazuje rotor, ki je sestavljen iz gredi in dveh
četrtink valja (pritrjeni na skrajnih koncih gredi).
Zaradi konstantnega momenta M se rotor začne vr-
teti. Določite velikost amplitud dinamičnih sil v
ležaju A po 2 s obratovanja. Dolžino ležajev za-
nemarite.
Podatki:
m = 1 kg, R = 0,3 m, a = 0,2 m, M = 10 Nm, t = 2 s.



Poglavje 2

Kolokvij 2

Obravnavana tematika:

• trk togih teles (Trk),

• analitična statika (AS)∗,

• analitična dinamika (AD)∗.

• lastna nihanja (LN),

• lastna dušena nihanja (LDN),

• vsiljena nihanja (VN),

• prenosnost vibroizolacije (PV),

• pasivna vibroizolacija (PaV),

• merilniki vibracij (MV),

• lastna nihanja sistemov z več prostostnimi stopnjami (LSVP),

• vsiljena nihanja sistemov z več prostostnimi stopnjami (VVPS).

∗ Po Bolonski prenovi je analitična mehanika obravnavana v okviru predmeta Vǐsja dinamika; naloge, ki
obravnavajo izključno analitično mehaniko pri predmetu DTT ne obravnavamo; naloge iz AM se ponavadi
lahko rešijo s pomočjo energijskih zakonov v okviru klasične mehanike. Naloge iz nihanj, pri katerih je
uporabljena analitična mehanika rešite s pomočjo klasične mehanike.

2.1 Datum: 28.3.2002

Naloga 1 (30 točk) Povprečen
uspeh: PV%

Kroglo A mase m zakotalimo s hitrostjo
v0 v smeri drugih krogel. Določite hitrost
krogle D po trkih. Vse krogle imajo enako
maso.

m = 0,2 kg

v0 = 1 m/s

ε = 0,3

Rešitev

v′B = 0,65 m/s

v′C = 0,4225 m/s

v′D = 0,2746 m/s

28
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Postopek

Najprej se zgodi trk med kroglama A in B, hitrosti krogel A in B po trku sta:

v′A = vA − (vA − vB) (1 + ε)
m

2m
= vA −

1

2
vA (1 + ε) =

1

2
vA (1− ε),

v′B = vB + (vA − vB) (1 + ε)
m

2m
=

1

2
vA (1 + ε).

Trku med kroglama A in B sledi trk med kroglama B in C, hitrosti krogel po trku sta:

v′′B = v′B − (v′B − vC) (1 + ε)
m

2m
=

1

2
v′B (1− ε),

v′C = vC + (v′B − vC) (1 + ε)
m

2m
=

1

2
v′B (1 + ε).

Nadaljujemo z izračunom trka med kroglama C in D:

v′′C = v′C − (v′C − vD) (1 + ε)
m

2m
=

1

2
v′C (1− ε),

v′D = vD + (v′C − vD) (1 + ε)
m

2m
=

1

2
v′C (1 + ε).

Hitrost krogle D po trkih torej je:

v′D =
1

2
v′C (1 + ε) =

(
1

2

)2

v′B (1 + ε)
2

=

(
1

2

)3

vA (1 + ε)
3

=
1

8
(1 + ε)

3
v0.

Naloga 2 (35 točk) Zadostuje
znanje: ADNa valj A polmera r in mase m deluje

konstanten moment M . Preko vrvi in
kolesa B zanemarljive mase poganja valj
C polmera r in 2r in mase m. Na sredǐsče
valja C pa je pripeto breme D mase m, ki
drsi po klancu nagiba α. Valj C se kotali
brez podrsavanja. Določite pospešek
sredǐsča valja C in silo v vrvi med valjem
C in bremenom D, če je sistem v začetku
miroval. Uporabite D’Alambertov prin-
cip analitične dinamike.

m = 1 kg r = 10 cm
JC = m · r2 M = 10 Nm
µ = 0,2 α = 30◦

Rešitev

ẍC = 41,034 m/s2

S = 47,638 N
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Postopek

Sistem je nekonservativen in ima eno prostostno stopnjo (P=1), izberemo eno posplošeno koordinato
(N=1): q1 = xC. Ker se valj kotali brez podrsavanja, je zasuk valja C (ϕC) enolično odvisen od pomika
valja xC:

ϕC =
xC
2 r
.

Velja xD = xC. Iz geometrije sistema lahko zapǐsemo odvisnost med zasukoma valja A in C:

r ϕA = 3 r ϕC → ϕA = 3ϕC =
3

2

xC
r
.

Uporabimo D’Alambertov princip in zapǐsemo ravnotežno enačbo gibanja:

n∑
i=1

(
~Fi −mi ~̈ri

)
δ~ri = 0.

Index i nam predstavlja telesa A, B, C, D, kjer kolo B izpustimo, saj ni zunanjih sil, ki bi opravljale
virtualno delo in tudi ni vztrajnostne mase. Telo A opravlja samo rotacijsko gibanje, telo C rotacijsko in
translatorno, telo D pa samo translatorno gibanje. Sledi:

(M − JA ϕ̈A) δϕA + (−mg sinα−mẍC) δxC + (−JC ϕ̈C δϕC) + (−mg sinα− Ftr −mẍD) δxD = 0.

Izraz preoblikujemo:[
3

2

M

r
−mg (2 sinα+ µ cosα)− 27

8
mẍC

]
δxC = 0

Ker virtualni pomik δxC ni enak nič, sledi:

27

8
mẍC =

3

2

M

r
−mg (2 sinα+ µ cosα).

Pospešek valja C je torej:

ẍC =
4

9

M

mr
− 8

27
g (2 sinα+ µ cosα).

Za izračun sile v vrvi nastavimo ravnotežje sil za telo C:

mẍC = S −mg sinα−mg µ cosα,

sledi, da je sila v vrvi:

S = m [ẍC + g (sinα+ µ cosα)] .
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Naloga 3 (35 točk)

Telo mase m1 drsi po podlagi brez tre-
nja. Nanj je s tankim drogom zanemar-
ljive mase pripeto breme mase m2, ki jo
vzbujamo z momentom M(t). Določite gi-
balni enačbi sistema. Uporabite Lagran-
geve enačbe II. vrste.

m1 = 10 kg

m2 = 5 kg

k = 100 kN/m

L = 1 m

Rešitev

x : (m1 +m2) ẍ+m2 l
(
ϕ̈ cosϕ− ϕ̇2 sinϕ

)
= −k x

ϕ : m2 l ϕ̈+m2 l ẍ cosϕ = M −m2 g l sinϕ

Postopek

Sistem je nekonservativen in ima dve prostostni stopnji (P = 2). Izberemo dve (N = 2) posplošeni
koordinati: q1 = x, q2 = ϕ.

Gibalni enačbi bomo določili s pomočjo Lagrangeve enačbe 2. vrste1:

d

dt

∂EK

∂q̇j
− ∂EK

∂qj
= Qj ; j = 1, . . . , N

Masa m1 opravlja samo translatorno gibanje, masa m2 pa translatorno in rotacijsko; ker pa obravnavamo
maso m2 kot masno točko, je kinetična energija rotacije enaka nič. Za določitev kinetične energije mase
m2 bomo potrebovali njeno absolutno hitrost, zato določimo najprej njen krajevni vektor:

~r2 =

(
x+ l sinϕ
l cosϕ

)
.

Hitrost mase m2 je:

~̇r2 =

(
ẋ+ l ϕ̇ cosϕ
−l ϕ̇ sinϕ

)
.

Absolutna hitrost mase m2 torej je:

v22= ẋ22 + ẏ22 = (ẋ+ l ϕ̇ cosϕ)2 + (−l ϕ̇ sinϕ)2

= ẋ2 + l2 ϕ̇2 cos2 ϕ+ 2 ẋ ϕ̇ l cosϕ+ l2 ϕ̇2 sin2 ϕ
= ẋ2 + l2 ϕ̇2 + 2 l ẋ ϕ̇ cosϕ

Sedaj lahko zapǐsemo kinetično energijo sistema:

EK =
1

2
m1 ẋ

2 +
1

2
m2

(
ẋ2 + l2 ϕ̇2 + 2 l ẋ ϕ̇ cosϕ

)
=

1

2
(m1 +m2) ẋ2 +

1

2
m2 l

2 ϕ̇2 +m2 l ẋ ϕ̇ cosϕ

1 Hitreǰse reševanje in manj možnosti za napako predstavlja uporaba izraza:

d

dt

∂L

∂q̇j
−
∂L

∂qj
= QN

j ; j = 1, . . . , N

kjer so QN
j nekonservativne posplošene sile. Takšen postopek priporočen in je prikazan pri pozneǰsih preizkusih.



POGLAVJE 2. KOLOKVIJ 2 32

Posplošeni sili Qx in Qϕ izračunamo s pomočjo izraza:

δW =

n∑
i=1

~Fi δ~ri =

N∑
j=1

Qj δqj

Virtualno delo sistema je:

δW= M δϕ+m2 g δy2 − k x δx = M δϕ+m2 g (−l sinϕ) δϕ− k x δx
= (M −m2 g l sinϕ) δϕ− k x δx

Sledi:

Qx= −k x
Qϕ= M −m2 g l sinϕ.

x)
Najprej obravnavamo posplošeno koordinato x:

∂EK

∂ẋ
= (m1 +m2) ẋ+m2 l ϕ̇ cosϕ,

d

dt

∂EK

∂ẋ
= (m1 +m2) ẍ+m2 l ϕ̈ cosϕ−m2 l ϕ̇

2 sinϕ,

∂EK

∂x
= 0.

Prva diferencialna enačba torej je:

(m1 +m2) ẍ+m2 l
(
ϕ̈ cosϕ− ϕ̇2 sinϕ

)
= −k x.

ϕ)
Posplošena koordinata ϕ:

∂EK

∂ϕ̇
= m2 l

2 ϕ̇+m2 l ẋ cosϕ

d

dt

∂EK

∂ϕ̇
= m2 l

2 ϕ̈+m2 l ẍ cosϕ−m2 l ẋ ϕ̇ sinϕ

∂EK

∂ϕ
= −m2 l ẋ ϕ̇ sinϕ

Druga diferencialna enačba je:

m2 l
2 ϕ̈+m2 l ẍ cosϕ = M −m2 g l sinϕ.

2.2 Datum: 17.3.2005
Povprečen uspeh 100 študentov: 65%
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      MultilineFunction->None], "[", "t", "]"}]}]}], "\[Equal]", 

  "0"}]], "Output",

 CellChangeTimes->{3.392546767030899*^9}],



Cell[BoxData[

 RowBox[{

  RowBox[{"r", " ", 

   RowBox[{"(", 

    RowBox[{

     RowBox[{"4", " ", "F"}], "+", 

     RowBox[{"2", " ", "m", " ", 

      RowBox[{

       SuperscriptBox["x", "\[Prime]\[Prime]",

        MultilineFunction->None], "[", "t", "]"}]}], "+", 

     RowBox[{"3", " ", "m", " ", "r", " ", 

      RowBox[{

       SuperscriptBox["\[CurlyPhi]", "\[Prime]\[Prime]",

        MultilineFunction->None], "[", "t", "]"}]}]}], ")"}]}], "\[Equal]", 

  "0"}]], "Output",

 CellChangeTimes->{3.392546767050928*^9}]

}, Open  ]]

}, Open  ]],



Cell[CellGroupData[{



Cell["3.Naloga", "Title"],



Cell[BoxData[

 RowBox[{"Remove", "[", "\"\<Global`*\>\"", "]"}]], "Input"],



Cell["Lagrageva energijska funkcija:", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"L", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{"Ek", "[", "t", "]"}], "-", 

   RowBox[{"Ep", "[", "t", "]"}]}]}]], "Input"],



Cell["Kineti\[CHacek]na energija:", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"Ek", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{"Ek1", "[", "t", "]"}], "+", 

   RowBox[{"Ek2", "[", "t", "]"}]}]}]], "Input"],



Cell["Obro\[CHacek]", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"Ek1", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{

    FractionBox["1", "2"], "m", " ", 

    SuperscriptBox[

     RowBox[{"v1", "[", "t", "]"}], "2"]}], "+", 

   RowBox[{

    FractionBox["1", "2"], "J1", " ", 

    SuperscriptBox[

     RowBox[{

      RowBox[{"\[Beta]", "'"}], "[", "t", "]"}], "2"]}]}]}]], "Input"],



Cell["kjer je:", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"v1", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{"x1", "'"}], "[", "t", "]"}]}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"x1", "[", "t_", "]"}], ":=", 

  RowBox[{"2", "r", " ", 

   RowBox[{"\[Beta]", "[", "t", "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{"J1", ":=", 

  RowBox[{"m", " ", 

   SuperscriptBox[

    RowBox[{"(", 

     RowBox[{"2", "r"}], ")"}], "2"]}]}]}], "Input"],



Cell["Valj", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"Ek2", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{

    FractionBox["1", "2"], "m", " ", 

    SuperscriptBox[

     RowBox[{"v2", "[", "t", "]"}], "2"]}], "+", 

   RowBox[{

    FractionBox["1", "2"], "J2", " ", 

    SuperscriptBox[

     RowBox[{

      RowBox[{"\[Alpha]", "'"}], "[", "t", "]"}], "2"]}]}]}]], "Input"],



Cell["kjer je:", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"v2", "[", "t_", "]"}], ":=", 

  SqrtBox[

   RowBox[{

    RowBox[{

     RowBox[{"x2", "'"}], "[", "t", "]"}], "+", 

    RowBox[{

     RowBox[{"y2", "'"}], "[", "t", "]"}]}]]}], "\[IndentingNewLine]", 

 RowBox[{"J2", ":=", 

  RowBox[{

   FractionBox["1", "2"], "m", " ", 

   SuperscriptBox["r", "2"]}]}]}], "Input"],



Cell["Koordinate te\:017ei\[SHacek]\[CHacek]a valja so:", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"x2", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{"x1", "[", "t", "]"}], "+", 

   RowBox[{"r", " ", 

    RowBox[{"Sin", "[", 

     RowBox[{

      RowBox[{"\[CurlyPhi]", "[", "t", "]"}], "-", 

      RowBox[{"\[Beta]", "[", "t", "]"}]}], 

     "]"}]}]}]}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"y2", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{"-", "r"}], " ", 

   RowBox[{"Cos", "[", 

    RowBox[{

     RowBox[{"\[CurlyPhi]", "[", "t", "]"}], "-", 

     RowBox[{"\[Beta]", "[", "t", "]"}]}], "]"}]}]}]}], "Input"],



Cell["\<\

Odvisnost kota \[CurlyPhi] od posplo\[SHacek]enih koordinat:\

\>", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"\[CurlyPhi]", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{"-", 

    RowBox[{"\[Beta]", "[", "t", "]"}]}], "+", 

   RowBox[{"\[Alpha]", "[", "t", "]"}]}]}]], "Input"],



Cell["\<\

Ker na nivoju te\:017ei\[SHacek]\[CHacek]a obro\[CHacek]a potencialna \

energija enaka ni\[CHacek], je:\

\>", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"Ep", "[", "t_", "]"}], ":=", 

  RowBox[{"Ep2", "[", "t", "]"}]}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"Ep2", "[", "t_", "]"}], ":=", 

  RowBox[{"m", " ", "g", " ", 

   RowBox[{"y2", "[", "t", "]"}]}]}]}], "Input"],



Cell["Gibalni ena\[CHacek]bi", "Text"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"ge1", "=", 

  RowBox[{"Simplify", "[", 

   RowBox[{

    RowBox[{

     RowBox[{

      SubscriptBox["\[PartialD]", "t"], " ", 

      RowBox[{"(", 

       RowBox[{

        SubscriptBox["\[PartialD]", 

         RowBox[{

          RowBox[{"\[Alpha]", "'"}], "[", "t", "]"}]], 

        RowBox[{"L", "[", "t", "]"}]}], ")"}]}], "-", 

     RowBox[{

      SubscriptBox["\[PartialD]", 

       RowBox[{"\[Alpha]", "[", "t", "]"}]], 

      RowBox[{"L", "[", "t", "]"}]}]}], "\[Equal]", "0"}], 

   "]"}]}], "\[IndentingNewLine]", 

 RowBox[{"ge2", "=", 

  RowBox[{"Simplify", "[", 

   RowBox[{

    RowBox[{

     RowBox[{

      SubscriptBox["\[PartialD]", "t"], " ", 

      RowBox[{"(", 

       RowBox[{

        SubscriptBox["\[PartialD]", 

         RowBox[{

          RowBox[{"\[Beta]", "'"}], "[", "t", "]"}]], 

        RowBox[{"L", "[", "t", "]"}]}], ")"}]}], "-", 

     RowBox[{

      SubscriptBox["\[PartialD]", 

       RowBox[{"\[Beta]", "[", "t", "]"}]], 

      RowBox[{"L", "[", "t", "]"}]}]}], "\[Equal]", "0"}], "]"}]}]}], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{"m", " ", "r", " ", 

   RowBox[{"(", 

    RowBox[{

     RowBox[{"2", " ", "g", " ", 

      RowBox[{"Sin", "[", 

       RowBox[{

        RowBox[{"\[Alpha]", "[", "t", "]"}], "-", 

        RowBox[{"2", " ", 

         RowBox[{"\[Beta]", "[", "t", "]"}]}]}], "]"}]}], "+", 

     RowBox[{"r", " ", 

      RowBox[{

       SuperscriptBox["\[Alpha]", "\[Prime]\[Prime]",

        MultilineFunction->None], "[", "t", "]"}]}]}], ")"}]}], "\[Equal]", 

  "0"}]], "Output",

 CellChangeTimes->{3.392546770806328*^9}],



Cell[BoxData[

 RowBox[{

  RowBox[{"m", " ", "r", " ", 

   RowBox[{"(", 

    RowBox[{

     RowBox[{

      RowBox[{"-", "g"}], " ", 

      RowBox[{"Sin", "[", 

       RowBox[{

        RowBox[{"\[Alpha]", "[", "t", "]"}], "-", 

        RowBox[{"2", " ", 

         RowBox[{"\[Beta]", "[", "t", "]"}]}]}], "]"}]}], "+", 

     RowBox[{"4", " ", "r", " ", 

      RowBox[{

       SuperscriptBox["\[Beta]", "\[Prime]\[Prime]",

        MultilineFunction->None], "[", "t", "]"}]}]}], ")"}]}], "\[Equal]", 

  "0"}]], "Output",

 CellChangeTimes->{3.392546770846386*^9}]

}, Open  ]],



Cell["Podatki:", "Text"],



Cell[BoxData[{

 RowBox[{"m", ":=", "1"}], "\[IndentingNewLine]", 

 RowBox[{"r", ":=", "0.1"}], "\[IndentingNewLine]", 

 RowBox[{"g", ":=", "9.81"}]}], "Input"],



Cell["\<\

Re\[SHacek]imo sistem diferencialnih ena\[CHacek]b (numeri\[CHacek]na re\

\[SHacek]itev)\

\>", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"sol", "=", 

  RowBox[{"NDSolve", "[", "\[IndentingNewLine]", 

   RowBox[{

    RowBox[{"{", 

     RowBox[{"ge1", ",", "ge2", ",", 

      RowBox[{

       RowBox[{

        RowBox[{"\[Alpha]", "'"}], "[", "0", "]"}], "\[Equal]", "0"}], ",", 

      RowBox[{

       RowBox[{

        RowBox[{"\[Beta]", "'"}], "[", "0", "]"}], "\[Equal]", "0"}], ",", 

      RowBox[{

       RowBox[{"\[Alpha]", "[", "0", "]"}], "\[Equal]", 

       RowBox[{"\[Pi]", "/", "2"}]}], ",", 

      RowBox[{

       RowBox[{"\[Beta]", "[", "0", "]"}], "\[Equal]", "0"}]}], "}"}], ",", 

    RowBox[{"{", 

     RowBox[{"\[Alpha]", ",", "\[Beta]"}], "}"}], ",", 

    RowBox[{"{", 

     RowBox[{"t", ",", "0", ",", "1"}], "}"}]}], "\[IndentingNewLine]", 

   "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{

    RowBox[{"\[Alpha]", "\[Rule]", 

     TagBox[

      RowBox[{"InterpolatingFunction", "[", 

       RowBox[{

        RowBox[{"{", 

         RowBox[{"{", 

          RowBox[{"0.`", ",", "1.`"}], "}"}], "}"}], ",", "\<\"<>\"\>"}], 

       "]"}],

      False,

      Editable->False]}], ",", 

    RowBox[{"\[Beta]", "\[Rule]", 

     TagBox[

      RowBox[{"InterpolatingFunction", "[", 

       RowBox[{

        RowBox[{"{", 

         RowBox[{"{", 

          RowBox[{"0.`", ",", "1.`"}], "}"}], "}"}], ",", "\<\"<>\"\>"}], 

       "]"}],

      False,

      Editable->False]}]}], "}"}], "}"}]], "Output",

 CellChangeTimes->{3.3925467715774364`*^9}]

}, Open  ]],



Cell[BoxData[{

 RowBox[{

  RowBox[{"\[Alpha]", "=", 

   RowBox[{"\[Alpha]", "/.", 

    RowBox[{"sol", "[", 

     RowBox[{"[", "1", "]"}], "]"}]}]}], ";"}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"\[Beta]", "=", 

   RowBox[{"\[Beta]", "/.", 

    RowBox[{"sol", "[", 

     RowBox[{"[", "1", "]"}], "]"}]}]}], ";"}]}], "Input"],



Cell["Priprava posameznih objektov za prikaz:", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"Obroc", "[", "t_", "]"}], ":=", 

  RowBox[{"Graphics", "[", 

   RowBox[{"{", "\[IndentingNewLine]", 

    RowBox[{

     RowBox[{"RGBColor", "[", 

      RowBox[{"1", ",", "0", ",", "0"}], "]"}], ",", "\[IndentingNewLine]", 

     RowBox[{"Circle", "[", 

      RowBox[{

       RowBox[{"{", 

        RowBox[{

         RowBox[{"x1", "[", "t", "]"}], ",", "0"}], "}"}], ",", 

       RowBox[{"2", "r"}]}], "]"}], ",", 

     RowBox[{"Line", "[", 

      RowBox[{"{", 

       RowBox[{

        RowBox[{"{", 

         RowBox[{

          RowBox[{"x1", "[", "t", "]"}], ",", "0"}], "}"}], ",", 

        RowBox[{"{", 

         RowBox[{

          RowBox[{

           RowBox[{"x1", "[", "t", "]"}], "+", 

           RowBox[{"2", "r", " ", 

            RowBox[{"Cos", "[", 

             RowBox[{"\[Beta]", "[", "t", "]"}], "]"}]}]}], ",", 

          RowBox[{

           RowBox[{"-", "2"}], "r", " ", 

           RowBox[{"Sin", "[", 

            RowBox[{"\[Beta]", "[", "t", "]"}], "]"}]}]}], "}"}]}], "}"}], 

      "]"}], ",", 

     RowBox[{"Line", "[", 

      RowBox[{"{", 

       RowBox[{

        RowBox[{"{", 

         RowBox[{

          RowBox[{"x1", "[", "t", "]"}], ",", "0"}], "}"}], ",", 

        RowBox[{"{", 

         RowBox[{

          RowBox[{

           RowBox[{"x1", "[", "t", "]"}], "-", 

           RowBox[{"2", "r", " ", 

            RowBox[{"Sin", "[", 

             RowBox[{"\[Beta]", "[", "t", "]"}], "]"}]}]}], ",", 

          RowBox[{

           RowBox[{"-", "2"}], "r", " ", 

           RowBox[{"Cos", "[", 

            RowBox[{"\[Beta]", "[", "t", "]"}], "]"}]}]}], "}"}]}], "}"}], 

      "]"}], ",", "\[IndentingNewLine]", 

     RowBox[{"Line", "[", 

      RowBox[{"{", 

       RowBox[{

        RowBox[{"{", 

         RowBox[{

          RowBox[{"x1", "[", "t", "]"}], ",", "0"}], "}"}], ",", 

        RowBox[{"{", 

         RowBox[{

          RowBox[{

           RowBox[{"x1", "[", "t", "]"}], "-", 

           RowBox[{"2", "r", " ", 

            RowBox[{"Cos", "[", 

             RowBox[{"\[Beta]", "[", "t", "]"}], "]"}]}]}], ",", 

          RowBox[{

           RowBox[{"+", "2"}], "r", " ", 

           RowBox[{"Sin", "[", 

            RowBox[{"\[Beta]", "[", "t", "]"}], "]"}]}]}], "}"}]}], "}"}], 

      "]"}], ",", "\[IndentingNewLine]", 

     RowBox[{"Line", "[", 

      RowBox[{"{", 

       RowBox[{

        RowBox[{"{", 

         RowBox[{

          RowBox[{"x1", "[", "t", "]"}], ",", "0"}], "}"}], ",", 

        RowBox[{"{", 

         RowBox[{

          RowBox[{

           RowBox[{"x1", "[", "t", "]"}], "+", 

           RowBox[{"2", "r", " ", 

            RowBox[{"Sin", "[", 

             RowBox[{"\[Beta]", "[", "t", "]"}], "]"}]}]}], ",", 

          RowBox[{

           RowBox[{"+", "2"}], "r", " ", 

           RowBox[{"Cos", "[", 

            RowBox[{"\[Beta]", "[", "t", "]"}], "]"}]}]}], "}"}]}], "}"}], 

      "]"}]}], "}"}], "]"}]}], "\n", 

 RowBox[{

  RowBox[{"Valj", "[", "t_", "]"}], ":=", 

  RowBox[{"Graphics", "[", 

   RowBox[{"{", "\[IndentingNewLine]", 

    RowBox[{

     RowBox[{"RGBColor", "[", 

      RowBox[{"0", ",", "0", ",", "1"}], "]"}], ",", "\[IndentingNewLine]", 

     RowBox[{"Disk", "[", 

      RowBox[{

       RowBox[{"{", 

        RowBox[{

         RowBox[{"x2", "[", "t", "]"}], ",", 

         RowBox[{"y2", "[", "t", "]"}]}], "}"}], ",", "r"}], "]"}], ",", 

     "\[IndentingNewLine]", 

     RowBox[{"RGBColor", "[", 

      RowBox[{"0", ",", "0", ",", "0"}], "]"}], ",", 

     RowBox[{"Line", "[", 

      RowBox[{"{", 

       RowBox[{

        RowBox[{"{", 

         RowBox[{

          RowBox[{"x2", "[", "t", "]"}], ",", 

          RowBox[{"y2", "[", "t", "]"}]}], "}"}], ",", 

        RowBox[{"{", 

         RowBox[{

          RowBox[{

           RowBox[{"x2", "[", "t", "]"}], "+", 

           RowBox[{"r", " ", 

            RowBox[{"Cos", "[", 

             RowBox[{"\[Alpha]", "[", "t", "]"}], "]"}]}]}], ",", 

          RowBox[{

           RowBox[{"y2", "[", "t", "]"}], "-", 

           RowBox[{"r", " ", 

            RowBox[{"Sin", "[", 

             RowBox[{"\[Alpha]", "[", "t", "]"}], "]"}]}]}]}], "}"}]}], "}"}],

       "]"}]}], "}"}], "]"}]}], "\n", 

 RowBox[{

  RowBox[{"Cas", "[", "t_", "]"}], ":=", 

  RowBox[{"Graphics", "[", 

   RowBox[{"{", 

    RowBox[{"Text", "[", 

     RowBox[{

      RowBox[{

       RowBox[{"ToString", "[", "t", "]"}], "<>", "\"\< s\>\""}], ",", 

      RowBox[{"Scaled", "[", 

       RowBox[{"{", 

        RowBox[{"0.5", ",", "0.9"}], "}"}], "]"}]}], "]"}], "}"}], 

   "]"}]}]}], "Input"],



Cell["Sestavimo sliko", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"Slika", "[", "t_", "]"}], ":=", 

  RowBox[{"Show", "[", 

   RowBox[{

    RowBox[{"{", 

     RowBox[{

      RowBox[{"Valj", "[", "t", "]"}], ",", 

      RowBox[{"Obroc", "[", "t", "]"}], ",", 

      RowBox[{"Cas", "[", "t", "]"}]}], "}"}], ",", 

    RowBox[{"Frame", "\[Rule]", "True"}], ",", 

    RowBox[{"PlotRange", "\[Rule]", 

     RowBox[{"{", 

      RowBox[{

       RowBox[{"{", 

        RowBox[{

         RowBox[{

          RowBox[{"-", "3"}], "r"}], ",", 

         RowBox[{"3", "r"}]}], "}"}], ",", 

       RowBox[{"{", 

        RowBox[{

         RowBox[{

          RowBox[{"-", "2"}], "r"}], ",", 

         RowBox[{"2", "r"}]}], "}"}]}], "}"}]}]}], "]"}]}]], "Input"],



Cell["\<\

Poi\[SHacek]\[CHacek]imo kdaj pride sistem spet v za\[CHacek]etno lego (da bo \

animacija bolj zvezna)\

\>", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{

  RowBox[{"solT", "=", 

   RowBox[{"FindRoot", "[", 

    RowBox[{

     RowBox[{

      RowBox[{"\[Alpha]", "[", "t", "]"}], "\[Equal]", 

      RowBox[{"\[Pi]", "/", "2"}]}], ",", 

     RowBox[{"{", 

      RowBox[{"t", ",", "0.4", ",", "0.5"}], "}"}]}], "]"}]}], ";"}]], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{"FindRoot", "::", "\<\"cvmit\"\>"}], 

  RowBox[{

  ":", " "}], "\<\"Failed to converge to the requested accuracy or precision \

within \\!\\(100\\) iterations. \\!\\(\\*ButtonBox[\\\"\[RightSkeleton]\\\", \

ButtonStyle->\\\"Link\\\", ButtonFrame->None, \

ButtonData:>\\\"paclet:ref/message/FindRoot/cvmit\\\", ButtonNote -> \

\\\"FindRoot::cvmit\\\"]\\)\"\>"}]], "Message", "MSG",

 CellChangeTimes->{3.3925467726890354`*^9}]

}, Open  ]],



Cell[BoxData[

 RowBox[{

  RowBox[{"T", "=", 

   RowBox[{"ReplaceAll", "[", 

    RowBox[{"t", ",", "solT"}], "]"}]}], ";"}]], "Input"],



Cell["Animacija", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"ListAnimate", "[", 

  RowBox[{"Table", "[", 

   RowBox[{

    RowBox[{"Slika", "[", "t", "]"}], ",", 

    RowBox[{"{", 

     RowBox[{"t", ",", "0", ",", "T", ",", "0.005"}], "}"}]}], "]"}], 

  "]"}]], "Input",

 CellChangeTimes->{

  3.3925467951513343`*^9, {3.392546951416032*^9, 3.3925469574447007`*^9}}],



Cell[BoxData[

 TagBox[

  StyleBox[

   DynamicModuleBox[{$CellContext`i$$ = 15, Typeset`show$$ = True, 

    Typeset`bookmarkList$$ = {}, Typeset`bookmarkMode$$ = "Menu", 

    Typeset`animator$$, Typeset`animvar$$ = 1, Typeset`name$$ = 

    "\"untitled\"", Typeset`specs$$ = {{{

       Hold[$CellContext`i$$], 1, ""}, 1, 95, 1}}, Typeset`size$$ = Automatic,

     Typeset`update$$ = 0, Typeset`initDone$$, Typeset`skipInitDone$$ = 

    True, $CellContext`i$1883$$ = 0}, 

    PaneBox[

     PanelBox[

      DynamicWrapperBox[

       TagBox[GridBox[{

          {

           ItemBox[

            ItemBox[

             StyleBox[

              TagBox[GridBox[{

                 {"\<\"\\!\\(\\*TagBox[\\\"\\\\\\\"\\\\\\\"\\\", HoldForm]\\)\

\"\>", 

                  AnimatorBox[Dynamic[$CellContext`i$$], {1, 95, 1},

                   AnimationRate->Automatic,

                   

                   AppearanceElements->{

                    "ProgressSlider", "PlayPauseButton", 

                    "FasterSlowerButtons", "DirectionButton"},

                   AutoAction->False,

                   ContinuousAction->True,

                   DisplayAllSteps->True,

                   PausedTime->55.930424213409424`]}

                },

                ColumnsEqual->False,

                

                GridBoxAlignment->{

                 "Columns" -> {Right, {Left}}, "ColumnsIndexed" -> {}, 

                  "Rows" -> {{Baseline}}, "RowsIndexed" -> {}},

                

                GridBoxItemSize->{

                 "Columns" -> {{Automatic}}, "Rows" -> {{Automatic}}},

                RowsEqual->False],

               "Grid"], "ManipulateLabel",

              StripOnInput->False],

             Alignment->{Automatic, Inherited},

             StripOnInput->False],

            Background->None,

            StripOnInput->False]},

          {

           ItemBox[

            TagBox[

             StyleBox[

              PaneBox[Cell[BoxData[

                TagBox[

                 PaneSelectorBox[{1->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.1, -6.123233995736766*^-18}, 0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.1, -6.123233995736766*^-18}, {

                    0.1, -0.1}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{-1.2219455421873473`*^-28, 0}, 0.2], 

                    LineBox[{{-1.2219455421873473`*^-28, 0}, {0.2, 

                    1.2219455421873473`*^-28}}], 

                    LineBox[{{-1.2219455421873473`*^-28, 0}, {0., -0.2}}], 

                    LineBox[{{-1.2219455421873473`*^-28, 

                    0}, {-0.2, -1.2219455421873473`*^-28}}], 

                    LineBox[{{-1.2219455421873473`*^-28, 

                    0}, {-2.4438910843746947`*^-28, 0.2}}]}, 

                    InsetBox["\<\"0. s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 2->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.10006084257612363`, -0.00030656191109045596`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{

                    0.10006084257612363`, -0.00030656191109045596`}, {

                    0.10030609224328814`, -0.10030626117364203`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.00006131247825432465, 0}, 0.2], 

                    LineBox[{{0.00006131247825432465, 0}, {

                    0.20006130308020445`, -0.00006131247729396177}}], 

                    LineBox[{{0.00006131247825432465, 0}, {

                    9.603628791732613*^-13, -0.19999999060195012`}}], 

                    LineBox[{{

                    0.00006131247825432465, 0}, {-0.19993867812369578`, 

                    0.00006131247729396177}}], 

                    LineBox[{{0.00006131247825432465, 0}, {

                    0.00012262495554828644`, 0.19999999060195012`}}]}, 

                    InsetBox["\<\"0.005 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 3->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.10023773047748989`, -0.0012262130294559484`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{

                    0.10023773047748989`, -0.0012262130294559484`}, {

                    0.10121870975152425`, -0.1012214013120124}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.00024524875208019597`, 0}, 0.2], 

                    LineBox[{{0.00024524875208019597`, 0}, {

                    0.20024509838472307`, -0.0002452486906178484}}], 

                    LineBox[{{0.00024524875208019597`, 0}, {

                    6.146234758121205*^-11, -0.19999984963264286`}}], 

                    LineBox[{{

                    0.00024524875208019597`, 0}, {-0.19975460088056265`, 

                    0.0002452486906178484}}], 

                    LineBox[{{0.00024524875208019597`, 0}, {

                    0.0004904974426980444, 0.19999984963264286`}}]}, 

                    InsetBox["\<\"0.01 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 4->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.10051374068297343`, -0.0027586422949019756`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{

                    0.10051374068297343`, -0.0027586422949019756`}, {

                    0.10272075532007077`, -0.10273428476041274`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.0005517984615020676, 0}, 0.2], 

                    LineBox[{{0.0005517984615020676, 0}, {

                    0.20055103725812967`, -0.0005517977614504737}}], 

                    LineBox[{{0.0005517984615020676, 0}, {

                    7.000515939506458*^-10, -0.1999992387966276}}], 

                    LineBox[{{

                    0.0005517984615020676, 0}, {-0.19944744033512551`, 

                    0.0005517977614504737}}], 

                    LineBox[{{0.0005517984615020676, 0}, {

                    0.0011035962229525413`, 0.1999992387966276}}]}, 

                    InsetBox["\<\"0.015 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 5->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.10086066954304132`, -0.0049026401140510835`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{

                    0.10086066954304132`, -0.0049026401140510835`}, {

                    0.10478334783185803`, -0.10482567346994179`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.0009809212458409546, 0}, 0.2], 

                    LineBox[{{0.0009809212458409546, 0}, {

                    0.2009785157344367, -0.0009809173131423952}}], 

                    LineBox[{{0.0009809212458409546, 0}, {

                    3.932698559383843*^-9, -0.19999759448859575`}}], 

                    LineBox[{{0.0009809212458409546, 0}, {-0.1990166732427548,

                     0.0009809173131423952}}], 

                    LineBox[{{0.0009809212458409546, 0}, {

                    0.0019618385589833497`, 0.19999759448859575`}}]}, 

                    InsetBox["\<\"0.02 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 6->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.10123908171774103`, -0.007655065640924082}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.10123908171774103`, -0.007655065640924082}, {

                    0.10736529274070897`, -0.10746723693532118`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.0015325123753293641`, 0}, 0.2], 

                    LineBox[{{0.0015325123753293641`, 0}, {

                    0.20152664091860661`, -0.0015324973784998648`}}], 

                    LineBox[{{0.0015325123753293641`, 0}, {

                    1.4996829499373462`*^-8, -0.19999412854327725`}}], 

                    LineBox[{{

                    0.0015325123753293641`, 0}, {-0.19846161616794789`, 

                    0.0015324973784998648`}}], 

                    LineBox[{{0.0015325123753293641`, 0}, {

                    0.0030650097538292287`, 0.19999412854327725`}}]}, 

                    InsetBox["\<\"0.025 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 7->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.10159847125045524`, -0.011009408924014143`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.10159847125045524`, -0.011009408924014143`}, {

                    0.1104124362795184, -0.11062022169284186`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.0022063542836462434`, 0}, 0.2], 

                    LineBox[{{0.0022063542836462434`, 0}, {

                    0.20219418440900738`, -0.0022063095317062984`}}], 

                    LineBox[{{0.0022063542836462434`, 0}, {

                    4.4751939945030655`*^-8, -0.19998783012536114`}}], 

                    LineBox[{{

                    0.0022063542836462434`, 0}, {-0.1977814758417149, 

                    0.0022063095317062984`}}], 

                    LineBox[{{0.0022063542836462434`, 0}, {

                    0.004412663815352541, 0.19998783012536114`}}]}, 

                    InsetBox["\<\"0.03 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 8->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.10187762683818818`, -0.014953973640577987`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.10187762683818818`, -0.014953973640577987`}, {

                    0.1138570090958283, -0.11423385277389149`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.0030020551717907175`, 0}, 0.2], 

                    LineBox[{{0.0030020551717907175`, 0}, {

                    0.2029795247566836, -0.0030019424416954242`}}], 

                    LineBox[{{0.0030020551717907175`, 0}, {

                    1.127300952932786*^-7, -0.19997746958489288`}}], 

                    LineBox[{{

                    0.0030020551717907175`, 0}, {-0.19697541441310215`, 

                    0.0030019424416954242`}}], 

                    LineBox[{{0.0030020551717907175`, 0}, {

                    0.006003997613486142, 0.19997746958489288`}}]}, 

                    InsetBox["\<\"0.035 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 9->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.10200531418878936`, -0.019469718778891733`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.10200531418878936`, -0.019469718778891733`}, {

                    0.11761708905292212`, -0.11824356392826127`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.003918974412697854, 0}, 0.2], 

                    LineBox[{{0.003918974412697854, 0}, {

                    0.20388057974010138`, -0.003918723629922358}}], 

                    LineBox[{{0.003918974412697854, 0}, {

                    2.5078277549571426`*^-7, -0.1999616053274035}}], 

                    LineBox[{{

                    0.003918974412697854, 0}, {-0.19604263091470564`, 

                    0.003918723629922358}}], 

                    LineBox[{{0.003918974412697854, 0}, {0.007837698042620212,

                     0.1999616053274035}}]}, 

                    InsetBox["\<\"0.04 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 10->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.10190140569848333`, -0.024527835491337746`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.10190140569848333`, -0.024527835491337746`}, {

                    0.12159635034775915`, -0.12256920000276202`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.004956136158861774, 0}, 0.2], 

                    LineBox[{{0.004956136158861774, 0}, {

                    0.2048947310872085, -0.0049556289286524615`}}], 

                    LineBox[{{0.004956136158861774, 0}, {

                    5.072302093128353*^-7, -0.1999385949283467}}], 

                    LineBox[{{

                    0.004956136158861774, 0}, {-0.19498245876948492`, 

                    0.0049556289286524615`}}], 

                    LineBox[{{0.004956136158861774, 0}, {0.009911765087514235,

                     0.1999385949283467}}]}, 

                    InsetBox["\<\"0.045 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 11->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.10147859376743724`, -0.030087173836759098`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.10147859376743724`, -0.030087173836759098`}, {

                    0.12568428933819242`, -0.12711337803921116`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.006112132312077369, 0}, 0.2], 

                    LineBox[{{0.006112132312077369, 0}, {

                    0.20601874417726806`, -0.00611118094806574}}], 

                    LineBox[{{0.006112132312077369, 0}, {

                    9.513640116289024*^-7, -0.1999066118651907}}], 

                    LineBox[{{

                    0.006112132312077369, 0}, {-0.19379447955311335`, 

                    0.00611118094806574}}], 

                    LineBox[{{0.006112132312077369, 0}, {0.01222331326014311, 

                    0.1999066118651907}}]}, 

                    InsetBox["\<\"0.05 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 12->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.10064481528974206`, -0.036091690801622986`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.10064481528974206`, -0.036091690801622986`}, {

                    0.12975713761775465`, -0.13176024722780671`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.0073850176538901805`, 0}, 0.2], 

                    LineBox[{{0.0073850176538901805`, 0}, {

                    0.20724868693072393`, -0.007383339569627537}}], 

                    LineBox[{{0.0073850176538901805`, 0}, {

                    1.6780842626434866`*^-6, -0.19986366927683374`}}], 

                    LineBox[{{

                    0.0073850176538901805`, 0}, {-0.19247865162294356`, 

                    0.007383339569627537}}], 

                    LineBox[{{0.0073850176538901805`, 0}, {

                    0.014768357223517718`, 0.19986366927683374`}}]}, 

                    InsetBox["\<\"0.055 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 13->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.09930648495993383, -0.04246814300453291}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.09930648495993383, -0.04246814300453291}, {

                    0.13367966688409255`, -0.13637492851233682`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.008772199577286975, 0}, 0.2], 

                    LineBox[{{0.008772199577286975, 0}, {

                    0.2085798517030578, -0.00876938720703775}}], 

                    LineBox[{{0.008772199577286975, 0}, {

                    2.8123702492249825`*^-6, -0.1998076521257708}}], 

                    LineBox[{{

                    0.008772199577286975, 0}, {-0.19103545254848384`, 

                    0.00876938720703775}}], 

                    LineBox[{{0.008772199577286975, 0}, {

                    0.017541586784324725`, 0.1998076521257708}}]}, 

                    InsetBox["\<\"0.06 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 14->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.09737257833755743, -0.04912430980180571}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.09737257833755743, -0.04912430980180571}, {

                    0.13730806724478395`, -0.1408039516299716}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.010270327009039988`, 0}, 0.2], 

                    LineBox[{{0.010270327009039988`, 0}, {

                    0.21000668590941915`, -0.010265813811818687`}}], 

                    LineBox[{{0.010270327009039988`, 0}, {

                    4.513197221301182*^-6, -0.19973635890037916`}}], 

                    LineBox[{{

                    0.010270327009039988`, 0}, {-0.18946603189133918`, 

                    0.010265813811818687`}}], 

                    LineBox[{{0.010270327009039988`, 0}, {

                    0.020536140820858674`, 0.19973635890037916`}}]}, 

                    InsetBox["\<\"0.065 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 15->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.09475951953010608, -0.055948072232230917`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.09475951953010608, -0.055948072232230917`}, {

                    0.14049401582145032`, -0.1448770093054751}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.011875183172160415`, 0}, 0.2], 

                    LineBox[{{0.011875183172160415`, 0}, {

                    0.21152273679777425`, -0.011868206743550044`}}], 

                    LineBox[{{0.011875183172160415`, 0}, {

                    6.976428610371704*^-6, -0.19964755362561384`}}], 

                    LineBox[{{

                    0.011875183172160415`, 0}, {-0.18777237045345344`, 

                    0.011868206743550044`}}], 

                    LineBox[{{0.011875183172160415`, 0}, {0.02374338991571046,

                     0.19964755362561384`}}]}, 

                    InsetBox["\<\"0.07 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 16->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.09139671126769516, -0.06280769666712045}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.09139671126769516, -0.06280769666712045}, {

                    0.14308995482383638`, -0.14841031678266053`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.013581589091019317`, 0}, 0.2], 

                    LineBox[{{0.013581589091019317`, 0}, {

                    0.2131206173734484, -0.013571152939377355`}}], 

                    LineBox[{{0.013581589091019317`, 0}, {

                    0.00001043615164196196, -0.1995390282824291}}], 

                    LineBox[{{

                    0.013581589091019317`, 0}, {-0.18595743919140978`, 

                    0.013571152939377355`}}], 

                    LineBox[{{0.013581589091019317`, 0}, {

                    0.027152742030396672`, 0.1995390282824291}}]}, 

                    InsetBox["\<\"0.075 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 17->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.08723240982982458, -0.0695536401713794}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.08723240982982458, -0.0695536401713794}, {

                    0.14495545405000546`, -0.15121176999294123`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.015383323969875885`, 0}, 0.2], 

                    LineBox[{{0.015383323969875885`, 0}, {

                    0.21479199894666476`, -0.01536816007208976}}], 

                    LineBox[{{0.015383323969875885`, 0}, {

                    0.000015163897786125285`, -0.19940867497678888`}}], 

                    LineBox[{{0.015383323969875885`, 0}, {-0.184025351006913, 

                    0.01536816007208976}}], 

                    LineBox[{{0.015383323969875885`, 0}, {

                    0.030751484041965645`, 0.19940867497678888`}}]}, 

                    InsetBox["\<\"0.08 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 18->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.08223950412934153, -0.07602211810013648}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.08223950412934153, -0.07602211810013648}, {

                    0.1459643659140673, -0.1530879470421364}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.01727307003011684, 0}, 0.2], 

                    LineBox[{{0.01727307003011684, 0}, {

                    0.21652763617993365`, -0.017251604807909424`}}], 

                    LineBox[{{0.01727307003011684, 0}, {

                    0.000021465222207417423`, -0.19925456614981682`}}], 

                    LineBox[{{0.01727307003011684, 0}, {-0.1819814961197, 

                    0.017251604807909424`}}], 

                    LineBox[{{0.01727307003011684, 0}, {0.034524674838026265`,

                     0.19925456614981682`}}]}, 

                    InsetBox["\<\"0.085 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 19->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.07642063716820914, -0.08204052577822968}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.07642063716820914, -0.08204052577822968}, {

                    0.1460123000637895, -0.1538527841707068}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.019242388418954568`, 0}, 0.2], 

                    LineBox[{{0.019242388418954568`, 0}, {

                    0.2183174284784534, -0.019212715198767043`}}], 

                    LineBox[{{0.019242388418954568`, 0}, {

                    0.000029673220187525357`, -0.19907504005949883`}}], 

                    LineBox[{{

                    0.019242388418954568`, 0}, {-0.17983265164054427`, 

                    0.019212715198767043`}}], 

                    LineBox[{{0.019242388418954568`, 0}, {

                    0.038455103617721614`, 0.19907504005949883`}}]}, 

                    InsetBox["\<\"0.09 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 20->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.0698120308018859, -0.08743460557917446}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.0698120308018859, -0.08743460557917446}, {

                    0.1450237853143203, -0.15333750371849228`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.02128173359267653, 0}, 0.2], 

                    LineBox[{{0.02128173359267653, 0}, {

                    0.2201505211102845, -0.021241594838347547`}}], 

                    LineBox[{{0.02128173359267653, 0}, {

                    0.000040138754328983284`, -0.19886878751760795`}}], 

                    LineBox[{{0.02128173359267653, 0}, {-0.1775870539249314, 

                    0.021241594838347547`}}], 

                    LineBox[{{0.02128173359267653, 0}, {0.04252332843102408, 

                    0.19886878751760795`}}]}, 

                    InsetBox["\<\"0.095 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 21->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.06248538920662976, -0.09203699460067037}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.06248538920662976, -0.09203699460067037}, {

                    0.14295838139125933`, -0.1514011043712426}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.02338050939763182, 0}, 0.2], 

                    LineBox[{{0.02338050939763182, 0}, {

                    0.22201544451601893`, -0.02332729196701039}}], 

                    LineBox[{{0.02338050939763182, 0}, {

                    0.00005321743062143211, -0.19863493511838712`}}], 

                    LineBox[{{0.02338050939763182, 0}, {-0.1752544257207553, 

                    0.02332729196701039}}], 

                    LineBox[{{0.02338050939763182, 0}, {0.04670780136464221, 

                    0.19863493511838712`}}]}, 

                    InsetBox["\<\"0.1 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 22->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.05454736149797419, -0.09569654375419478}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.05454736149797419, -0.09569654375419478}, {

                    0.139814992809402, -0.14794050082617027`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.025527170018566542`, 0}, 0.2], 

                    LineBox[{{0.025527170018566542`, 0}, {

                    0.22390028940968407`, -0.025457916313740947`}}], 

                    LineBox[{{0.025527170018566542`, 0}, {

                    0.00006925370482559548, -0.19837311939111751`}}], 

                    LineBox[{{

                    0.025527170018566542`, 0}, {-0.17284594937255096`, 

                    0.025457916313740947`}}], 

                    LineBox[{{0.025527170018566542`, 0}, {

                    0.050985086332307486`, 0.19837311939111751`}}]}, 

                    InsetBox["\<\"0.105 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 23->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.04613626703140662, -0.09828758448791076}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.04613626703140662, -0.09828758448791076}, {

                    0.13563374120399552`, -0.14289926588109284`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.027709364537178167`, 0}, 0.2], 

                    LineBox[{{0.027709364537178167`, 0}, {

                    0.22579291083685799`, -0.027620801678130455`}}], 

                    LineBox[{{0.027709364537178167`, 0}, {

                    0.0000885628590477118, -0.1980835462996798}}], 

                    LineBox[{{

                    0.027709364537178167`, 0}, {-0.17037418176250163`, 

                    0.027620801678130455`}}], 

                    LineBox[{{0.027709364537178167`, 0}, {0.05533016621530862,

                     0.1980835462996798}}]}, 

                    InsetBox["\<\"0.11 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 24->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.03741609372060033, -0.09971820498957401}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.03741609372060033, -0.09971820498957401}, {

                    0.13049497705979468`, -0.13627393609057448`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.02991412106953713, 0}, 0.2], 

                    LineBox[{{0.02991412106953713, 0}, {

                    0.22768115201240058`, -0.029802709139346736`}}], 

                    LineBox[{{0.02991412106953713, 0}, {

                    0.00011141193019039569`, -0.19776703094286344`}}], 

                    LineBox[{{0.02991412106953713, 0}, {-0.1678529098733263, 

                    0.029802709139346736`}}], 

                    LineBox[{{0.02991412106953713, 0}, {0.05971683020888387, 

                    0.19776703094286344`}}]}, 

                    InsetBox["\<\"0.115 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 25->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.028568133778903174`, -0.09993661443771623}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.028568133778903174`, -0.09993661443771623}, {

                    0.12451533247002049`, -0.12811701655208035`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.03212806281292194, 0}, 0.2], 

                    LineBox[{{0.03212806281292194, 0}, {

                    0.22955307627522817`, -0.0319900618850326}}], 

                    LineBox[{{0.03212806281292194, 0}, {

                    0.00013800092788933405`, -0.19742501346230623`}}], 

                    LineBox[{{0.03212806281292194, 0}, {-0.1652969506493843, 

                    0.0319900618850326}}], 

                    LineBox[{{0.03212806281292194, 0}, {0.06411812469795454, 

                    0.19742501346230623`}}]}, 

                    InsetBox["\<\"0.12 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 26->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.019780954156018334`, -0.09893484080238361}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.019780954156018334`, -0.09893484080238361}, {

                    0.11784108178118644`, -0.11853615122122416`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.03433764593014795, 0}, 0.2], 

                    LineBox[{{0.03433764593014795, 0}, {

                    0.2313971947042245, -0.03416920012170827}}], 

                    LineBox[{{0.03433764593014795, 0}, {

                    0.0001684458084396795, -0.19705954877407655`}}], 

                    LineBox[{{0.03433764593014795, 0}, {-0.1627219028439286, 

                    0.03416920012170827}}], 

                    LineBox[{{0.03433764593014795, 0}, {0.06850684605185622, 

                    0.19705954877407655`}}]}, 

                    InsetBox["\<\"0.125 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 27->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.01123965299408624, -0.09674930694008056}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.01123965299408624, -0.09674930694008056}, {

                    0.11063942623497758`, -0.10768937456598585`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.03652940599039047, 0}, 0.2], 

                    LineBox[{{0.03652940599039047, 0}, {

                    0.23320267597406363`, -0.036326641379698335`}}], 

                    LineBox[{{0.03652940599039047, 0}, {

                    0.00020276461069213686`, -0.19667326998367315`}}], 

                    LineBox[{{0.03652940599039047, 0}, {-0.16014386399328268`,

                     0.036326641379698335`}}], 

                    LineBox[{{0.03652940599039047, 0}, {0.0728560473700888, 

                    0.19667326998367315`}}]}, 

                    InsetBox["\<\"0.13 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 28->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.003115457494400932, -0.09345821348910444}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.003115457494400932, -0.09345821348910444}, {

                    0.10308857380937361`, -0.09577683684638827}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.03869020038068163, 0}, 0.2], 

                    LineBox[{{0.03869020038068163, 0}, {

                    0.23495952767330924`, -0.03844933242722716}}], 

                    LineBox[{{0.03869020038068163, 0}, {

                    0.00024086795345447387`, -0.1962693272926276}}], 

                    LineBox[{{0.03869020038068163, 0}, {-0.15757912691194598`,

                     0.03844933242722716}}], 

                    LineBox[{{0.03869020038068163, 0}, {0.07713953280790879, 

                    0.1962693272926276}}]}, 

                    InsetBox["\<\"0.135 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 29->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.004443330954985364, -0.08917605228066178}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.004443330954985364, -0.08917605228066178}, {

                    0.09536760987293333, -0.08302982652449926}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.04080743367542369, 0}, 0.2], 

                    LineBox[{{0.04080743367542369, 0}, {

                    0.2366587399897293, -0.04052487896317565}}], 

                    LineBox[{{0.04080743367542369, 0}, {

                    0.00028255471224804263`, -0.1958513063143056}}], 

                    LineBox[{{0.04080743367542369, 0}, {-0.15504387263888192`,

                     0.04052487896317565}}], 

                    LineBox[{{0.04080743367542369, 0}, {0.08133231263859934, 

                    0.1958513063143056}}]}, 

                    InsetBox["\<\"0.14 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 30->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.011318240772304915`, -0.08404591255993216}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.011318240772304915`, -0.08404591255993216}, {

                    0.08764712508823083, -0.06969821727147883}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.04286925392867051, 0}, 0.2], 

                    LineBox[{{0.04286925392867051, 0}, {

                    0.23829238535374292`, -0.04254174072624306}}], 

                    LineBox[{{0.04286925392867051, 0}, {

                    0.0003275132024274513, -0.1954231314250724}}], 

                    LineBox[{{0.04286925392867051, 0}, {-0.15255387749640187`,

                     0.04254174072624306}}], 

                    LineBox[{{0.04286925392867051, 0}, {0.08541099465491357, 

                    0.1954231314250724}}]}, 

                    InsetBox["\<\"0.145 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 31->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.01742489805608996, -0.07823045727968708}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.01742489805608996, -0.07823045727968708}, {

                    0.08008138913441364, -0.0560375764769829}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.04486471226385869, 0}, 0.2], 

                    LineBox[{{0.04486471226385869, 0}, {

                    0.2398536726264141, -0.044489384539795486`}}], 

                    LineBox[{{0.04486471226385869, 0}, {

                    0.0003753277240632069, -0.19498896036255542`}}], 

                    LineBox[{{0.04486471226385869, 0}, {-0.15012424809869673`,

                     0.044489384539795486`}}], 

                    LineBox[{{0.04486471226385869, 0}, {0.08935409680365418, 

                    0.19498896036255542`}}]}, 

                    InsetBox["\<\"0.15 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 32->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.022714520307399712`, -0.07190252036265045}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.022714520307399712`, -0.07190252036265045}, {

                    0.07280259853384027, -0.04229711531106507}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.04678387942596566, 0}, 0.2], 

                    LineBox[{{0.04678387942596566, 0}, {

                    0.24133695628165167`, -0.046358389596550156`}}], 

                    LineBox[{{0.04678387942596566, 0}, {

                    0.0004254898294155027, -0.194553076855686}}], 

                    LineBox[{{0.04678387942596566, 0}, {-0.14776919742972036`,

                     0.046358389596550156`}}], 

                    LineBox[{{0.04678387942596566, 0}, {0.09314226902251582, 

                    0.194553076855686}}]}, 

                    InsetBox["\<\"0.155 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 33->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.027172834422733508`, -0.06523620044531393}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.027172834422733508`, -0.06523620044531393}, {

                    0.06591741657721027, -0.028709427130833153`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.048617917991125165`, 0}, 0.2], 

                    LineBox[{{0.048617917991125165`, 0}, {

                    0.2427377052694543, -0.04814050464023262}}], 

                    LineBox[{{0.048617917991125165`, 0}, {

                    0.0004774133508925471, -0.19411978727832913`}}], 

                    LineBox[{{

                    0.048617917991125165`, 0}, {-0.14550186928720396`, 

                    0.04814050464023262}}], 

                    LineBox[{{0.048617917991125165`, 0}, {0.09675842263135778,

                     0.19411978727832913`}}]}, 

                    InsetBox["\<\"0.16 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 34->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.03081686825958626, -0.05839914721233561}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.03081686825958626, -0.05839914721233561}, {

                    0.05950574246434829, -0.015482646982091015`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.05035911097609622, 0}, 0.2], 

                    LineBox[{{0.05035911097609622, 0}, {

                    0.24405243750970726`, -0.04982865898600855}}], 

                    LineBox[{{0.05035911097609622, 0}, {

                    0.0005304519900876728, -0.19369332653361104`}}], 

                    LineBox[{{0.05035911097609622, 0}, {-0.14333421555751483`,

                     0.04982865898600855}}], 

                    LineBox[{{0.05035911097609622, 0}, {0.10018776996210477`, 

                    0.19369332653361104`}}]}, 

                    InsetBox["\<\"0.165 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 35->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.03369021761902714, -0.05154649134176004}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.03369021761902714, -0.05154649134176004}, {

                    0.05362142101400396, -0.002795309210297914}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.05200085093746747, 0}, 0.2], 

                    LineBox[{{0.05200085093746747, 0}, {

                    0.24527862780314696`, -0.05141693271540622}}], 

                    LineBox[{{0.05200085093746747, 0}, {

                    0.000583918222061254, -0.19327777686567948`}}], 

                    LineBox[{{0.05200085093746747, 0}, {-0.141276925928212, 

                    0.05141693271540622}}], 

                    LineBox[{{0.05200085093746747, 0}, {0.10341778365287368`, 

                    0.19327777686567948`}}]}, 

                    InsetBox["\<\"0.17 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 36->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.03585743216519899, -0.04481661616961543}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.03585743216519899, -0.04481661616961543}, {

                    0.04829446636162742, 0.009206138057938663}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.053537595185909115`, 0}, 0.2], 

                    LineBox[{{0.053537595185909115`, 0}, {

                    0.24641459707040334`, -0.05290049285260785}}], 

                    LineBox[{{0.053537595185909115`, 0}, {

                    0.0006371023333012621, -0.19287700188449422`}}], 

                    LineBox[{{0.053537595185909115`, 0}, {-0.1393394066985851,

                     0.05290049285260785}}], 

                    LineBox[{{0.053537595185909115`, 0}, {

                    0.10643808803851697`, 0.19287700188449422`}}]}, 

                    InsetBox["\<\"0.175 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 37->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.03739811694963174, -0.038328744731308324`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.03739811694963174, -0.038328744731308324`}, {

                    0.04353431821350401, 0.020407453124569527`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.05496479404456661, 0}, 0.2], 

                    LineBox[{{0.05496479404456661, 0}, {

                    0.24745939065730824`, -0.05427550345135345}}], 

                    LineBox[{{0.05496479404456661, 0}, {

                    0.0006892905932131613, -0.19249459661274163`}}], 

                    LineBox[{{0.05496479404456661, 0}, {-0.137529802568175, 

                    0.05427550345135345}}], 

                    LineBox[{{0.05496479404456661, 0}, {0.10924029749592007`, 

                    0.19249459661274163`}}]}, 

                    InsetBox["\<\"0.18 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 38->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.03840123739617978, -0.032182147770094295`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.03840123739617978, -0.032182147770094295`}, {

                    0.039333666625352294`, 0.030724804920075004`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.056278799385096424`, 0}, 0.2], 

                    LineBox[{{0.056278799385096424`, 0}, {

                    0.24841265253241804`, -0.05553901758910984}}], 

                    LineBox[{{0.056278799385096424`, 0}, {

                    0.0007397817959865841, -0.19213385314732162`}}], 

                    LineBox[{{0.056278799385096424`, 0}, {-0.1358550537622252,

                     0.05553901758910984}}], 

                    LineBox[{{0.056278799385096424`, 0}, {

                    0.11181781697420626`, 0.19213385314732162`}}]}, 

                    InsetBox["\<\"0.185 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 39->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.038959977284842455`, -0.026456673710990614`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.038959977284842455`, \

-0.026456673710990614`}, {0.035672447093686645`, 0.04010158070860137}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.05747676061182314, 0}, 0.2], 

                    LineBox[{{0.05747676061182314, 0}, {

                    0.24927450114264746`, -0.05668885893427911}}], 

                    LineBox[{{0.05747676061182314, 0}, {

                    0.0007879016775440353, -0.19179774053082432`}}], 

                    LineBox[{{0.05747676061182314, 0}, {-0.1343209799190012, 

                    0.05668885893427911}}], 

                    LineBox[{{0.05747676061182314, 0}, {0.11416561954610224`, 

                    0.19179774053082432`}}]}, 

                    InsetBox["\<\"0.19 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 40->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.03916735788837023, -0.021214259614917283`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.03916735788837023, -0.021214259614917283`}, {

                    0.032521700972825064`, 0.0485043092143127}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.05855651426675312, 0}, 0.2], 

                    LineBox[{{0.05855651426675312, 0}, {

                    0.25004541114245354`, -0.05772349931637342}}], 

                    LineBox[{{0.05855651426675312, 0}, {

                    0.0008330149503796985, -0.19148889687570045`}}], 

                    LineBox[{{0.05855651426675312, 0}, {-0.13293238260894732`,

                     0.05772349931637342}}], 

                    LineBox[{{0.05855651426675312, 0}, {0.11628001358312653`, 

                    0.19148889687570045`}}]}, 

                    InsetBox["\<\"0.195 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 41->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.039112702302500475`, -0.01650108406399615}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.039112702302500475`, -0.01650108406399615}, {

                    0.029847092482948513`, 0.055918158566321124`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.05951647301957618, 0}, 0.2], 

                    LineBox[{{0.05951647301957618, 0}, {

                    0.2507261043087358, -0.058641938084135904`}}], 

                    LineBox[{{0.05951647301957618, 0}, {

                    0.000874534935440277, -0.19120963128915963`}}], 

                    LineBox[{{0.05951647301957618, 0}, {-0.13169315826958344`,

                     0.058641938084135904`}}], 

                    LineBox[{{0.05951647301957618, 0}, {0.11815841110371209`, 

                    0.19120963128915963`}}]}, 

                    InsetBox["\<\"0.2 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 42->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.03887893121007821, -0.012350061323465458`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.03887893121007821, -0.012350061323465458`}, {

                    0.027611964306442915`, 0.06234238015096402}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.06035551837929899, 0}, 0.2], 

                    LineBox[{{0.06035551837929899, 0}, {

                    0.25131745152453583`, -0.05944358745427556}}], 

                    LineBox[{{0.06035551837929899, 0}, {

                    0.0009119309250234311, -0.19096193314523682`}}], 

                    LineBox[{{0.06035551837929899, 0}, {-0.13060641476593782`,

                     0.05944358745427556}}], 

                    LineBox[{{0.06035551837929899, 0}, {0.11979910583357456`, 

                    0.19096193314523682`}}]}, 

                    InsetBox["\<\"0.205 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 43->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.038540609411197, -0.008783429335217228}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.038540609411197, -0.008783429335217228}, {

                    0.02577988609640658, 0.06778597615846772}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.06107290056166384, 0}, 0.2], 

                    LineBox[{{0.06107290056166384, 0}, {

                    0.25182038686152786`, -0.06012816702913198}}], 

                    LineBox[{{0.06107290056166384, 0}, {

                    0.000944733532531862, -0.19074748629986402`}}], 

                    LineBox[{{0.06107290056166384, 0}, {-0.12967458573820018`,

                     0.06012816702913198}}], 

                    LineBox[{{0.06107290056166384, 0}, {0.12120106759079582`, 

                    0.19074748629986402`}}]}, 

                    InsetBox["\<\"0.21 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 44->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.03816262344883033, -0.005815241969569115}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.03816262344883033, -0.005815241969569115}, {

                    0.02431670295523671, 0.07226378064274368}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.061668148164111564`, 0}, 0.2], 

                    LineBox[{{0.061668148164111564`, 0}, {

                    0.25223583417255774`, -0.060695609803232686`}}], 

                    LineBox[{{0.061668148164111564`, 0}, {

                    0.0009725383608788774, -0.19056768600844617`}}], 

                    LineBox[{{0.061668148164111564`, 0}, {-0.1288995378443346,

                     0.060695609803232686`}}], 

                    LineBox[{{0.061668148164111564`, 0}, {

                    0.12236375796734425`, 0.19056768600844617`}}]}, 

                    InsetBox["\<\"0.215 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 45->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.03779935509608445, -0.0034536322812927893`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.03779935509608445, -0.0034536322812927893`}, \

{0.023192125717602867`, 0.07579306650265412}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.06214098923024661, 0}, 0.2], 

                    LineBox[{{0.06214098923024661, 0}, {

                    0.2525646459024925, -0.06114598089466397}}], 

                    LineBox[{{0.06214098923024661, 0}, {

                    0.0009950083355826367, -0.19042365667224592`}}], 

                    LineBox[{{0.06214098923024661, 0}, {-0.12828266744199932`,

                     0.06114598089466397}}], 

                    LineBox[{{0.06214098923024661, 0}, {0.12328697012491058`, 

                    0.19042365667224592`}}]}, 

                    InsetBox["\<\"0.22 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 46->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.03749421704569164, -0.0017027581848479323`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.03749421704569164, -0.0017027581848479323`}, \

{0.022380921670542307`, 0.07839073570642731}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.06249128497617118, 0}, 0.2], 

                    LineBox[{{0.06249128497617118, 0}, {

                    0.25280755373910235`, -0.06147940992036066}}], 

                    LineBox[{{0.06249128497617118, 0}, {

                    0.0010118750558105183`, -0.1903162687629312}}], 

                    LineBox[{{0.06249128497617118, 0}, {-0.12782498378676002`,

                     0.06147940992036066}}], 

                    LineBox[{{0.06249128497617118, 0}, {0.12397069489653184`, 

                    0.1903162687629312}}]}, 

                    InsetBox["\<\"0.225 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 47->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.037279430610634504`, -0.0005643785583204464}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.037279430610634504`, \

-0.0005643785583204464}, {0.021863769673035147`, 0.08007110903991844}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.06271897676089772, 0}, 0.2], 

                    LineBox[{{0.06271897676089772, 0}, {

                    0.25296513042273333`, -0.0616960372866624}}], 

                    LineBox[{{0.06271897676089772, 0}, {

                    0.0010229394742353182`, -0.19024615366183562`}}], 

                    LineBox[{{0.06271897676089772, 0}, {-0.1275271769009379, 

                    0.0616960372866624}}], 

                    LineBox[{{0.06271897676089772, 0}, {0.12441501404756011`, 

                    0.19024615366183562`}}]}, 

                    InsetBox["\<\"0.23 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 48->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.03717594581504326, -0.00003903252164958362}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.03717594581504326, -0.00003903252164958362}, \

{0.021627838927471457`, 0.08084430877899153}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.06282404656726773, 0}, 0.2], 

                    LineBox[{{0.06282404656726773, 0}, {

                    0.25303776202396666`, -0.06179597440091048}}], 

                    LineBox[{{0.06282404656726773, 0}, {

                    0.0010280721663572454`, -0.1902137154566989}}], 

                    LineBox[{{0.06282404656726773, 0}, {-0.12738966888943118`,

                     0.06179597440091048}}], 

                    LineBox[{{0.06282404656726773, 0}, {0.1246200209681782, 

                    0.1902137154566989}}]}, 

                    InsetBox["\<\"0.235 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 49->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.03719342811325675, -0.0001268078975114826}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.03719342811325675, -0.0001268078975114826}, {

                    0.021667138673646794`, 0.08071522125517906}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.06280649148549657, 0}, 0.2], 

                    LineBox[{{0.06280649148549657, 0}, {

                    0.2530256303763543, -0.061779278076233506`}}], 

                    LineBox[{{0.06280649148549657, 0}, {

                    0.00102721340926306, -0.19021913889085773`}}], 

                    LineBox[{{0.06280649148549657, 0}, {-0.12741264740536118`,

                     0.061779278076233506`}}], 

                    LineBox[{{0.06280649148549657, 0}, {0.12458576956173006`, 

                    0.19021913889085773`}}]}, 

                    InsetBox["\<\"0.24 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 50->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.03733026272170881, -0.0008276968623029198}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.03733026272170881, -0.0008276968623029198}, {

                    0.02198267276740684, 0.07968302095628323}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.06266631180914267, 0}, 0.2], 

                    LineBox[{{0.06266631180914267, 0}, {

                    0.25292870496909914`, -0.061645938625721035`}}], 

                    LineBox[{{0.06266631180914267, 0}, {

                    0.001020373183421637, -0.19026239315995644`}}], 

                    LineBox[{{0.06266631180914267, 0}, {-0.12759608135081377`,

                     0.061645938625721035`}}], 

                    LineBox[{{0.06266631180914267, 0}, {0.12431225043486371`, 

                    0.19026239315995644`}}]}, 

                    InsetBox["\<\"0.245 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 51->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.03757355357245143, -0.0021415371824108197`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.03757355357245143, -0.0021415371824108197`}, \

{0.02258241446789455, 0.0777412488802252}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.06240351289029468, 0}, 0.2], 

                    LineBox[{{0.06240351289029468, 0}, {

                    0.2527467442052842, -0.061395881723193685`}}], 

                    LineBox[{{0.06240351289029468, 0}, {

                    0.0010076311671009947`, -0.19034323131498954`}}], 

                    LineBox[{{0.06240351289029468, 0}, {-0.12793971842469487`,

                     0.061395881723193685`}}], 

                    LineBox[{{0.06240351289029468, 0}, {0.12379939461348836`, 

                    0.19034323131498954`}}]}, 

                    InsetBox["\<\"0.25 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 52->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.03789912028767238, -0.004067537004172356}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.03789912028767238, -0.004067537004172356}, {

                    0.023481097841833658`, 0.07487844973596701}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.06201812118105357, 0}, 0.2], 

                    LineBox[{{0.06201812118105357, 0}, {

                    0.25247930635360927`, -0.061028984447272616`}}], 

                    LineBox[{{0.06201812118105357, 0}, {

                    0.0009891367337809542, -0.19046118517255572`}}], 

                    LineBox[{{0.06201812118105357, 0}, {-0.12844306399150215`,

                     0.061028984447272616`}}], 

                    LineBox[{{0.06201812118105357, 0}, {0.12304710562832619`, 

                    0.19046118517255572`}}]}, 

                    InsetBox["\<\"0.255 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 53->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.03827152447146641, -0.006603388856899488}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.03827152447146641, -0.006603388856899488}, {

                    0.024699806910786715`, 0.07107937257668026}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.06151021361524252, 0}, 0.2], 

                    LineBox[{{0.06151021361524252, 0}, {

                    0.25212576987008467`, -0.06054510478690343}}], 

                    LineBox[{{0.06151021361524252, 0}, {

                    0.000965108828339091, -0.19061555625484214`}}], 

                    LineBox[{{0.06151021361524252, 0}, {-0.1291053426395996, 

                    0.06054510478690343}}], 

                    LineBox[{{0.06151021361524252, 0}, {0.12205531840214595`, 

                    0.19061555625484214`}}]}, 

                    InsetBox["\<\"0.26 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 54->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.03864418148636073, -0.009743974474356622}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.03864418148636073, -0.009743974474356622}, {

                    0.026265323003148475`, 0.0663267572621423}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.060879961119557194`, 0}, 0.2], 

                    LineBox[{{0.060879961119557194`, 0}, {

                    0.2516853641267507, -0.05994412551086623}}], 

                    LineBox[{{0.060879961119557194`, 0}, {

                    0.0009358356086909617, -0.19080540300719348`}}], 

                    LineBox[{{

                    0.060879961119557194`, 0}, {-0.12992544188763627`, 

                    0.05994412551086623}}], 

                    LineBox[{{0.060879961119557194`, 0}, {

                    0.12082408663042343`, 0.19080540300719348`}}]}, 

                    InsetBox["\<\"0.265 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 55->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.0389596409270692, -0.013479679554485105`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.0389596409270692, -0.013479679554485105`}, {

                    0.028209180117911042`, 0.06060371588219436}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.06012768540232773, 0}, 0.2], 

                    LineBox[{{0.06012768540232773, 0}, {

                    0.2511572106750609, -0.05922601180287423}}], 

                    LineBox[{{0.06012768540232773, 0}, {

                    0.0009016735994534994, -0.1910295252727332}}], 

                    LineBox[{{0.06012768540232773, 0}, {-0.1309018398704055, 

                    0.05922601180287423}}], 

                    LineBox[{{0.06012768540232773, 0}, {0.11935369720520195`, 

                    0.1910295252727332}}]}, 

                    InsetBox["\<\"0.27 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 56->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.0391501415621562, -0.01779435020792829}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.0391501415621562, -0.01779435020792829}, {

                    0.03056636619413495, 0.0538967130166257}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.059253928987174236`, 0}, 0.2], 

                    LineBox[{{0.059253928987174236`, 0}, {

                    0.2505403759592204, -0.05839088289117209}}], 

                    LineBox[{{0.059253928987174236`, 0}, {

                    0.000863046096002143, -0.19128644697204616`}}], 

                    LineBox[{{

                    0.059253928987174236`, 0}, {-0.13203251798487192`, 

                    0.05839088289117209}}], 

                    LineBox[{{0.059253928987174236`, 0}, {

                    0.11764481187834633`, 0.19128644697204616`}}]}, 

                    InsetBox["\<\"0.275 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 57->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.03913856584918844, -0.022662953480828123`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.03913856584918844, -0.022662953480828123`}, {

                    0.03337360724546365, 0.04619911701586267}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.05825953751800152, 0}, 0.2], 

                    LineBox[{{0.05825953751800152, 0}, {

                    0.2498339359430169, -0.05743909703410615}}], 

                    LineBox[{{0.05825953751800152, 0}, {

                    0.0008204404838953669, -0.1915743984250154}}], 

                    LineBox[{{0.05825953751800152, 0}, {-0.1333148609070139, 

                    0.05743909703410615}}], 

                    LineBox[{{0.05825953751800152, 0}, {0.11569863455210766`, 

                    0.1915743984250154}}]}, 

                    InsetBox["\<\"0.28 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 58->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.038839929481219435`, -0.02804904158532935}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.038839929481219435`, -0.02804904158532935}, {

                    0.03666717871719881, 0.03751525213855943}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.05714575312897231, 0}, 0.2], 

                    LineBox[{{0.05714575312897231, 0}, {

                    0.24903705311825253`, -0.056371349003053496`}}], 

                    LineBox[{{0.05714575312897231, 0}, {

                    0.0007744041259188164, -0.19189129998928023`}}], 

                    LineBox[{{0.05714575312897231, 0}, {-0.13474554686030793`,

                     0.056371349003053496`}}], 

                    LineBox[{{0.05714575312897231, 0}, {0.11351710213202582`, 

                    0.19189129998928023`}}]}, 

                    InsetBox["\<\"0.285 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 59->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.038163538813011384`, -0.033902169029264836`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.038163538813011384`, \

-0.033902169029264836`}, {0.04048021065934634, 0.027864817856360698`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.05591431689762414, 0}, 0.2], 

                    LineBox[{{0.05591431689762414, 0}, {

                    0.24814906592918515`, -0.05518877843160468}}], 

                    LineBox[{{0.05591431689762414, 0}, {

                    0.0007255384660194569, -0.19223474903156101`}}], 

                    LineBox[{{0.05591431689762414, 0}, {-0.13632043213393688`,

                     0.05518877843160468}}], 

                    LineBox[{{0.05591431689762414, 0}, {0.11110309532922882`, 

                    0.19223474903156101`}}]}, 

                    InsetBox["\<\"0.29 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 60->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.037015927317369156`, -0.04015546810743609}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.037015927317369156`, -0.04015546810743609}, {

                    0.04483949236628728, 0.017287462427247394`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.05456757764434698, 0}, 0.2], 

                    LineBox[{{0.05456757764434698, 0}, {

                    0.24716959013729348`, -0.05389308660363478}}], 

                    LineBox[{{0.05456757764434698, 0}, {

                    0.0006744910407121968, -0.1926020124929465}}], 

                    LineBox[{{0.05456757764434698, 0}, {-0.13803443484859954`,

                     0.05389308660363478}}], 

                    LineBox[{{0.05456757764434698, 0}, {0.10846066424798176`, 

                    0.1926020124929465}}]}, 

                    InsetBox["\<\"0.295 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 61->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.03530463556283829, -0.046723647184233406`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.03530463556283829, -0.046723647184233406`}, {

                    0.04976184140020391, 0.005847204978312044}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.053108603229795465`, 0}, 0.2], 

                    LineBox[{{0.053108603229795465`, 0}, {

                    0.24609863075767724`, -0.05248665806457331}}], 

                    LineBox[{{0.053108603229795465`, 0}, {

                    0.0006219451652221542, -0.19299002752788177`}}], 

                    LineBox[{{0.053108603229795465`, 0}, {-0.1398814242980863,

                     0.05248665806457331}}], 

                    LineBox[{{0.053108603229795465`, 0}, {

                    0.10559526129436878`, 0.19299002752788177`}}]}, 

                    InsetBox["\<\"0.3 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 62->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.03294282353885747, -0.05350172530266642}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.03294282353885747, -0.05350172530266642}, {

                    0.05525017925187713, -0.006363691203295226}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.051541289699301246`, 0}, 0.2], 

                    LineBox[{{0.051541289699301246`, 0}, {

                    0.24493670236259396`, -0.050972682495575274`}}], 

                    LineBox[{{0.051541289699301246`, 0}, {

                    0.0005686072037259723, -0.19339541266329272`}}], 

                    LineBox[{{

                    0.051541289699301246`, 0}, {-0.14185412296399147`, 

                    0.050972682495575274`}}], 

                    LineBox[{{0.051541289699301246`, 0}, {

                    0.10251397219487651`, 0.19339541266329272`}}]}, 

                    InsetBox["\<\"0.305 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 63->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.029854598332253672`, -0.060364846429820776`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.029854598332253672`, \

-0.060364846429820776`}, {

                    0.061289549328288805`, -0.019221871972044516`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.04987046244228669, 0}, 0.2], 

                    LineBox[{{0.04987046244228669, 0}, {

                    0.24368495424100192`, -0.04935527093235072}}], 

                    LineBox[{{0.04987046244228669, 0}, {

                    0.0005151915099359736, -0.19381449179871524`}}], 

                    LineBox[{{0.04987046244228669, 0}, {-0.14394402935642855`,

                     0.04935527093235072}}], 

                    LineBox[{{0.04987046244228669, 0}, {0.09922573337463741, 

                    0.19381449179871524`}}]}, 

                    InsetBox["\<\"0.31 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 64->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.02598080942136656, -0.06716950847883138}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.02598080942136656, -0.06716950847883138}, {

                    0.06784341076073791, -0.03257159369744635}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.048101962737295265`, 0}, 0.2], 

                    LineBox[{{0.048101962737295265`, 0}, {

                    0.24234529565225404`, -0.0476395593817627}}], 

                    LineBox[{{0.048101962737295265`, 0}, {

                    0.00046240335553256184`, -0.19424333291495877`}}], 

                    LineBox[{{0.048101962737295265`, 0}, {-0.1461413701776635,

                     0.0476395593817627}}], 

                    LineBox[{{0.048101962737295265`, 0}, {0.09574152211905797,

                     0.19424333291495877`}}]}, 

                    InsetBox["\<\"0.315 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 65->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.021284921087627293`, -0.0737564824521354}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.021284921087627293`, -0.0737564824521354}, {

                    0.07485062859490928, -0.04622548015950999}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.0462427124877309, 0}, 0.2], 

                    LineBox[{{0.0462427124877309, 0}, {

                    0.24092051511538107`, -0.04583179206696694}}], 

                    LineBox[{{0.0462427124877309, 0}, {

                    0.0004109204207639605, -0.19467780262765016`}}], 

                    LineBox[{{0.0462427124877309, 0}, {-0.14843509013991926`, 

                    0.04583179206696694}}], 

                    LineBox[{{0.0462427124877309, 0}, {0.09207450455469784, 

                    0.19467780262765016`}}]}, 

                    InsetBox["\<\"0.32 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 66->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.015758438702467757`, -0.07995557424577049}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.015758438702467757`, -0.07995557424577049}, {

                    0.08222363520807033, -0.05996774814612046}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.04430074999525845, 0}, 0.2], 

                    LineBox[{{0.04430074999525845, 0}, {

                    0.23941438665187362`, -0.04393937631134931}}], 

                    LineBox[{{0.04430074999525845, 0}, {

                    0.00036137368390914276`, -0.19511363665661516`}}], 

                    LineBox[{{0.04430074999525845, 0}, {-0.1508128866613567, 

                    0.04393937631134931}}], 

                    LineBox[{{0.04430074999525845, 0}, {0.08824012630660777, 

                    0.19511363665661516`}}]}, 

                    InsetBox["\<\"0.325 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 67->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.009425271120967846, -0.085592196280314}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.009425271120967846, -0.085592196280314}, {

                    0.08984823693355948, -0.0735601308488222}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.04228523009408713, 0}, 0.2], 

                    LineBox[{{0.04228523009408713, 0}, {

                    0.23783175510004684`, -0.041970901325722974`}}], 

                    LineBox[{{0.04228523009408713, 0}, {

                    0.0003143287683641527, -0.1955465250059597}}], 

                    LineBox[{{0.04228523009408713, 0}, {-0.15326129491187257`,

                     0.041970901325722974`}}], 

                    LineBox[{{0.04228523009408713, 0}, {0.0842561314198101, 

                    0.1955465250059597}}]}, 

                    InsetBox["\<\"0.33 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 68->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{-0.00234438703553215, -0.09049548024404788}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{-0.00234438703553215, -0.09049548024404788}, {

                    0.09758546231562769, -0.08675045572416817}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.04020638329120978, 0}, 0.2], 

                    LineBox[{{0.04020638329120978, 0}, {

                    0.23617859247384865`, -0.03993611433372096}}], 

                    LineBox[{{0.04020638329120978, 0}, {

                    0.0002702689574888145, -0.19597220918263888`}}], 

                    LineBox[{{0.04020638329120978, 0}, {-0.15576582589142912`,

                     0.03993611433372096}}], 

                    LineBox[{{0.04020638329120978, 0}, {0.08014249762493074, 

                    0.19597220918263888`}}]}, 

                    InsetBox["\<\"0.335 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 69->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.0053898038651592275`, -0.09450740600089291}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.0053898038651592275`, -0.09450740600089291}, {

                    0.10527568349092042`, -0.09928349764448044}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.038075430843731814`, 0}, 0.2], 

                    LineBox[{{0.038075430843731814`, 0}, {

                    0.2344620181131803, -0.037845849715118056`}}], 

                    LineBox[{{0.038075430843731814`, 0}, {

                    0.00022958112861375807`, -0.19638658726944846`}}], 

                    LineBox[{{

                    0.038075430843731814`, 0}, {-0.15831115642571664`, 

                    0.037845849715118056`}}], 

                    LineBox[{{0.038075430843731814`, 0}, {0.07592128055884986,

                     0.19638658726944846`}}]}, 

                    InsetBox["\<\"0.34 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 70->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.013649732180013863`, -0.0974921909022135}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.013649732180013863`, -0.0974921909022135}, {

                    0.1127449980237293, -0.11091337890340644`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.035904455568237716`, 0}, 0.2], 

                    LineBox[{{0.035904455568237716`, 0}, {

                    0.23269027695094407`, -0.03571190981638465}}], 

                    LineBox[{{0.035904455568237716`, 0}, {

                    0.00019254575185306821`, -0.19678582138270637`}}], 

                    LineBox[{{

                    0.035904455568237716`, 0}, {-0.16088136581446866`, 

                    0.03571190981638465}}], 

                    LineBox[{{0.035904455568237716`, 0}, {0.07161636538462236,

                     0.19678582138270637`}}]}, 

                    InsetBox["\<\"0.345 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 71->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.022279720521602243`, -0.09934502934541098}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.022279720521602243`, -0.09934502934541098}, {

                    0.11981356407394572`, -0.12141648969372026`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.03370623111580521, 0}, 0.2], 

                    LineBox[{{0.03370623111580521, 0}, {

                    0.23087267234949385`, -0.033546899279104835`}}], 

                    LineBox[{{0.03370623111580521, 0}, {

                    0.00015933183670037432`, -0.19716644123368865`}}], 

                    LineBox[{{0.03370623111580521, 0}, {-0.16346021011788345`,

                     0.033546899279104835`}}], 

                    LineBox[{{0.03370623111580521, 0}, {0.06725313039491004, 

                    0.19716644123368865`}}]}, 

                    InsetBox["\<\"0.35 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 72->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.03110356912682387, -0.09999923775275932}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.03110356912682387, -0.09999923775275932}, {

                    0.12630528069172142`, -0.13060371643013685`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.031494016136181496`, 0}, 0.2], 

                    LineBox[{{0.031494016136181496`, 0}, {

                    0.22901945329340068`, -0.03136401880897051}}], 

                    LineBox[{{0.031494016136181496`, 0}, {

                    0.00012999732721098722`, -0.19752543715721918`}}], 

                    LineBox[{{

                    0.031494016136181496`, 0}, {-0.16603142102103768`, 

                    0.03136401880897051}}], 

                    LineBox[{{0.031494016136181496`, 0}, {0.062858034945152, 

                    0.19752543715721918`}}]}, 

                    InsetBox["\<\"0.355 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 73->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.03993408825685263, -0.09943097402651656}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.03993408825685263, -0.09943097402651656}, {

                    0.13205795888651908`, -0.13833074857867148`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.029281323163310388`, 0}, 0.2], 

                    LineBox[{{0.029281323163310388`, 0}, {

                    0.22714165950334797`, -0.029176828193057797`}}], 

                    LineBox[{{0.029281323163310388`, 0}, {

                    0.00010449497025259019`, -0.19786033634003758`}}], 

                    LineBox[{{0.029281323163310388`, 0}, {-0.1685790131767272,

                     0.029176828193057797`}}], 

                    LineBox[{{0.029281323163310388`, 0}, {

                    0.058458151356368185`, 0.19786033634003758`}}]}, 

                    InsetBox["\<\"0.36 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 74->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.04858370828053977, -0.09766095681528092}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.04858370828053977, -0.09766095681528092}, {

                    0.13693299757230798`, -0.14450541306828324`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.027081673169326755`, 0}, 0.2], 

                    LineBox[{{0.027081673169326755`, 0}, {

                    0.2252509304687468, -0.026998990006966025`}}], 

                    LineBox[{{0.027081673169326755`, 0}, {

                    0.00008268316236072909, -0.19816925729942006`}}], 

                    LineBox[{{0.027081673169326755`, 0}, {-0.1710875841300933,

                     0.026998990006966025`}}], 

                    LineBox[{{0.027081673169326755`, 0}, {0.05408066317629278,

                     0.19816925729942006`}}]}, 

                    InsetBox["\<\"0.365 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 75->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.05687512311614498, -0.0947529707353494}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.05687512311614498, -0.0947529707353494}, {

                    0.14082358335146183`, -0.14909131837418937`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.024908350729399065`, 0}, 0.2], 

                    LineBox[{{0.024908350729399065`, 0}, {

                    0.22335928968811142`, -0.024844009869693373`}}], 

                    LineBox[{{0.024908350729399065`, 0}, {

                    0.00006434085970569159, -0.19845093895871235`}}], 

                    LineBox[{{0.024908350729399065`, 0}, {-0.1735425882293133,

                     0.024844009869693373`}}], 

                    LineBox[{{0.024908350729399065`, 0}, {0.04975236059909244,

                     0.19845093895871235`}}]}, 

                    InsetBox["\<\"0.37 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 76->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.06465093330812552, -0.09080934284492352}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.06465093330812552, -0.09080934284492352}, {

                    0.14366060886368007`, -0.1521075578972887}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.022774170633903218`, 0}, 0.2], 

                    LineBox[{{0.022774170633903218`, 0}, {

                    0.22147891400804545`, -0.022724985382091566`}}], 

                    LineBox[{{0.022774170633903218`, 0}, {

                    0.00004918525181165159, -0.19870474337414223`}}], 

                    LineBox[{{

                    0.022774170633903218`, 0}, {-0.17593057274023902`, 

                    0.022724985382091566`}}], 

                    LineBox[{{0.022774170633903218`, 0}, {0.04549915601599479,

                     0.19870474337414223`}}]}, 

                    InsetBox["\<\"0.375 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 77->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.07178138933936362, -0.08596394459028796}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.07178138933936362, -0.08596394459028796}, {

                    0.14541578284555345`, -0.15362468721831113`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.020691270622747754`, 0}, 0.2], 

                    LineBox[{{0.020691270622747754`, 0}, {

                    0.21962190323937447`, -0.02065437984420467}}], 

                    LineBox[{{0.020691270622747754`, 0}, {

                    0.000036890778543085395`, -0.19893063261662672`}}], 

                    LineBox[{{

                    0.020691270622747754`, 0}, {-0.17823936199387896`, 

                    0.02065437984420467}}], 

                    LineBox[{{0.020691270622747754`, 0}, {0.04134565046695242,

                     0.19893063261662672`}}]}, 

                    InsetBox["\<\"0.38 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 78->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.07816963596944229, -0.08037353339271026}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.07816963596944229, -0.08037353339271026}, {

                    0.14610177462881674`, -0.15375762252082797`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.018670937412491578`, 0}, 0.2], 

                    LineBox[{{0.018670937412491578`, 0}, {

                    0.2178000604100468, -0.018643829387347682`}}], 

                    LineBox[{{0.018670937412491578`, 0}, {

                    0.000027108025143895292`, -0.19912912299755522`}}], 

                    LineBox[{{

                    0.018670937412491578`, 0}, {-0.18045818558506366`, 

                    0.018643829387347682`}}], 

                    LineBox[{{0.018670937412491578`, 0}, {

                    0.037314766799839263`, 0.19912912299755522`}}]}, 

                    InsetBox["\<\"0.385 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 79->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.08375418801342037, -0.07420837878094023}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.08375418801342037, -0.07420837878094023}, {

                    0.14576958756103903`, -0.15265638843669388`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.01672347476416053, 0}, 0.2], 

                    LineBox[{{0.01672347476416053, 0}, {

                    0.21602469553358294`, -0.016703993529032155`}}], 

                    LineBox[{{0.01672347476416053, 0}, {

                    0.00001948123512837338, -0.19930122076942242`}}], 

                    LineBox[{{0.01672347476416053, 0}, {-0.1825777460052619, 

                    0.016703993529032155`}}], 

                    LineBox[{{0.01672347476416053, 0}, {0.03342746829319268, 

                    0.19930122076942242`}}]}, 

                    InsetBox["\<\"0.39 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 80->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.08850872784561009, -0.06764308721638616}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.08850872784561009, -0.06764308721638616}, {

                    0.14450365783156896`, -0.1504957746554039}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.014858115140511855`, 0}, 0.2], 

                    LineBox[{{0.014858115140511855`, 0}, {

                    0.21430645996625014`, -0.014844451699991998`}}], 

                    LineBox[{{0.014858115140511855`, 0}, {

                    0.000013663440519857267`, -0.19944834482573828`}}], 

                    LineBox[{{

                    0.014858115140511855`, 0}, {-0.18459022968522643`, 

                    0.014844451699991998`}}], 

                    LineBox[{{0.014858115140511855`, 0}, {

                    0.029702566840503854`, 0.19944834482573828`}}]}, 

                    InsetBox["\<\"0.395 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 81->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.09243959158139979, -0.060848398281083065`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.09243959158139979, -0.060848398281083065`}, {

                    0.14241536402824367`, -0.1474649219260625}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.01308297606242313, 0}, 0.2], 

                    LineBox[{{0.01308297606242313, 0}, {

                    0.21265521797364342`, -0.013073647483750145`}}], 

                    LineBox[{{0.01308297606242313, 0}, {

                    9.328578672985685*^-6, -0.1995722419112203}}], 

                    LineBox[{{0.01308297606242313, 0}, {-0.1864892658487972, 

                    0.013073647483750145`}}], 

                    LineBox[{{0.01308297606242313, 0}, {0.026156623546173277`,

                     0.1995722419112203}}]}, 

                    InsetBox["\<\"0.4 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 82->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.09558150662729127, -0.05398449210407207}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.09558150662729127, -0.05398449210407207}, {

                    0.1396357036181729, -0.1437576937150684}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.011405057353961965`, 0}, 0.2], 

                    LineBox[{{0.011405057353961965`, 0}, {

                    0.2110799571341691, -0.011398877039613866`}}], 

                    LineBox[{{0.011405057353961965`, 0}, {

                    6.180314348099361*^-6, -0.19967489978020714`}}], 

                    LineBox[{{

                    0.011405057353961965`, 0}, {-0.18826984242624517`, 

                    0.011398877039613866`}}], 

                    LineBox[{{0.011405057353961965`, 0}, {0.02280393439357583,

                     0.19967489978020714`}}]}, 

                    InsetBox["\<\"0.405 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 83->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.09799221925269418, -0.0471960965269347}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.09799221925269418, -0.0471960965269347}, {

                    0.13630785133727247`, -0.1395644479139722}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.009830274669896642, 0}, 0.2], 

                    LineBox[{{0.009830274669896642, 0}, {

                    0.20958873755216176`, -0.00982631705751004}}], 

                    LineBox[{{0.009830274669896642, 0}, {

                    3.957612386602111*^-6, -0.19975846288226512`}}], 

                    LineBox[{{

                    0.009830274669896642, 0}, {-0.18992818821236848`, 

                    0.00982631705751004}}], 

                    LineBox[{{0.009830274669896642, 0}, {0.01965659172740668, 

                    0.19975846288226512`}}]}, 

                    InsetBox["\<\"0.41 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 84->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.09974663511652282, -0.04060944118102933}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.09974663511652282, -0.04060944118102933}, {

                    0.13258019044332098`, -0.13506555609479276`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.008363522415299295, 0}, 0.2], 

                    LineBox[{{0.008363522415299295, 0}, {

                    0.2081886766291362, -0.008361085062138032}}], 

                    LineBox[{{0.008363522415299295, 0}, {

                    2.437353161263353*^-6, -0.1998251542138369}}], 

                    LineBox[{{0.008363522415299295, 0}, {-0.1914616317985376, 

                    0.008361085062138032}}], 

                    LineBox[{{0.008363522415299295, 0}, {

                    0.016724607477437328`, 0.1998251542138369}}]}, 

                    InsetBox["\<\"0.415 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 85->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.10093100409078135`, -0.034330917128898915`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.10093100409078135`, -0.034330917128898915`}, {

                    0.12860023866189302`, -0.13042677270159675`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.0070087589670159356`, 0}, 0.2], 

                    LineBox[{{0.0070087589670159356`, 0}, {

                    0.20688596477877322`, -0.007007324516849134}}], 

                    LineBox[{{0.0070087589670159356`, 0}, {

                    1.4344501668012155`*^-6, -0.19987720581175727`}}], 

                    LineBox[{{

                    0.0070087589670159356`, 0}, {-0.19286844684474133`, 

                    0.007007324516849134}}], 

                    LineBox[{{0.0070087589670159356`, 0}, {

                    0.01401608348386507, 0.19987720581175727`}}]}, 

                    InsetBox["\<\"0.42 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 86->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.101637549803437, -0.0284471735989715}, 0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.101637549803437, -0.0284471735989715}, {

                    0.12450971109660937`, -0.1257963607439041}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.0057691070590699806`, 0}, 0.2], 

                    LineBox[{{0.0057691070590699806`, 0}, {

                    0.20568590633769585`, -0.005768307047099542}}], 

                    LineBox[{{0.0057691070590699806`, 0}, {

                    8.000119704389824*^-7, -0.19991679927862588`}}], 

                    LineBox[{{

                    0.0057691070590699806`, 0}, {-0.1941476922195559, 

                    0.005768307047099542}}], 

                    LineBox[{{0.0057691070590699806`, 0}, {

                    0.011537414106169522`, 0.19991679927862588`}}]}, 

                    InsetBox["\<\"0.425 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 87->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.10195980164405534`, -0.023026318615973797`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.10195980164405534`, -0.023026318615973797`}, {

                    0.12044079906508026`, -0.12130374600560417`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.004646962557963228, 0}, 0.2], 

                    LineBox[{{0.004646962557963228, 0}, {

                    0.20459297933409068`, -0.004646544453739185}}], 

                    LineBox[{{0.004646962557963228, 0}, {

                    4.1810422404288394`*^-7, -0.19994601677612744`}}], 

                    LineBox[{{0.004646962557963228, 0}, {-0.1952990542181642, 

                    0.004646544453739185}}], 

                    LineBox[{{0.004646962557963228, 0}, {0.009293507011702413,

                     0.19994601677612744`}}]}, 

                    InsetBox["\<\"0.43 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 88->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.10198875465902371`, -0.018119879565771747`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.10198875465902371`, -0.018119879565771747`}, {

                    0.11651361450392862`, -0.11705939869986634`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.0036441057729662226`, 0}, 0.2], 

                    LineBox[{{0.0036441057729662226`, 0}, {

                    0.20361090792420977`, -0.003643904143281096}}], 

                    LineBox[{{0.0036441057729662226`, 0}, {

                    2.0162968512654408`*^-7, -0.19996680215124354`}}], 

                    LineBox[{{

                    0.0036441057729662226`, 0}, {-0.19632269637827732`, 

                    0.003643904143281096}}], 

                    LineBox[{{0.0036441057729662226`, 0}, {

                    0.007288009916247319, 0.19996680215124354`}}]}, 

                    InsetBox["\<\"0.435 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 89->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.10180987501905457`, -0.013765207285862814`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.10180987501905457`, -0.013765207285862814`}, {

                    0.11283466068300387`, -0.11315561980670899`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.0027618105837652262`, 0}, 0.2], 

                    LineBox[{{0.0027618105837652262`, 0}, {

                    0.20274274189253394`, -0.002761722809685203}}], 

                    LineBox[{{0.0027618105837652262`, 0}, {

                    8.777408002334786*^-8, -0.1999809313087687}}], 

                    LineBox[{{

                    0.0027618105837652262`, 0}, {-0.19721912072500347`, 

                    0.002761722809685203}}], 

                    LineBox[{{0.0027618105837652262`, 0}, {

                    0.005523533393450429, 0.1999809313087687}}]}, 

                    InsetBox["\<\"0.44 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 90->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.10150089091422454`, -0.009988055077174901}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.10150089091422454`, -0.009988055077174901}, {

                    0.10949613785644856`, -0.10966792278541806`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.0020009474178821858`, 0}, 0.2], 

                    LineBox[{{0.0020009474178821858`, 0}, {

                    0.20199093802495044`, -0.0020009140373225764`}}], 

                    LineBox[{{0.0020009474178821858`, 0}, {

                    3.3380559609410415`*^-8, -0.19998999060706826`}}], 

                    LineBox[{{

                    0.0020009474178821858`, 0}, {-0.1979890431891861, 

                    0.0020009140373225764`}}], 

                    LineBox[{{0.0020009474178821858`, 0}, {

                    0.004001861455204762, 0.19998999060706826`}}]}, 

                    InsetBox["\<\"0.445 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 91->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.10113026012592474`, -0.006805123337927767}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.10113026012592474`, -0.006805123337927767}, {

                    0.10657587441991104`, -0.10665673967417509`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.001362077340251061, 0}, 0.2], 

                    LineBox[{{0.001362077340251061, 0}, {

                    0.20135743922147592`, -0.0013620668111073075`}}], 

                    LineBox[{{0.001362077340251061, 0}, {

                    1.0529143753493925`*^-8, -0.19999536188122485`}}], 

                    LineBox[{{0.001362077340251061, 0}, {-0.1986332845409738, 

                    0.0013620668111073075`}}], 

                    LineBox[{{0.001362077340251061, 0}, {

                    0.0027241441513583685`, 0.19999536188122485`}}]}, 

                    InsetBox["\<\"0.45 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 92->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.10075618228560124`, -0.004226416726301303}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.10075618228560124`, -0.004226416726301303}, {

                    0.10413767831245781`, -0.10416922779653465`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.0008455351970369419, 0}, 0.2], 

                    LineBox[{{0.0008455351970369419, 0}, {

                    0.2008437478752755, -0.0008455326782963451}}], 

                    LineBox[{{0.0008455351970369419, 0}, {

                    2.51874059684163*^-9, -0.19999821267823856`}}], 

                    LineBox[{{0.0008455351970369419, 0}, {-0.1991526774812016,

                     0.0008455326782963451}}], 

                    LineBox[{{0.0008455351970369419, 0}, {

                    0.0016910678753332868`, 0.19999821267823856`}}]}, 

                    InsetBox["\<\"0.455 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 93->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.10042602000203747`, -0.002257310798312516}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.10042602000203747`, -0.002257310798312516}, {

                    0.10223192386214085`, -0.10224100302483545`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.0004515005085194147, 0}, 0.2], 

                    LineBox[{{0.0004515005085194147, 0}, {

                    0.20045099087696286`, -0.0004515001250211713}}], 

                    LineBox[{{0.0004515005085194147, 0}, {

                    3.834982434153429*^-10, -0.19999949036844344`}}], 

                    LineBox[{{

                    0.0004515005085194147, 0}, {-0.19954798985992403`, 

                    0.0004515001250211713}}], 

                    LineBox[{{0.0004515005085194147, 0}, {

                    0.000903000633540586, 0.19999949036844344`}}]}, 

                    InsetBox["\<\"0.46 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 94->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.10017600283296503`, -0.0009002643099281902}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{0.10017600283296503`, -0.0009002643099281902}, {

                    0.10089621778331004`, -0.10089767072842137`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.00018005529421588065`, 0}, 0.2], 

                    LineBox[{{0.00018005529421588065`, 0}, {

                    0.20017997424444894`, -0.0001800552698934806}}], 

                    LineBox[{{0.00018005529421588065`, 0}, {

                    2.4322400051044607`*^-11, -0.19999991895023306`}}], 

                    LineBox[{{

                    0.00018005529421588065`, 0}, {-0.19981986365601717`, 

                    0.0001800552698934806}}], 

                    LineBox[{{0.00018005529421588065`, 0}, {

                    0.00036011056410936124`, 0.19999991895023306`}}]}, 

                    InsetBox["\<\"0.465 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}], 95->

                  GraphicsBox[{{

                    {RGBColor[0, 0, 1], 

                    DiskBox[{0.10003110641695358`, -0.00015614152609763924`}, 

                    0.1]}, 

                    {RGBColor[0, 0, 0], 

                    LineBox[{{

                    0.10003110641695358`, -0.00015614152609763924`}, {

                    0.10015601965610414`, -0.10015606350948063`}}]}}, 

                    {RGBColor[1, 0, 0], 

                    CircleBox[{0.000031228317908734676`, 0}, 0.2], 

                    LineBox[{{0.000031228317908734676`, 0}, {

                    0.20003122587988914`, -0.00003122831778184259}}], 

                    LineBox[{{0.000031228317908734676`, 0}, {

                    1.2689208814557415`*^-13, -0.19999999756198042`}}], 

                    LineBox[{{

                    0.000031228317908734676`, 0}, {-0.1999687692440717, 

                    0.00003122831778184259}}], 

                    LineBox[{{0.000031228317908734676`, 0}, {

                    0.00006245663569057726, 0.19999999756198042`}}]}, 

                    InsetBox["\<\"0.47 s\"\>", Scaled[{0.5, 0.9}]]},

                   Frame->True,

                   

                   PlotRange->{{-0.30000000000000004`, 

                    0.30000000000000004`}, {-0.2, 0.2}}]}, 

                  Dynamic[$CellContext`i$$],

                  Alignment->Automatic,

                  ImageSize->All],

                 Identity,

                 Editable->True,

                 Selectable->True]],

                ScriptLevel->0,

                Background->GrayLevel[1]],

               ImageMargins->10],

              Deployed->False,

              StripOnInput->False,

              GraphicsBoxOptions->{PreserveImageOptions->True},

              Graphics3DBoxOptions->{PreserveImageOptions->True}],

             Identity,

             Editable->False,

             Selectable->False],

            Alignment->{Left, Center},

            Background->GrayLevel[1],

            Frame->1,

            FrameStyle->GrayLevel[0, 0.2],

            StripOnInput->False]}

         },

         ColumnsEqual->False,

         GridBoxAlignment->{

          "Columns" -> {{Left}}, "ColumnsIndexed" -> {}, "Rows" -> {{Top}}, 

           "RowsIndexed" -> {}},

         GridBoxDividers->{

          "Columns" -> {{False}}, "ColumnsIndexed" -> {}, "Rows" -> {{False}},

            "RowsIndexed" -> {}},

         GridBoxItemSize->{

          "Columns" -> {{Automatic}}, "Rows" -> {{Automatic}}},

         GridBoxSpacings->{"Columns" -> {

             Offset[0.7], {

              Offset[0.5599999999999999]}, 

             Offset[0.7]}, "ColumnsIndexed" -> {}, "Rows" -> {

             Offset[0.4], {

              Offset[0.8]}, 

             Offset[0.4]}, "RowsIndexed" -> {}},

         RowsEqual->False],

        "Grid"], If[

        CurrentValue["SelectionOver"], 

        Manipulate`Dump`ReadControllerState[

         Map[Manipulate`Dump`updateOneVar[#, 

           CurrentValue["PreviousFormatTime"], 

           CurrentValue["CurrentFormatTime"]]& , {

           

           Manipulate`Dump`controllerLink[{$CellContext`i$$, \

$CellContext`i$1883$$}, "X1", 

            If["DefaultAbsolute", True, "JB1"], False, {1, 95, 1}, 95, 1.]}], 

         

         CurrentValue[{

          "ControllerData", {

           "Gamepad", "Joystick", "Multi-Axis Controller"}}], {}]],

       ImageSizeCache->{480., {179.5, 186.5}}],

      DefaultBaseStyle->{},

      FrameMargins->{{5, 5}, {5, 5}}],

     BaselinePosition->Automatic,

     ImageMargins->0],

    Deinitialization:>None,

    DynamicModuleValues:>{},

    SynchronousInitialization->True,

    UnsavedVariables:>{Typeset`initDone$$},

    UntrackedVariables:>{Typeset`size$$}], "Manipulate",

   Deployed->True,

   StripOnInput->False],

  Manipulate`InterpretManipulate[1]]], "Output",

 CellChangeTimes->{3.392546960108531*^9, 3.392547015528221*^9}]

}, Open  ]]

}, Open  ]]

},

WindowToolbars->{"RulerBar", "EditBar"},

WindowSize->{968, 681},

WindowMargins->{{0, Automatic}, {Automatic, 0}},

ShowSelection->True,

Magnification->1.25,

FrontEndVersion->"6.0 for Microsoft Windows (32-bit) (April 28, 2007)",

StyleDefinitions->FrontEnd`FileName[{"Creative"}, "NaturalColor.nb", 

  CharacterEncoding -> "WindowsEastEurope"]

]

(* End of Notebook Content *)
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(*NotebookFileOutline

Notebook[{

Cell[CellGroupData[{

Cell[590, 23, 138, 3, 90, "Title"],

Cell[731, 28, 257, 3, 36, "Subsubtitle"]

}, Open  ]],

Cell[CellGroupData[{

Cell[1025, 36, 25, 0, 90, "Title"],

Cell[1053, 38, 74, 1, 48, "Input"],

Cell[1130, 41, 62, 0, 34, "Text"],

Cell[1195, 43, 280, 7, 119, "Input"],

Cell[1478, 52, 50, 0, 34, "Text"],

Cell[1531, 54, 105, 3, 48, "Input"],

Cell[1639, 59, 51, 0, 34, "Text"],

Cell[1693, 61, 268, 9, 63, "Input"],

Cell[1964, 72, 51, 0, 34, "Text"],

Cell[2018, 74, 268, 9, 63, "Input"],

Cell[2289, 85, 51, 0, 34, "Text"],

Cell[2343, 87, 268, 9, 63, "Input"],

Cell[2614, 98, 30, 0, 34, "Text"],

Cell[2647, 100, 264, 7, 115, "Input"],

Cell[2914, 109, 51, 0, 34, "Text"],

Cell[2968, 111, 130, 4, 64, "Input"],

Cell[3101, 117, 64, 0, 34, "Text"],

Cell[3168, 119, 156, 5, 48, "Input"],

Cell[3327, 126, 43, 0, 34, "Text"],

Cell[3373, 128, 74, 2, 67, "Input"],

Cell[CellGroupData[{

Cell[3472, 134, 27, 0, 43, "Subtitle"],

Cell[3502, 136, 169, 3, 93, "Input"]

}, Open  ]],

Cell[CellGroupData[{

Cell[3708, 144, 29, 0, 43, "Subtitle"],

Cell[CellGroupData[{

Cell[3762, 148, 125, 3, 48, "Input"],

Cell[3890, 153, 287, 6, 48, "Output"]

}, Open  ]]

}, Open  ]]

}, Open  ]],

Cell[CellGroupData[{

Cell[4238, 166, 25, 0, 90, "Title"],

Cell[4266, 168, 74, 1, 48, "Input"],

Cell[4343, 171, 31, 0, 34, "Text"],

Cell[4377, 173, 435, 14, 48, "Input"],

Cell[4815, 189, 36, 0, 34, "Text"],

Cell[4854, 191, 286, 8, 93, "Input"],

Cell[5143, 201, 33, 0, 34, "Text"],

Cell[5179, 203, 458, 16, 93, "Input"],

Cell[5640, 221, 26, 0, 34, "Text"],

Cell[5669, 223, 509, 15, 93, "Input"],

Cell[6181, 240, 33, 0, 34, "Text"],

Cell[6217, 242, 340, 7, 93, "Input"],

Cell[6560, 251, 41, 0, 34, "Text"],

Cell[6604, 253, 125, 4, 64, "Input"],

Cell[6732, 259, 34, 0, 34, "Text"],

Cell[CellGroupData[{

Cell[6791, 263, 169, 5, 48, "Input"],

Cell[6963, 270, 1508, 44, 65, "Output"]

}, Open  ]],

Cell[8486, 317, 39, 0, 34, "Text"],

Cell[8528, 319, 261, 6, 71, "Input"],

Cell[8792, 327, 189, 4, 34, "Text"],

Cell[CellGroupData[{

Cell[9006, 335, 249, 6, 71, "Input"],

Cell[9258, 343, 477, 13, 48, "Output"],

Cell[9738, 358, 520, 15, 48, "Output"]

}, Open  ]]

}, Open  ]],

Cell[CellGroupData[{

Cell[10307, 379, 25, 0, 90, "Title"],

Cell[10335, 381, 74, 1, 48, "Input"],

Cell[10412, 384, 46, 0, 34, "Text"],

Cell[10461, 386, 162, 5, 48, "Input"],

Cell[10626, 393, 43, 0, 34, "Text"],

Cell[10672, 395, 165, 5, 48, "Input"],

Cell[10840, 402, 29, 0, 34, "Text"],

Cell[10872, 404, 352, 12, 64, "Input"],

Cell[11227, 418, 24, 0, 34, "Text"],

Cell[11254, 420, 420, 13, 93, "Input"],

Cell[11677, 435, 20, 0, 34, "Text"],

Cell[11700, 437, 353, 12, 64, "Input"],

Cell[12056, 451, 24, 0, 34, "Text"],

Cell[12083, 453, 349, 12, 90, "Input"],

Cell[12435, 467, 65, 0, 34, "Text"],

Cell[12503, 469, 560, 18, 71, "Input"],

Cell[13066, 489, 84, 2, 34, "Text"],

Cell[13153, 493, 203, 6, 48, "Input"],

Cell[13359, 501, 127, 3, 34, "Text"],

Cell[13489, 506, 257, 7, 71, "Input"],

Cell[13749, 515, 38, 0, 34, "Text"],

Cell[CellGroupData[{

Cell[13812, 519, 1051, 33, 71, "Input"],

Cell[14866, 554, 535, 16, 48, "Output"],

Cell[15404, 572, 556, 17, 48, "Output"]

}, Open  ]],

Cell[15975, 592, 24, 0, 34, "Text"],

Cell[16002, 594, 159, 3, 93, "Input"],

Cell[16164, 599, 112, 3, 34, "Text"],

Cell[CellGroupData[{

Cell[16301, 606, 763, 21, 93, "Input"],

Cell[17067, 629, 698, 24, 48, "Output"]

}, Open  ]],

Cell[17780, 656, 329, 10, 71, "Input"],

Cell[18112, 668, 55, 0, 34, "Text"],

Cell[18170, 670, 4516, 133, 269, "Input"],

Cell[22689, 805, 31, 0, 34, "Text"],

Cell[22723, 807, 710, 23, 71, "Input"],

Cell[23436, 832, 126, 3, 34, "Text"],

Cell[CellGroupData[{

Cell[23587, 839, 301, 9, 48, "Input"],

Cell[23891, 850, 458, 9, 27, "Message"]

}, Open  ]],

Cell[24364, 862, 133, 4, 48, "Input"],

Cell[24500, 868, 25, 0, 34, "Text"],

Cell[CellGroupData[{

Cell[24550, 872, 327, 9, 48, "Input"],

Cell[24880, 883, 121157, 2250, 420, "Output"]

}, Open  ]]

}, Open  ]]

}

]

*)



(* End of internal cache information *)



Pripeta datoteka z rešitvijo v Mathematici
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Naloga 1 (30 točk) Zadostuje
znanje: Trk

Povprečen
uspeh: 83%Na sliki je prikazan Newtonov ojačevalnik (zakaj,

boste izvedeli, ko boste nalogo rešili); sestavljen je
iz 4 krogel (mA,mB,mC,mD). Koeficient trka med
kroglami ter kroglo D in podlago je ε. Izračunajte
hitrost, s katero se odbije krogla A in kakšen je ta-
krat njen delež energije glede na začetno energijo
sistema. Sistem krogel spustimo iz vǐsine h.
Podatki: h = 1 m, g = 9.81 m/s

2
, ε = 0,95,mA =

m,mB = 3m,mC = 9m,mD = 27m.

Rešitev

vD0 = −4.43 m/s

vD1 = 4,21 m/s

vC1 = 8,20 m/s

vB1 = 14,05 m/s

vA1 = 22,59 m/s

n = 0,65

Postopek

Pred prvim trkom imajo vse krogle enako hitrost:

vA0 = vB0 = vC0 = vD0 = −
√

2 g h.
Točk: 5

Najprej trči krogla D s podlago; njena hitrost po trku je:

vD1 = −ε vD0,
Točk: 5

nato trči krogla C v kroglo D; njena hitrost po trku je:

vC1 = vC0 − (vC0 − vD1) (1 + ε)
mD

mC +mD
=

√
g h

(
3 ε2 + 6 ε− 1

)
2
√

2
.

Točk: 5

Sledi trk krogle B v kroglo C; njena hitrost po trku je:

vB1 = vB0 − (vB0 − vC1) (1 + ε)
mC

mB +mC
=

√
g h

(
9 ε3 + 27 ε2 + 27 ε− 7

)
8
√

2
.

Točk: 5

In končno trk krogle A v kroglo B:

vA1 = vA0 − (vA0 − vB1) (1 + ε)
mB

mA +mB
=

√
g h

(
27 ε4 + 108 ε3 + 162ε2 + 108ε− 37

)
32
√

2
.

Točk: 5

Delež energije krogle A glede na celoten sistem je:

n =
EkA

Ep
=

1
2 mA v

2
A1

(mA +mB +mC +mD) g h
=

(
27 ε4 + 108 ε3 + 162 ε2 + 108 ε− 37

)2
163840

Točk: 5

Kje so imeli študentje težave?
Pri predznakih hitrosti. Najbolje je, da izberemo koordinatni sistem, potem pa dosledno sledimo enačbam.
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Naloga 2 (35 točk) Zadostuje
znanje: AD

Povprečen
uspeh: 60%Na valj A, ki se brez podrsavanja kotali po kocki

B, je navita vrv. Če vrv vlečemo s konstantno silo
F in je med kocko B in tlemi koeficient trenja µ,
potem s pomočjo D’Alambertovega principa izpeljite
gibalno/e enačbo/e sistema.
Uporabite koordinati x in ϕ. Predpostavite, da je
trenje dovolj majhno, da kocka B drsi.
Podatki: F, a, r,m, g, µ

Rešitev

−3mẍ− rm ϕ̈+ F − 3 gmµ = 0

−mr ẍ− 3

2
mr2 ϕ̈+ 2F r = 0

Postopek

Sistem je nekonservativen in ima dve prostostni stopnji (N=P=2): q1 = x, q2 = ϕ. Da izračunamo
dinamično ravnotežno stanje, moramo najprej določiti virtualno delo sistema:

δW =

n∑
i

(F i + F v,i) δri.

Nastavimo torej virtualno delo:

δW = (FA + F v,A) δrA︸ ︷︷ ︸
A - translacija

+ (MA +Mv,A) δϕ︸ ︷︷ ︸
A - rotacija

+ (FB + F v,B) δrB︸ ︷︷ ︸
B - translacija

+ (−F δxF)︸ ︷︷ ︸
Sila F

Točk: 5

Posamezne zunanje aktivne sile so :

FA =

(
0
0

)
N,

MA = 0 Nm

FB =

(
−(m+ 2m) g µ

0 N

)
.

Točk: 5

Opomba: Virtualno delo sile F bi lahko vključili tudi kot zunanjo aktivno silo in moment na težǐsče telesa
A (translacija + rotacija!). V tem tem primeru bi se spremenila člena: FA = (−F, 0 N), MA = −2 r F .

Vztrajnostne sile so:

F v,A =

(
−mẍA

0 N

)
,

Mv,A = −J ϕ̈,

F v,B = −2mẍB.

Točk: 5
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Poǐsčimo še krajevne vektorje:

rA =

(
xA
yA

)
, rB =

(
xB
yB

)
, rF =

(
xF
yF

)
.

Točk: 5

Ker v y smeri ni zunanjih aktivnih sil (ki bi imele za posledico virtualno delo) nas koordinate yA, yB, yF
ne zanimajo več. Preostanejo koordinate:

xA = x+ r ϕ,

xB = x,

xF = x+ 2 r ϕ.
Točk: 5

Izračunajmo sedaj še virtualne premike (po definiciji δri =
∑
j
∂ri

∂qj
δqj):

δxA = δx+ r δϕ,

δxB = δx,

δxF = δx+ 2 r δϕ.
Točk: 5

Potem, ko uporabimo še J = 1
2 mr2, izpeljemo izraz za virtualno delo:

δW = δx (F − 3 gmµ− 3mẍ−mr ϕ̈) + δϕ

(
2F r −mr ẍ− 3

2
mr2 ϕ̈

)
Ker je virtualno delo enako nič, posplošeni sili Qx in Qϕ pa v splošnem nista, ob namǐsljenih pomikih
δx 6= 0, δϕ = 0 izpeljemo Qx = 0:

−3mẍ− r ϕ̈+ F − 3 gmµ = 0

. Ob namǐsljenih pomikih δx = 0, δϕ 6= 0 pa izpeljemo Qϕ = 0:

−mẍ− 3

2
mr2 ϕ̈+ 2F r = 0

Točk: 5

Kje so imeli študentje težave?
Sistem ima dve prostostni stopnji! S translacijo gredo skupaj pomiki, z rotacijo pa zasuki.

Naloga 3 (35 točk) Zadostuje
znanje: AD

Povprečen
uspeh: 56%

Na sliki je prikazan dinamski sistem, ki je sesta-
vljen iz tankega obroča mase m in polmera 2 r
(J1 = m (2 r)2) ter valja mase m in polmera r. Valj
nakotaljuje brez podrsavanja znotraj obroča in tudi
obroč nakotaljuje po podlagi brez podrsavanja.
Za prikazan sistem nastavite Lagrangevo energijsko
funkcijo; torej: z danimi parametri in posplošenimi
koordinatami definirajte Lagrangevo energijsko
funkcijo, pri čemer nastavljenih hitrosti ni potrebno
odvajati. Kot posplošeni koordinati uporabite
absolutna zasuka α in β. Po potrebi si pomagajte
s pomožno koordinato ϕ in enakostjo ϕ = α − β,
glejte sliko b).

Podatki: r,m, g
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Rešitev

Postopek

Lagrangeva energijska funkcija je definirana kot:

L = Ek − Ep.

Kinetična energija je definirana kot:

Ek = Ek1 + Ek2

kjer sta kinetični energiji obroča in valja:

Ek1 =
1

2
mv21 +

1

2
J1 β̇

2

Ek2 =
1

2
mv22 +

1

2
J2 α̇

2.

Točk: 5

Manjkajoče hitrosti so:

v1 = ẋ1,
Točk: 5

v2 =
√
ẋ22 + ẏ22 .

Točk: 5

Koordinate težǐsča obroča:

x1 = 2 r β, y1 = 0
Točk: 5

in valja

x2 = x1 + r sin(ϕ− β), y2 = −r cos(ϕ− β).

Povezava koordinate ϕ s posplošenimi koordinatami2:

ϕ = α− β.
Točk: 10

Sedaj nastavimo še potencialno energijo (glede na to kako smo izbrali koordinatni sistem, je potencialna
energija obroča enaka nič):

Ep = mg y2.
Točk: 5

Kje so imeli študentje težave?
Valj opravlja translatorno in rotacijsko gibanje.
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2.3 Datum: 28.3.2008

Naloga 1 (25 točk) Zadostuje
znanje: Trk

A

B

�

v
B

elastična podlaga
�

x

y

težišče

Kroglica B mase mB prileti pravokotno na ploskev klade A,
ki je postavljena na tanko elastično podlago. Določite hitrost
kroglice B in klade A takoj po trku, če je hitrost kroglice pred
trkom enaka vB in je klada na začetku mirovala. Ob predpo-
stavki, da je gibanje klade v y-smeri zanemarljivo, določite tudi
pot, ki jo opravi klada po trku, če je koeficient trenja med ela-
stično podlago in klado enak µ. Koeficient trka med kroglico
in klado je enak ε.

mA = 5 kg α = 60◦

mB = 0,5 kg ε = 0,8
vB = 10 m/s µ = 0,5

Rešitev

x =
v2Ax

2µmBg
= 0,202 m

Postopek

Hitrosti kroglice in klade po trku določimo z enačbami za premi centrični trk:

v′B = vB − (vB − vA)(1 + ε)
mA

mB +mA

v′A = vA + (vB − vA)(1 + ε)
mB

mB +mA

Zgornji enačbi ob upoštevanju, da je hitrost klade na začetku enaka nič, zapǐsemo kot:

v′B = vB − vB(1 + ε)
mA

mB +mA
= −6,3 m/s

v′A = vB(1 + ε)
mB

mB +mA
= 1,63 m/s

Ker nas zanima kakšno pot nadalje opravi klada je potrebno določiti hitrost klade v x-smeri:

vAx = v′A sinα = 1,41 m/s

Sedaj je potrebno določiti le še pot, ki jo opravi klada po trku z kroglico. Mehanska energija se pretvori
v delo sile trenja, torej:

∆Wk = Ftrs

Iz zgornje enačbe izrazimo pot in dobimo rešitev:

s =
v2Ax
2µ g

= 0,202 m
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Naloga 2 (25 točk) Zadostuje
znanje: AS

�
�
0

2L,m

Začetno stanje

gk

A

Ravnovesna lega

Sistem na sliki je sestavljen iz palice dolžine 2L in mase m ter
vzmeti togosti k. Vzmet je v točki A pritrjena na palico in je
neobremenjena tedaj, ko je palica v začetnem stanju pri kotu
ϕ0. Z uporabo analitične statike določite statično ravnovesno
lego. Za popis lege palice uporabite označeni kot ϕ.

Podatki: m,L,k,ϕ0

Rešitev

ϕ = arcsin

(
4L2k sinϕ0 −mgL

4L2k

)
Postopek

Način 1
Ker je sistem konzervativen, je najenostavneǰsa rešitev z uporabo potencialne enrgije:

Qϕ = −∂Ep
∂ϕ

= 0

Torej zapǐsemo potencialno energijo sistema:

Ep = mg sinϕ+
1

2
k (2L(sinϕ0 − sinϕ))

2

Zgornji izraz odvajamo pri čemer dobimo:

Qϕ = −∂Ep
∂ϕ

=
(
4L2k(sinϕ0 − sinϕ) cosϕ−mgL cosϕ

)
Pogoj statičnega ravnotežja zahteva, da je posplošena sila Qϕ = 0:(

4L2k(sinϕ0 − sinϕ)−mgL
)

cosϕ = 0

Netrivalno rešitev zgornje enačbe predstavlja izraz:

ϕ = arcsin

(
4L2k sinϕ0 −mgL

4L2k

)
Način 2
Izberemo posplošeno koordinato q1 = ϕ. Uporabimo princip analitične statike in zapǐsemo enačbo za
virtualno delo:

δW =

n∑
i=1

~Fiδ~ri

Index i predstavlja vse aktivne zunanje sile, ki delujejo na sistem. Na palico deluje sila teže in sila vzmeti.
Virtualno delo zaradi obeh sil zapǐsemo v obliki:

δW = k∆LδyA −mg δyG

2Izpeljava ni potrebna, pomoč za zainteresirane študente: velja r φ = 2 r ϕ, φ je relativni zasuk valja glede na obroč. Če
se obroč ne vrti (β = 0, potem je absolutni zasuk valja: α∗ = φ − ϕ = (2 − 1)ϕ = ϕ. V kolikor pa se suka tudi obroč, je
absolutni zasuk valja: α = α∗ + β = ϕ+ β. Iz slednjega izraza izpeljemo odvisnost ϕ od posplošenih koordinat.
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Z izbrano posplošeno koordinato ϕ sedaj zapǐsemo oba pomika virtualna pomika in raztezek vzmeti:

yA = 2L sinϕ, δyA =
∂yA
∂ϕ

δϕ = 2L cosϕ δϕ

yG = L sinϕ, δyG =
∂yG
∂ϕ

δϕ = L cosϕ δϕ

∆L = 2L(sinϕ0 − sinϕ)

Dobljene izraze sedaj vstavimo v enačbo za virtualno delo:

δW =
(
4L2k(sinϕ0 − sinϕ) cosϕ−mgL cosϕ

)︸ ︷︷ ︸
Qϕ

δϕ

Pogoj statičnega ravnotežja zahteva δW = 0, kar pomeni da mora biti posplošena sila Qϕ = 0:(
4L2k(sinϕ0 − sinϕ)−mgL

)
cosϕ = 0

Netrivalno rešitev zgornje enačbe predstavlja izraz:

ϕ = arcsin

(
4L2k sinϕ0 −mgL

4L2k

)

Naloga 3 (50 točk) Zadostuje
znanje: AD

Kot strojnik/ca ste si naredili na sliki prikazano vozilo.
Z uporabo Lagrengevih enačb II. vrste določite gibalne enačbe
sistema.
Opombe: s je raztezek vzmeti, masa m2 drsi v vodilu brez
trenja, masni vztrajnostni moment posamezne osi skupaj s ko-
lesom je J , njuna masa pa m. Karoserija ima maso 2m. Bodite
pozorni na absolutno gibanje mase m2. Poskusite uporabiti ko-
ordinati x in s.
Navodilo: a) je sistem konzervativen? b) določite število pro-
stostnih stopenj (pazite na vzmet) in izberite posplošene koor-
dinate, c) določite Lagrangevo energijsko funkcijo in d) izpeljite
gibalne enačbe.
Podatki: F,m,m2 = m, k, J = mr2, R, r, g.

Rešitev

R+mr s̈+m

(
3 r2

R
+ 5R

)
ẍ− gmr = −F

k s+m

(
−g + s̈+

r ẍ

R

)
= 0.

Postopek

a), b)
Sistem je nekonservativen in ima dve prostostni stopnji (P=2); izberemo posplošeni koordinati (N=P=2):
q1 = x, q2 = s. Do gibalnih enačb pridemo z uporabo Lagrangevih enačb 2. vrste: Točk: 10

d

dt

∂L

∂q̇j
− ∂L

∂qj
= QN

j ; j = 1, . . . , N.
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QN
j je j-ta nekonservativna posplošena sila.

Za obravnavani primer:

d

dt

∂L

∂ẋ
− ∂L

∂x
= QN

x ,
d

dt

∂L

∂ṡ
− ∂L

∂s
= QN

s .

Točk: 5

c)
Določimo torej Lagrangevo energijsko funkcijo L = Ek − Ep; najprej določimo kinetično energijo:

Ek =

(
1

2
(2m) ẋ2

)
+ 2×

(
1

2
(m)x2 +

1

2
J ϕ̇2

)
+

(
1

2
mv2

)
,

Točk: 5

kjer je hitrost rotacije koles:

ϕ =
x

R

in hitrost mase m2:

v =
√
ẋ2 + ẏ2.

Vǐsina mase m2 je:

y = cons− r ϕ− s.
Točk: 5

Nadaljujemo s potencialno energijo, ki je v potencialni energiji mase m2 in v vzmeti:

Ep = mg y +
1

2
k s2.

Točk: 5

Lagrangeva energijska funkcija torej je:

L = −1

2
k s2 +mẋ2 − gm

(
cons− s− r x

R

)
+ 2

(
1

2
mẋ2 +

mr2 ẋ2

2R2

)
+

1

2
m

(
ẋ2 +

(
−ṡ− r ẋ

R

)2
)

d)
Potrebujemo še nekonservativne posplošene sile, ki jih določimo s pomočjo virtualnega dela nekonserva-
tivnih sil:

δWN =
∑
i

FN
i δri = −F δx,

Točk: 5

Sledi, da je virtualno delo nekonservativnih sil definirano z:

δWN = −F︸︷︷︸
QN

x

δx+ 0︸︷︷︸
QN

s

δs.

Kakor je prikazano zgoraj, razberemo nekonservativne posplošene sile. Točk: 5

Izračunamo odvode:

∂L

∂x
=
gmr

R
,

d

dt

∂L

∂ẋ
= 2mẍ+ 2

(
mẍ r2

R2
+mẍ

)
+

1

2
m

(
2 ẍ−

2 r
(
−s̈− r ẍ

R

)
R

)
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∂L

∂s
= gm− k s

d

dt

∂L

∂ṡ
= −m

(
−s̈− r ẍ

R

)
.

Točk: 5

Gibalni enačbi torej sta:

R+mr s̈+m

(
3 r2

R
+ 5R

)
ẍ− gmr = −F,

k s+m

(
−g + s̈+

r ẍ

R

)
= 0.

Točk: 5

2.4 Datum: 30.5.2002

Naloga 1 (35 točk) Zadostuje
zna-
nje: LDN

Nihajna vrata vǐsine h (tlorisna
slika) izpustimo iz narisane
lege. Vrata so pri kotu ϕ = 0 v
ravnovesni legi.
Določite: a) gibalno enačbo, b)
razmernik dušenja, c) čas in
amplitudo konca vrat, ko pri-
dejo le–ta v naslednjo skrajno
lego.

h = 2 m

ρ = 800 kg/m
3

a = 0,6 m

b = 0,04 m

l0 = 0,5 m

k = 40 N m/rad

d = 15 N m s/rad

Rešitev
m = 38,4 kg

J = 4,61312 kg m2

ω0 = 2,94464 rad/s
δ = 0,552121
ω0d = 2,45514 rad/s

A = 0,985111 m
B = 0,652342 m
T = 2,5592 s
t1 = 1,2796 s
l1 = −0,0736 m

Postopek

a)
Za točko vrtenja napǐsemo ravnotežje momentov∑

M = J ϕ̈.

−k ϕ− d ϕ̇ = J ϕ̈.

Sedaj preoblikujemo ta izraz v splošno obliko:

ϕ̈+ 2 δ ω0 ϕ̇+ ω2
0 ϕ = 0.

b)
Iz gibalne enačbe določimo:

ω2 =
k

J
in δ =

d

2 J ω0
.
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      FractionBox["a", "2"], ")"}], "2"]}]}]}], "\[IndentingNewLine]", 

 RowBox[{"FullSimplify", "[", "J", "]"}]}], "Input"],



Cell[BoxData[

 RowBox[{

  FractionBox["1", "12"], " ", "a", " ", "b", " ", 

  RowBox[{"(", 

   RowBox[{

    RowBox[{"4", " ", 

     SuperscriptBox["a", "2"]}], "+", 

    SuperscriptBox["b", "2"]}], ")"}], " ", "h", " ", "\[Rho]"}]], "Output",

 CellChangeTimes->{

  3.3926095114290333`*^9, 3.3926096448909426`*^9, 3.3926102156816993`*^9, 

   3.392610854720592*^9, {3.392611100133478*^9, 3.3926111002836943`*^9}, 

   3.3926115894170337`*^9}]

}, Open  ]],



Cell["Lastna frekvenca", "Text"],



Cell[BoxData[

 RowBox[{"\[Omega]0", ":=", 

  SqrtBox[

   FractionBox["k", "J"]]}]], "Input"],



Cell["Razmernik du\[SHacek]enja", "Text"],



Cell[BoxData[

 RowBox[{"\[Delta]", ":=", 

  FractionBox["d", 

   RowBox[{"2", " ", "J", " ", "\[Omega]0"}]]}]], "Input"],



Cell["Du\[SHacek]ena lastna frekvenca", "Text"],



Cell[BoxData[

 RowBox[{"\[Omega]0d", ":=", 

  RowBox[{

   SqrtBox[

    RowBox[{"1", "-", 

     SuperscriptBox["\[Delta]", "2"]}]], "\[Omega]0"}]}]], "Input"],



Cell["Izra\[CHacek]un za\[CHacek]etnih pogojev", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"\[CurlyPhi]", "[", "t_", "]"}], ":=", 

  RowBox[{

   SuperscriptBox["\[ExponentialE]", 

    RowBox[{

     RowBox[{"-", "\[Delta]0"}], " ", "\[Omega]00", " ", "t"}]], 

   RowBox[{"(", 

    RowBox[{

     RowBox[{"A", " ", 

      RowBox[{"Cos", "[", 

       RowBox[{"\[Omega]00d", " ", "t"}], "]"}]}], "+", 

     RowBox[{"B", " ", 

      RowBox[{"Sin", "[", 

       RowBox[{"\[Omega]00d", " ", "t"}], "]"}]}]}], ")"}]}]}]], "Input",

 CellChangeTimes->{{3.392609826542144*^9, 3.3926098310085664`*^9}, {

  3.392609960654989*^9, 3.3926099617565727`*^9}, {3.3926107623978386`*^9, 

  3.392610780133341*^9}, {3.392610823675952*^9, 3.3926108493829165`*^9}, {

  3.392610922728382*^9, 3.3926109342449427`*^9}}],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"sol", "=", 

  RowBox[{"Solve", "[", 

   RowBox[{

    RowBox[{"{", 

     RowBox[{

      RowBox[{

       RowBox[{"\[CurlyPhi]", "[", "0", "]"}], "\[Equal]", 

       RowBox[{"ArcSin", "[", 

        FractionBox["l0", "a"], "]"}]}], ",", 

      RowBox[{

       RowBox[{

        RowBox[{"\[CurlyPhi]", "'"}], "[", "0", "]"}], "\[Equal]", "0"}]}], 

     "}"}], ",", 

    RowBox[{"{", 

     RowBox[{"A", ",", "B"}], "}"}]}], "]"}]}]], "Input",

 CellChangeTimes->{{3.3926101744323854`*^9, 3.3926102035242176`*^9}, {

  3.392610784920224*^9, 3.3926108131007457`*^9}, {3.3926109418358574`*^9, 

  3.3926109602523394`*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{

    RowBox[{"B", "\[Rule]", 

     FractionBox[

      RowBox[{"\[Delta]0", " ", "\[Omega]00", " ", 

       RowBox[{"ArcSin", "[", 

        FractionBox["l0", "a"], "]"}]}], "\[Omega]00d"]}], ",", 

    RowBox[{"A", "\[Rule]", 

     RowBox[{"ArcSin", "[", 

      FractionBox["l0", "a"], "]"}]}]}], "}"}], "}"}]], "Output",

 CellChangeTimes->{{3.392610175343696*^9, 3.392610222541563*^9}, {

   3.3926108138017535`*^9, 3.392610860228512*^9}, {3.392610946923173*^9, 

   3.3926109608331747`*^9}, 3.392611100504011*^9, 3.3926115895171776`*^9}]

}, Open  ]],



Cell["Konstanti iz za\[CHacek]etnih pogojev", "Text"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"ClearAll", "[", 

  RowBox[{"A", ",", "B"}], "]"}], "\[IndentingNewLine]", 

 RowBox[{"A", "=", 

  RowBox[{"First", "[", 

   RowBox[{"A", "/.", "sol"}], "]"}]}], "\[IndentingNewLine]", 

 RowBox[{"B", "=", 

  RowBox[{"First", "[", 

   RowBox[{

    RowBox[{"B", "/.", "sol"}], "/.", 

    RowBox[{"{", 

     RowBox[{

      RowBox[{"\[Omega]00", "\[Rule]", "\[Omega]0"}], ",", 

      RowBox[{"\[Delta]0", "\[Rule]", "\[Delta]"}], ",", 

      RowBox[{"\[Omega]00d", "\[Rule]", "\[Omega]0d"}]}], "}"}]}], 

   "]"}]}]}], "Input",

 CellChangeTimes->{{3.39261097693633*^9, 3.3926110368224416`*^9}, {

  3.392611106252277*^9, 3.3926111260507455`*^9}}],



Cell[BoxData[

 RowBox[{"ArcSin", "[", 

  FractionBox["l0", "a"], "]"}]], "Output",

 CellChangeTimes->{{3.392611030974032*^9, 3.392611041138648*^9}, {

   3.392611101375264*^9, 3.392611126531437*^9}, 3.3926115895372066`*^9}],



Cell[BoxData[

 RowBox[{

  RowBox[{"(", 

   RowBox[{"d", " ", 

    RowBox[{"ArcSin", "[", 

     FractionBox["l0", "a"], "]"}]}], ")"}], "/", 

  RowBox[{"(", 

   RowBox[{"2", " ", 

    SqrtBox[

     FractionBox["k", 

      RowBox[{

       RowBox[{

        FractionBox["1", "4"], " ", 

        SuperscriptBox["a", "3"], " ", "b", " ", "h", " ", "\[Rho]"}], "+", 

       RowBox[{

        FractionBox["1", "12"], " ", "a", " ", "b", " ", 

        RowBox[{"(", 

         RowBox[{

          SuperscriptBox["a", "2"], "+", 

          SuperscriptBox["b", "2"]}], ")"}], " ", "h", " ", "\[Rho]"}]}]]], 

    " ", 

    RowBox[{"(", 

     RowBox[{

      RowBox[{

       FractionBox["1", "4"], " ", 

       SuperscriptBox["a", "3"], " ", "b", " ", "h", " ", "\[Rho]"}], "+", 

      RowBox[{

       FractionBox["1", "12"], " ", "a", " ", "b", " ", 

       RowBox[{"(", 

        RowBox[{

         SuperscriptBox["a", "2"], "+", 

         SuperscriptBox["b", "2"]}], ")"}], " ", "h", " ", "\[Rho]"}]}], 

     ")"}], " ", 

    SqrtBox[

     RowBox[{"1", "-", 

      FractionBox[

       SuperscriptBox["d", "2"], 

       RowBox[{"4", " ", "k", " ", 

        RowBox[{"(", 

         RowBox[{

          RowBox[{

           FractionBox["1", "4"], " ", 

           SuperscriptBox["a", "3"], " ", "b", " ", "h", " ", "\[Rho]"}], "+",

           

          RowBox[{

           FractionBox["1", "12"], " ", "a", " ", "b", " ", 

           RowBox[{"(", 

            RowBox[{

             SuperscriptBox["a", "2"], "+", 

             SuperscriptBox["b", "2"]}], ")"}], " ", "h", " ", "\[Rho]"}]}], 

         ")"}]}]]}]]}], ")"}]}]], "Output",

 CellChangeTimes->{{3.392611030974032*^9, 3.392611041138648*^9}, {

   3.392611101375264*^9, 3.392611126531437*^9}, 3.3926115895472207`*^9}]

}, Open  ]],



Cell["\<\

Perioda du\[SHacek]enega nihanja in \[CHacek]as, ko vrata pridejo v naslednjo \

skrajno lego\

\>", "Text"],



Cell[BoxData[{

 RowBox[{"T", ":=", 

  FractionBox[

   RowBox[{"2", "\[Pi]"}], "\[Omega]0d"]}], "\[IndentingNewLine]", 

 RowBox[{"t1", ":=", 

  FractionBox["T", "2"]}]}], "Input"],



Cell[CellGroupData[{



Cell[BoxData["t1"], "Input"],



Cell[BoxData[

 FractionBox["\[Pi]", 

  RowBox[{

   SqrtBox[

    FractionBox["k", 

     RowBox[{

      RowBox[{

       FractionBox["1", "4"], " ", 

       SuperscriptBox["a", "3"], " ", "b", " ", "h", " ", "\[Rho]"}], "+", 

      RowBox[{

       FractionBox["1", "12"], " ", "a", " ", "b", " ", 

       RowBox[{"(", 

        RowBox[{

         SuperscriptBox["a", "2"], "+", 

         SuperscriptBox["b", "2"]}], ")"}], " ", "h", " ", "\[Rho]"}]}]]], 

   " ", 

   SqrtBox[

    RowBox[{"1", "-", 

     FractionBox[

      SuperscriptBox["d", "2"], 

      RowBox[{"4", " ", "k", " ", 

       RowBox[{"(", 

        RowBox[{

         RowBox[{

          FractionBox["1", "4"], " ", 

          SuperscriptBox["a", "3"], " ", "b", " ", "h", " ", "\[Rho]"}], "+", 

         

         RowBox[{

          FractionBox["1", "12"], " ", "a", " ", "b", " ", 

          RowBox[{"(", 

           RowBox[{

            SuperscriptBox["a", "2"], "+", 

            SuperscriptBox["b", "2"]}], ")"}], " ", "h", " ", "\[Rho]"}]}], 

        ")"}]}]]}]]}]]], "Output",

 CellChangeTimes->{3.392611131939213*^9, 3.3926115895872784`*^9}]

}, Open  ]],



Cell[TextData[{

 "Amplituda pri ",

 Cell[BoxData[

  FormBox["t1", TraditionalForm]]]

}], "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"\[CurlyPhi]", "[", "t_", "]"}], ":=", 

  RowBox[{

   SuperscriptBox["\[ExponentialE]", 

    RowBox[{

     RowBox[{"-", "\[Delta]"}], " ", "\[Omega]0", " ", "t"}]], 

   RowBox[{"(", 

    RowBox[{

     RowBox[{"A", " ", 

      RowBox[{"Cos", "[", 

       RowBox[{"\[Omega]0d", " ", "t"}], "]"}]}], "+", 

     RowBox[{"B", " ", 

      RowBox[{"Sin", "[", 

       RowBox[{"\[Omega]0d", " ", "t"}], "]"}]}]}], ")"}]}]}]], "Input"],



Cell[CellGroupData[{



Cell["Podatki", "Subtitle"],



Cell[BoxData[{

 RowBox[{"\[Rho]", ":=", "800"}], "\[IndentingNewLine]", 

 RowBox[{"a", ":=", "0.6"}], "\[IndentingNewLine]", 

 RowBox[{"b", ":=", "0.04"}], "\[IndentingNewLine]", 

 RowBox[{"h", ":=", "2"}], "\[IndentingNewLine]", 

 RowBox[{"l0", ":=", "0.5"}], "\[IndentingNewLine]", 

 RowBox[{"k", ":=", "40"}], "\[IndentingNewLine]", 

 RowBox[{"d", ":=", "15"}]}], "Input"]

}, Open  ]],



Cell[CellGroupData[{



Cell["Rezultati", "Subtitle",

 CellChangeTimes->{{3.392611171836582*^9, 3.3926111772944307`*^9}}],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"N", "[", 

  RowBox[{"{", 

   RowBox[{

   "m", ",", "J", ",", "\[Omega]0", ",", "\[Omega]0d", ",", "\[Delta]", ",", 

    "A", ",", "B", ",", "T", ",", "t1", ",", 

    RowBox[{"a", " ", 

     RowBox[{"Sin", "[", 

      RowBox[{"\[CurlyPhi]", "[", "t1", "]"}], "]"}]}]}], "}"}], 

  "]"}]], "Input",

 CellChangeTimes->{{3.3926111814604206`*^9, 3.392611235017432*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

  "38.4`", ",", "4.61312`", ",", "2.944642796447159`", ",", 

   "2.455138072871863`", ",", "0.5521205243338424`", ",", 

   "0.9851107833377457`", ",", "0.6523424844713649`", ",", 

   "2.559198350840578`", ",", "1.279599175420289`", ",", 

   RowBox[{"-", "0.07362872752573536`"}]}], "}"}]], "Output",

 CellChangeTimes->{{3.3926112102718496`*^9, 3.3926112352978354`*^9}, 

   3.3926115896173215`*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"a", " ", 

  RowBox[{"Sin", "[", 

   RowBox[{"\[CurlyPhi]", "[", "t1", "]"}], "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{"-", "0.07362872752573536`"}]], "Output",

 CellChangeTimes->{3.3926115896473646`*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{

  RowBox[{"kje", ":=", 

   RowBox[{"Graphics", "[", 

    RowBox[{"{", 

     RowBox[{

      RowBox[{"PointSize", "[", "0.02`", "]"}], ",", 

      RowBox[{"Point", "[", 

       RowBox[{"{", 

        RowBox[{"t1", ",", 

         RowBox[{"\[CurlyPhi]", "[", "t1", "]"}]}], "}"}], "]"}]}], "}"}], 

    "]"}]}], ";"}], "\n", 

 RowBox[{

  RowBox[{"graf", ":=", 

   RowBox[{"Plot", "[", 

    RowBox[{

     RowBox[{"{", 

      RowBox[{

       SuperscriptBox["\[ExponentialE]", 

        RowBox[{

         RowBox[{"-", "\[Delta]"}], " ", "\[Omega]0", " ", "t"}]], ",", 

       RowBox[{"\[CurlyPhi]", "[", "t", "]"}], ",", 

       RowBox[{"-", 

        SuperscriptBox["\[ExponentialE]", 

         RowBox[{

          RowBox[{"-", "\[Delta]"}], " ", "\[Omega]0", " ", "t"}]]}]}], "}"}],

      ",", 

     RowBox[{"{", 

      RowBox[{"t", ",", "0", ",", "T"}], "}"}], ",", 

     RowBox[{"PlotStyle", "\[Rule]", 

      RowBox[{"{", 

       RowBox[{

        RowBox[{"Hue", "[", "0.5", "]"}], ",", 

        RowBox[{"RGBColor", "[", 

         RowBox[{"0", ",", "0", ",", "0"}], "]"}]}], "}"}]}]}], "]"}]}], ";", 

  

  RowBox[{"tmp", "=", 

   RowBox[{"Show", "[", 

    RowBox[{

     RowBox[{"{", 

      RowBox[{"graf", ",", "kje"}], "}"}], ",", 

     RowBox[{"Frame", "\[Rule]", "True"}], ",", 

     RowBox[{"FrameLabel", "\[Rule]", 

      RowBox[{"{", 

       RowBox[{"\"\<a\>\"", ",", "\"\<b\>\""}], "}"}]}], ",", 

     RowBox[{"PlotRange", "\[Rule]", "All"}]}], "]"}]}]}]}], "Input",

 CellChangeTimes->{{3.392611311457347*^9, 3.392611339197235*^9}, {

  3.392611375178974*^9, 3.392611386064627*^9}, {3.3926114498663692`*^9, 

  3.392611551642717*^9}}],



Cell[BoxData[

 GraphicsBox[{{{}, {}, 

    {Hue[0.5], LineBox[CompressedData["

1:eJwVx3k4lAkAx/HBrJKxqay11eoSW8qxD+mY/F5RVDYqQ7SEh2rk3B3J5ohq

sNWOsYrcbGzuoWscSXJEE3LN1lSSu2RkRssw7Lt/fJ/v81nnGXDEW5FCoRwi

+/8xaZGH6Et8zU1vMTsWFsTYm1by59/8/eDteeh+bUqMfQumkQF8Z1juNj6m

/VGMRt4M6yifiaZA5YgDPWKw40QBe/mhuGBrx35WJMZQsK2fOT8OPGYPN8BF

DM0x6thO/k2c0/P9aMYfh4Geh/4Ofj6k8vfsa+GfYFXyjev655W4E2yVLZJ/

gN9YlnfHyBMIhWe1r78cQZpW7havAy3YlmiufvjDEJ7SHSNMU9vRddRuMmFu

APQyVXWtnk4sO/WR48Tox/LaPbqmjkLwdozE0Hl9cHkVeEnW8AqX28Y0Sk3f

IY1vT8uUvUFLkFe63fs3yNZypqHyHe5c8rOuPi7C5/ueehnO7+G2RcCKM34J

2atTJ19M9GPtjE1FF10IE0HxcHbBIKLV6mv993fjTKZA3rdvGLVB8WGM9E50

Yovjo69GMbgyrNhI8gJS75iOwOoPSFK+FaDCasdy/6p+LmMM0q0mi1c6tcLT

0sjMftk4slSH4xyfPkOpLHxNRKkY50UWUVpJzUiCcq4OfwKT9qFvuk43odzq

oC0r8TM2NBR3q/zaAEHl3MNZj0lo2vk4vq1/gsik1vYXhASqZmc2hWjVwWiQ

VtKrLkWftpxtnV+LmimbdOFrKY6/s+HrVNVgwDd3q3blFIpOFOflbayGCsM/

Ni32C/xloTnp4xVo/MvpEvP0vyg0VEh0qHwA93vmCWutpqEvUH+46NE9TJsl

+CxdNoOAl9sXr6HdxaZ1ygO24hmcuMZwEbiUw/n8kF5djQzJVV6t7sM8eCfX

h6/7fRY6WfEbEwxLsWT1E1bbyTnk3KwYoSYUoVjdYNs9EzkGDdT+pTkUYPRM

RfLoinlY3N5qmaJ1Gxu2lzUwBubRLJ292GmQh51NedQi3gKObX/8nS/rFoLd

3H75wZpCOJU0evhV5eA5N7PpRgmFUOlnKfpYZCNoOtCvSFuBmNGvjSlJyMRF

wmL1g6sKhGtF9jR3PA0aj615rhIFoq18Xl9akIJJ1tvEQk9FIjZiW106Mxl2

HoVu11sUiQjdq6L6325gpWGIMctIiVDSXc64W5WIH406HWQZSoQkup8QyRPQ

zPR2Xa1MJXis1NyCSC6KemLuDwZTia+ruUxLpXj0WUevkJAOEdp++pa0ZkVY

IOUslWAviQgaU4zHhdSgzatIXyjfc/46aYb78Qx70iNDDonDCvGYHzVgV5FW

bE59fYUSD3t5N4MbQiV2uzKu5M9ycNm/vTyD9K4cW94R0pW9LUuLSHs1GvbM

yjjQqXvU3EhaM6dC5xDpGXb+7jnSNA+RYHKagxz18I2nzlGJYYHDfvoXDoRR

IdEs0mLh4vDBKQ5okqDeKNIaKbfL/iB9tvvkzTTSvB2F3/dJOTiQYq/WQfpw

VjWFLeEgUvWgTy9punbrLkPSd8P2No2R/gnPQv6Z5ED7xM6oRaFUotY9dnIz

6aPtJm81SG/+2ca46zMHsRaGu9aTLp+QBIaTrinflGxIun3VlTJd0pINOlN0

0jSRmqRtgoP/AMK6YWI=

      "]]}, 

    {RGBColor[0, 0, 0], LineBox[CompressedData["

1:eJwV1nk4lF0UAHBmRiJFZPkqUvaSKCLJeSWJkGxZUvZ9LZKlrNkZUopCkqXI

kjXLXElJqyhrlpKSmMHMIOv3+mue33PvO+fcc859Z3bbeRs5ElhYWL6ysrCs

f8bcDzVQ4/RQz/hbzMUeTQOt+6VphXU6wHNRII4V98k1pVDvOgvQE40iztyg

gaK5bqaWrj1sb5WJ/Ir7dfk/P+M6V/AmHOUuw10S9aVQns8HLlZNlF7DzZCX

va2sexlOdLq5auA+NhgZoR5+BSp8J7UWo2gQHTfgrVUXCBkvc04X4f6kdMha

jxYC53irwk/j5vLVypfhC4NmdI42GkkDee2ZHU9Lw+GIZt09X9wmwlk35XUj

oVuKkMyIoMFV+imOqrEosOG0/eCBO6udEaocHg1Rd9Zs+sNp8Mtfz1O9Lg6E

inJzb4fRgFNvYfSFcQL895J5fjSUBgf2PLLUoiUCZ9XeOEncar9XxCT5UqA7

84Nh0jUaGHQaD/8eSYHPVlGL5SE0sGl6nPm4NBVO33iq8DaYBlFpplv366aB

2pNBh8FAGqRfL35PFbwFAq4S3j1XaVDkyhpbPnYLYvlsxdoCaPABnq4eCk+H

VPu9BTH+NBCYJE2q1mWA/jDbtyQfGkj3WBYu38iEBkHmspI3DVRbyu0oxvfg

LfaY5YsnDS7ePd+nQbsPChFV72fc8HrssbQX53sA092Ox6odaDAoyKbBFvQA

oo6mqW62p4HT5nKRXyMPoJ/KY2xli9drga2/sDQXwsP2z/ZZ0+D+xwrDfbp5

sHpi+amtGQ0kWs/LcVXkgRnHK113ExqUPmfnmhJ8BOxmokfdjWjQ/Mi6rXTs

EfyWzzhoYECDsSAO9YPhBVDTmYnlatFATsp235G6xzDOycUMP0gDkuF9ixdS

T+CwvkN+4wEa9F3tidG58wT8RjmCJ2Xx+r3V/2lxpRgGmlOe75PC1z1Vs4IU

n8IsxTdIZgcNjvfHsV8wLwdqeGajDCsNnnoViuxJKYfPZu++169QQYj4SulX

WzkYSbfUaSxSYWofi4OXcgXo5Q5my9OpcPfalebrAs/ALs8Wbv2kAlXUPjDn

SyX0l7xzDnpFBYvqsBR7rioQE+NscHtBhVad7EKpE1UgW3lH92wTFTIu9X0t

q6yCjyZLGGs1FU60njnYfLMadilSg6by8HVntb8jhrVwkvv7/dVQfL2U33rP

h3ooDIifVVfA41346KTI2gCCd67w2cji+7ljfE4qNcDgk1v3A6XwdZ+FSLes

BhiyCiKkC1PhzqGBJ888G0G6jLffj4MKE3UPFo5vocDSvS/3Ooan4M13/rcV

hc2gneUjcSBmCjwnHzh2jr+EE6pbuBdeTILISmOJOaEV9LC/brENk/Bxcx99

aEcrHDDp4uKrngT5A1sj/hq0AmvQNVXBokmY9Q3PJlW3grHK0I+BpEm4Om/b

czj8FQh0NidbmU9CFEFM595/bZB0U03S+s9fuC+UL+ug+xbs1OfjHy9PwBs1

s+tK9zpARstSVv7lOKhVbOIR6u6CtU8x7hev/QLe5uOSSmY9sHE0AAp+jYJl

v0/U4qt+GDue+9r9zHe4X2fIlbM4CD9GuSfvfB6EXCELLqgfAeEp6f1KL3ph

psZOKtviB5icytwvqf4FFvudnT5Pj8KtwS9Oc9s6QPH909+5T8agxF1X8Hln

G7jnvF/5fvI3ZMeQW0abm6ELZM0Q2x8oYU8qeN1VCQzHmE6fxgkQW7Y5uaD0

AHi9GkZTTSdh35IxUWPQDzlrcAyGnZ+Ex0EdR+WUA1DjtnPd3vaTMLAxNtqN

HIicG2bf6PtOQv+uOK3PqtdR48a9pRx43RwHIvjLKJHIKe/u1fDWSVA/e7Cg

uzcR1ff6b/Y9NAU/fS9qqB++g+w05ZUNt1LhYE71KePXeQiCPlPfCFJh5vm3

zAMsj9DOiksFGiJU4JnI6hk68gj1iFTzH9pHBeXAUqWakkdIb/EIg1+LCqce

+8bopOQjpQrNioGrVGh73NPIeaYQbdx1bp/zCBW4+03UjxY/QWOmCz+Gf1FB

88WEU8zwE9SSmJFpPkUFmNB9VshXjK4tDnDo4vemKO5Lv0NwMZr9ajMuu40G

LbaD6Z2nStC3RLf8WW0axHK5MaMGnqKyxWu7rpfR4OeDCfdTPuWoWVFaL7yG

BlQD7pqyuHLU6dV5NaqJBp7T57hWH5ajuR+SnfHvaECOPbV45ms5Un/3KerO

bxq0CV8qbFepQL8/8Pj3ck+DSTBrzfalChSQbdc/oz0Nw29uibp4VqKwhlqf

y6enocl5swmKrERxvVzsTINpEJ6riVrNqET3eGsPLZhOQxVxYVnxdSVC0ZuS

Vu2nQS33kUSkcBVi966CTWHTwMJrrFPcVoXuwIZ88bpp0Agpwew5a1CJcd7o

7YZpUIjbZectXIOanbE97GgaHMa6zjnK16BxclDOn1fTkO97c3iLWQ1SHaFm

lHZNw82ju9QtHtSgobCeZBXaNGT5zx/olK9F4i1FV/UkZ+BrdNSZJI06pNKt

VdskMwM2a0Zho2frkP7ED6bc/hkYt5+JEberQ1d4hS9vVZwBLL1SzTmiDr2x

S/Xs1piBtldB4tMv6pA7McjOxnoGeOM2KQsee46enTit53drBhQnDFSZYvUo

npPX7cmdGcjZ6N33Vr4e2Xf0xoxkzsChD+Pzycfq0bbzTi/1cmfghmHjxx9m

9cj/criqROkM/D2+VvA8th6pPKyV7m6bAQapbdfeP/UIrYmxqSzNQGg3ctfO

akB3X03s8VqdgRXKXMJiYQPySajAHrHOQtuzXq6sZw1IVBBCeDbOwj9tEf3y

tgYUIWdJH982C6Gel8k8Mw3opHXK9wy5WSgoY56nYI3off1y05LtLFSW7r/A

+qURAeGUQIDjLARKpL92GWxEz3TSvGZdZmFU81tl069GdKdXZtcf71lYiZ3W

kP/XiOzmzMK6r80C5+8luSPCTeifQsXxigw83qshxx+2TcgjcDlTNmsWuJtk

L0m6NaGhZm164YNZ8HKOvGN+qQm1nhnKyy7E82+9bBQT0YRSPDexJVbPgvPf

oiTuh01I8rFjm9PnWTha/vdY12ATypgu3/Xjyywc275BeeVnE+JSWQ6w7p2F

O5M7hvgnm9DM65vSJsOz0LwvwYpvsQk1/kRxGlOzwJL6XgjjpyAj0e16Ozno

gD0de+NyioJeOTs+usNFh44NMoQIAwpSKStf5uWhg2Pl4PV4EwoSVtd+yiFI

h9c7SC6uNhQ0buW3ZV6cDianFdYuBlBQ6J2PHZ8xOgicZ/FVeUhBNSmaG3lP

0MFVK6qEUUBBk3F1YKRNhwc6G7seFlOQZcjD0k59OuiXxK19qaKgw7ZXErss

6aBi2Vyc+hrfv1fk1Fc/OoSH6ixd+k1BYuJpofxX6eBu9+fq2b/488Iba02D

6VCg5Wy1h0ZBbdyzEt3hdBgt8/G8N0dBDxmviD3JeD6X+zL/khAyp3ii3iI6

NOucfsm5CyFy7Y85oRI6NPX83cW3B6HX5efkLMrosHp7l9UWCYQO5Wlk9VXT

gd3tUcLgXoS2xPIH97fQ4cTQ28fDSghphcc/2/6aDpqxpZ9CVRAKCVr7Y9lO

h+TOUR6+owj98fhjPvCJDkHm94h8GEKtZ5sOf/tGB1Md8vVAHYSWdA967Ryh

w/h7Y+PK0wgdPFGYf36UDvGMLWEj+gjlHE7dNviHDnsEK9e2GSEUtMNxdnCO

DhSf++6/LRCq2NYvI7JIh7M7iF8arRAa33zG9sIKXk+p3x03rBEyZTnSMURk

wI9Gm4JZG4Tkx7hKh3kYwJmfkKbijNClr+1J3NsYMLZv4tQjF4SqXkV7giAD

Ak2NTpHcEDpSwLI/R5gBH48XaeR64OdLb+L6JMqAnRNvdIY8EaJEB02uijFA

ZN68jtsboePOjOILexmQ5Cs5dsYXoahzFQnJ+xlQMJlaceESXl9tL3eKPAMq

fr5hsbuM0Gnp8b0iygy44k/VPOmPULJQPqeBKgNaSBtOSl1BqGOj3cS1Yww4

sKj6exm3yZ+Bx4OaDDhery0WfRWh9L67cZu1GUAU13x/JBCh3nZT12O6DBCU

y5P/gXt7Pa+Opz4DKJMB50KDELJ+8kk6y5AB5qhDe2swQg8yEzd+MGZAkEHj

xru4f8TrjC+bMeBT3KlcvhCExIM3vJG1ZIBlQYRQFG4n95eF563x53cG+P/B

XWQVFpNowwC7fAWkeQ2hidPHnBvtGeCn2rR8E7es2uLJSScGsPKKK/Xg9pKt

ldzpxgD+bG9vnusIle/026DnyQDt+KJn6rhnuRR+BfswYPJ5N5sdbsWVqVfF

lxkgepLVJwh3wNST/IErDPgZLLcQg7t+0PnGpiAGqPXb58fjXv4g7nj0Gv59

PAXXI3CrU76fcA9jwNmlhXhv3GGl2eL3Ihmw9uji57O4W7KtSO+iGeCt8c1c

BjeJLPRzMY4Bpvt9pOfwfE+Gfn25N4kBOyZ3aNfhjvW+mWeZwgAByeEGb9xv

L56JjE9jwO2CuqSduLkMuezr0xnwn2XBSwpeHwOs/fhEBgN89fIdzHCnykfv

2Z7FgKWCioBRvN5fRDUJug8YUF/6muiEW2Ary4/APAbEtwxxD+H9ypwJzO17

zIBDLCsvS/F+fvt+OJzjKQMazemB7LhFOuk2R8oZwCf44Z0pPg95zzxFM2oY

cGGc5WIXPi+/Hu5laX/OgMflmqUE3NJpv4cXGhnA1DpaLYXPW8ll2xzzlwy4

9Zx7gzE+j1R7kdDY1wzgvvfB2gKfV3mTgQt17Qw4o0eIM8XnuVrRVESogwEG

BjH+B/B5pzBPZfV8Y8A/ZruLG35fMp3ja/VGGJCav5JLdMX71ffu84tRvN93

qsVS8fsm32SwoWSCAQrZE2JxDni+USbeYQsMoDXmbqbi9zVs7nYcc4kBbRyq

4XvPI3TepSfPbY0BytQHkVaWeH30LHtNNjChSGj03D0zvB98Nhoy25jQ0CRy

KM0AIYcbuVbZgkwQk93J66+HkMb8D3++HUzYtNzx6rQuQov9jk9WdjMB26X8

sUcLIY+H7nydB5jQax1g5q6G0FmFgLGg00woZPMaiJFCSC6vbo1mwIT6pEzB

BnGEOPkX/3M0YkI+u1Dl6G78fbYQYnDGggm7M3328u9E6HBzRK2YMxPYGKKb

Frnx+3cmOe59BBMEzEd5u5gUNNf8KU8jmgl/ydOnbGYpqOvgVkpNHBP2eMk4

j1IpKFHg1uyDFCZ8N9h2/R3+vl8bzLDyz2bCk8xdRPE+Cvrpkb9fpJ4Jpi+O

f1x5TkFRKTxS5k1MQFw3dQ7VUJBEVbDozWYmGPC/87Z5RkFOS2f5NrQxwWr7

gd7cJ/jvVdzqwlQXE84I93e/yKSgqYJzrU1TTIhYCgkICcTzG+Gwst49B3WH

Wgw3KVBQOsnf5I74HEjf339EU5aClKVH9D9LzQHzpVjeZSkKuupdg2nJzYFZ

mYAARZiCllbsJPcfnYP7XlHyixwUxLKjcWbZZA7GA/WY2743IQ5Tr9j7sXMw

uy3hLCG+CZ1YtG7ckTgHx5bpYoORTeh6jv50JnkOSpSLhMuvNSHGH1nzjPQ5

6BzyLFT3bUIj1/9KpT+aAw1F9fnVc02orsiljdw8BwK9POl84k3IZdluQ+TC

HKgcOv68taYRvc47F+XqMg81HsKiK/j/Hy6MbNPrPg9Xb0iNnGhuQMbfXqtp

e8+DhM7SdHRdAxrZdpgpfmUenEX3714sakD/bmxzGomch2FLu7CsuAYk6/JZ

+1zOPCzF3DQb0mlAabKnN2l1z4Ny17O6q6/rkU21+k3REwvwPk2UN77iOVpQ

vunGvfUfGLvbxipE1SKZ3Rt+6tH+wUrB0PLQahWyCP4l1UJZhDzz8vi1lGfI

8W7rtd3xSyB88UVvqGw54tz50u+T0zKErJ0ouKJejJ7yyB2uVlyB79weJR6F

BeiP+/O7f/hWIf72cwvO2VwkplLxyvTnKkS1Jg8m1NxDqm0FpJLyNVDUl/7v

ocUt5H/hwiVpbRYsu/nzmyKDePQhNactvZQFO/jrldS9ryHId8HHs0SEFTtm

YxfrNmSBbh6RvesgyoplCXpIStwzR8+Cfrfs3MOK9VmyxNWan0Ozy9ZCSRKs

mJojp5Z9twnyYz390lOWFVsR6DUuqj2DrnBK/HdAlRVjVLXvFVZTQUE7+1or

TFkxPcVZ2eUuHYjENHbWJrJiml1RJC55F4i2TK05m8yKVb+/6bK11AVi/b4b

TpJZsbapeOnGfa6QWBR+Y3caKyac6PCPVdIN0nlaqAkZrNjbvdlkQwEPKBo5

/sKmgBUjdK5Ysv/yhvdhJ5w4m1kxo8Y9XFK5l2HbC+1yazor9sR8zGZTYBD8

3NH/ezuTFZO18JC2qgiCyiseu3rnWDEsuVDz6p8gMJJNTTZaZMWu08KKtlsE

Q8qdfg9tVgLG1XH4NuvhEODy8pRR4CZgiY9W3e1/XQPijrSHpH0E7ML4pM9E

Shh0+kv0v5AlYB/d0h0Zj8PgYUft1lA5ApbzqHNgrCUMsOhvYf8UCFiForVr

KCMMrs9IXKSqEDCedu2OJLNwWGyr29F7koCleDH+ExGIgFm/oVvFdgRMeEx1

ESIj4VERm9ppBwI2HXzFrfNOJJh+kx2dcCRg8wWxBoYlkVCnGayw15WAbbq2

J2HL10i4ziv0scibgPX5B9+4LREFHOVn2QtCCJgpI4HY1RIFon9bAx+kE7Dy

sMkJFeoN6BSZFMXuEjCpbBeJkyzREGnE92Y4g4CJM/lzgTcafj23FdiVRcCK

sryvzCtFQ0ns6rOsPAIWqJ9nFBwSDSqSKpOZ5fj6rdb8PrYYOGNbfOH2WwKW

5vh5ZBdnLESnzPXJvidgg11vmy7/FwsUpGHa+oGA8c2f96mWjgVZkd7T9A58

f62JD0E7FjYOkI6c7SFgUcWaN19GxEKLyQW+zT8J2JZjgtvH52JB8dTWN1Er

BKztYnbw+Oc4cA84r7lzjYDJ1pu/Jw7HwcOCQkolCxH7uiX+9ebJONjKpl79

g0jEzCM0OqfY4oH6wu0hxknEQtIniMMq8VB4tDVkWYCICf61a0y4Fw/bDwQo

+MkTsUN3WeTVTRJAJIekK3eQiIm8OyK01yYBxLhv2o0fImIyPe4ZBI8EkKWV

pJ1XJmLtR0nxgZEJcKzsB/OEOhHb/t1hR1hFAtgcMKjn1yNiYyFMyjxHIjjk

DHR+0idiZxsenK/Ylgiu3K5/484QscfzIrvNdyXCJVrkzlUjIjZx/9hxT8VE

iCx7fv2XBRFLV6IO1VgnQsEBCc1aZyL2zPqe6aeSRHiS88zK15WIyYnPplys

SYQybsxvnzsRa3xoFDGIEqGOZpmf40XEXI9KFT/sTIT2shT2WH8itvxIYKvx

fCJMHlh+Zx5JxJQjt2w1OZYEB+W7TBaziZieBZe0QGMSCAUyv6U/wM/rou42

05IEay8EHQ89JGL+EQoNTe1J8N74vL9HPn7+w78KZHqSwDFg7PZQMRGzveTt

d2YmCe5S5rtb6oiYPLeNTd+eZLjOvv3ixXoipqjZyNYunQyOhmq/lxqImJK8

vPwTuWQ4+CNsXhERsVWNNQUN1WR4x8YpVPiKiHHyFta1GCbDqt5Oi4ROIjbz

bbfB9uBk+Hlb/bvUFyIWoyRGkQjD9w/ZuLZ+JWLX4j/LiN1Ihrs++YErvUSM

Y2BoKyM5GRRuyWV6DxMxdqYdg5qbDA4D2IDxJBFrjbEIO/MqGXTF7e2np4hY

ZN1OievtySDveeNvIo2IlZ1XUsv5kAwrq+1Lr2aJmMNz7uG6r8mQvsd4p8o/

Iub8fu217lgytLs6Wu/cQMKmjvLcp7GSIYTeHjHATsK+zlsrpbCRQf6aXFEm

BwkL/mHhtZuDDHdT5meFNpOw+UreMX4eMjjVxsXybyNhu976TGkLk2G7BvXp

F34SJt26PdFLlAwf3hp1pQmSsOKvX/mjxcigOLRDhHcHCROrlOaJlSEDga20

csseEpZV8qawV5EMNcm8fR/ESNh/b24UxCiTwVUoYDVRgoSxEzMHpFTJ0LEP

09kkQ8KeU2y2qAEZso06h9jlSVhRkV9W1SkyGH07TGpTIGEnZpZMqbpkYHO6

JxN9iIS5+S6T/9Mng0eggx9JmYT9Wph6euIsGVQfzHGwqpOwfMMtd6nmZKDK

WB1oBhL27b9hu2pLMuRWIpNQDRImeFF00fM8GTa2xeasnCBhcp22lVUXydBo

ONXaeJKEkZDA+HFbMnj3n50IPkXC/HLyt7y0I0P31HalxdMkTL2+wizDkQzx

AaGWz/VJmKrQYDzNiQzHWH+GXj1Dwq4+Ue9WdiHDo21P384ZkbC74vM92W5k

MM/eOl1tQsKuyzIfNLmTgUv6Cr+/GQlTfBhQ8NGDDJePgg3dgoT1LOontnmR

QfJV3o1nViRMP00jtMybDP0GG4t9rUnY/tWFrjgfMiT3enTIX8T7WfwizcyX

DMftPjNpNiRs05bxNv5LZJj7q7SjzI6Epd6tDWzD/dg/E/NyIGFb64OeuV8m

w/m1Vcf9Tnj8gaBggh8ZeOLsEyadSdhPS5ahBNytvG/Ki11JmE2C0Si7PxkC

7st2u7mTsA1ltbeu4N4rmbok44nnx/Rb6sE9VMYU/eNFwj4EfBSVvUKGm0cs

Txb5kLCJw+xbLuPWeklxd75EwvgEbd+X4F7QE0uV9CNhOYM7Hftwl3TH1Iz5

k7D6/UHfF3B/147go+MuU/2U/Q+3wPMQH5Yr+LxxSlks4g6757t3B25uheHW

JdymNlbZhrh77C9fXcUd/9l0yRq3gs6I8Bru5uOG5u64jS4ZNq97r4QWbzTu

nA7VZZYAMqz+kYtuwP0r/IghEfchK5nRN7hFdVsG1+3yXgzrxh3SY+BCwt1Z

KrQ4jXtPxGU/NtyFlwlekgEkrGlg0oUd97efy28P4bZKvT20bl6zeSkN3HpJ

x89uxB2iMvndCjd/xuP9HLgNV76apuK2bX3awon7hlfHs2zcd32DRDfhrh9+

y12C+9qv08HrFm9B7a9x/3BekeLCbXGoXvLLevxbg4HrTn5UFfkd93h7y5t1

/4t+fGwZd3PSfevNuOUW8jI5rpKwNrXUvHU7uGbPC+CuV0z4te6Pp9MqFHDz

YmT7LbiJTUlbADe6nJG1bhW5WHc93CSFx1/W/ZDnmoQz7s7YviPcuHvCAyL8

cFdrLjqvm4vuOxy+Hu+NaNq6NRw81Mi4FaX1G9Z95atTxv31eJdCR9ZdfNJ2

7jHu7JpaAg/ukVor41rcM2xzu9fNL2NW3oobfFTV162babi5E/cTthvn1h26

6bTbMO4z3V89110VotU2idtpVjZ83X+mQHwR9xa3+NR1i1xUDWcPJGGX9KnZ

647VOHB0D+7VO+3l66aLiTPVcCsbo5p1/w8eTGsn

      "]]}, 

    {Hue[0.5], LineBox[CompressedData["

1:eJwVx38803kcwPFhp2QulXOuuvVLXCnjHqQfy+crispFZURHeFBNft5NcvkR

1XDVzXaKmJ8XF4ZZvzbkLfkRLeTXrlZJftcy2RRj3Lc/Xo/X47nOP+xIoCaB

QDiE9/VJ3PhD1CXBtta36J0LC3LYyy3/+1/hfsTf89D32pQc9i1Yx4cJPZH9

bstj5A9yaOLPMI4K6ag5XDvuQK8cmCnSsL3CaHTB2YX5lCeH4UjnEFthCuLT

e9lhXnIwlBFlO4U30TnT4A82wnEwN/Uz2yEsRkr1O+a12I/gUP6d9/pnVehO

pEO+VP0eQmR5gZ2jj5FEcpZ8/cUocI0KtwQcaEXb0mz1D78fhidU9zjrrA7U

fdRlkjM3CNRKXX2j3i607NQHlgdtAJbX7TGxdpcg/o7RJCq/H7xehl9SNb5E

l9tlBhXWb4ErdCXlql6j1oiAbJd3ryHfyJOEqt6iO5dCHGuOS+HTfX/THM93

yGeLmJFi+QJUL0+dfD4xgNbOOIm6qRKwEpeN5JcMoUS9hrrQ/T1wJles7t83

guoiUmNo2V3Qhba4wzdjaGhlTJmF4jkoA5M6w2veo3TtW2E6jA5YHlo9wKbJ

kHKr1eKVHm3gb29h47psHOXpjqS4P3kKFarYNXEVcnReapdglN4C6Ui70Fg4

gSZdo193n24GgcNBZ0baJ7ShsaxH5/dGEFfNPZz1m0SGLkHubxoeQ3x6W8dz

TIF0bc5sijKqB4shUnmfvhL1k9VMx+I6qJ1yypa8UqLjb52ExtW1MBhcuJVc

NYV4J8qKijbWgA4tNJmb/BmFqqILssdF0PSPxyX66S+olKKR5lb1AHzv2XLW

OkwjM7H+w0VwD6ZtOEFLl82gsBfbF68h3YVN67QHneUz6MQ1mpfYSwCe54dN

62tVKKM6oM13hA+BGQ2x6/6cRcZ5qRs5lApYsvoxo/3kHCq4KRolcnhQpm++

7Z6VGg2Z630huZXA2BlRxtiKeWR3e6t9ptFt2LC9spE2OI9alLMXu8yLYGdz

EZHHX0DHtj/6IZhxCyJ9fH77yZGAeZQ3+YVUF8Azdm7zjXICpjPA0Ayyy4eI

6fAQHlkDmzGrSyrn5MJFzG71g6samLcof5o9zgWDR458b4UG1i6YN1OWZMIk

401aqb8mlhy3rT6bngEufqU+11s1sTiTq9KGP27ASkqUJcNCC9MyWU67W50G

P1t0ualytDBF4gAmVXOghR7ovVqbiPEZWYUl8Wzg9SbdH4okYt/WsOn2WqnQ

75i4QoE7SuL88XvchqKYcMJZIsZcEhch00yFC1kRm1fhviDYc/46bprv8RxX

3KPDbmkjGqkwP2bOrMat2ZL16gohFVzVPTR2FBHb7U27UjzLgsuhHYIc3LsK

nPlHcFf1tS7l4Q5oovTOqlhgXA8tTbgNC0TGh3DPMIt3z+Em+UnFk9MsKNCP

3XjqHBEbEbvtp35mgSQhKpGBWy5ZHDs0xQKSIqIvAbdB5u3Kv3Cf7Tl5k4ub

v6P0x34lCw5kuup14j6cV0NgKlgQr3swqA83ldy2i4L7bszeZhnuX9DTqP8m

WUA+sTNhUTQRq/NNntyM+2iH1RsD3Jt/dbLs/sSCZDvKrvW4BROK8FjctYJN

GRTcHauuVJrgVmwwnqLiJkn1FO0TLPgfxzyIYg==

      "]]}}, 

   {PointSize[0.02], PointBox[{1.279599175420289, -0.1230246420591282}]}},

  AspectRatio->NCache[GoldenRatio^(-1), 0.6180339887498948],

  Axes->True,

  AxesOrigin->{0, 0},

  Frame->True,

  FrameLabel->{

    FormBox["\"a\"", TraditionalForm], 

    FormBox["\"b\"", TraditionalForm]},

  PlotRange->All,

  PlotRangeClipping->True,

  PlotRangePadding->{

    Scaled[0.02], 

    Scaled[0.02]}]], "Output",

 CellChangeTimes->{{3.3926113501329603`*^9, 3.3926113863350163`*^9}, {

   3.392611450647493*^9, 3.3926115524638977`*^9}, 3.3926115897975807`*^9}]

}, Open  ]],



Cell[BoxData[

 RowBox[{

  RowBox[{"Export", "[", 

   RowBox[{"\"\<d:\\\\slika.eps\>\"", ",", "tmp"}], "]"}], ";"}]], "Input"]

}, Open  ]]

}, Open  ]],



Cell[CellGroupData[{



Cell["Naloga 2", "Title"],



Cell[BoxData[

 RowBox[{"Remove", "[", "\"\<Global`*\>\"", "]"}]], "Input"],



Cell["Sila vzbujanja", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"F0", ":=", 

   RowBox[{"n", " ", "F1"}]}], ";"}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"F", "[", "t_", "]"}], ":=", 

  RowBox[{"F0", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"\[Omega]", " ", "t"}], "]"}]}]}]}], "Input"],



Cell["Nadomestna togost in du\[SHacek]enje", "Text"],



Cell[BoxData[{

 RowBox[{"kn", ":=", 

  RowBox[{"2", "k"}]}], "\[IndentingNewLine]", 

 RowBox[{"dn", ":=", 

  RowBox[{"2", "d"}]}]}], "Input"],



Cell["Pri\[CHacek]akovan odziv", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"x", "[", "t_", "]"}], ":=", 

  RowBox[{"X", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{

     RowBox[{"\[Omega]", " ", "t"}], "-", " ", "\[CurlyPhi]"}], 

    "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{"X", ":=", 

  RowBox[{"X0", " ", "\[Beta]"}]}], "\[IndentingNewLine]", 

 RowBox[{"f0", ":=", 

  FractionBox["F0", "m"]}], "\[IndentingNewLine]", 

 RowBox[{"\[Omega]0", ":=", 

  SqrtBox[

   FractionBox["kn", "m"]]}], "\[IndentingNewLine]", 

 RowBox[{"X0", ":=", 

  FractionBox["f0", 

   SuperscriptBox["\[Omega]0", "2"]]}], "\[IndentingNewLine]", 

 RowBox[{"\[Beta]", ":=", 

  RowBox[{"1", "/", 

   SqrtBox[

    RowBox[{

     SuperscriptBox[

      RowBox[{"(", 

       RowBox[{"1", "-", 

        SuperscriptBox[

         RowBox[{"(", 

          FractionBox["\[Omega]", "\[Omega]0"], ")"}], "2"]}], ")"}], "2"], 

     "+", 

     SuperscriptBox[

      RowBox[{"(", 

       RowBox[{"2", "\[Delta]", " ", 

        FractionBox["\[Omega]", "\[Omega]0"]}], ")"}], "2"]}]]}]}]}], "Input"],



Cell["Amplituda pomika avtobusa", "Text"],



Cell[CellGroupData[{



Cell[BoxData["X"], "Input"],



Cell[BoxData[

 FractionBox[

  RowBox[{"F1", " ", "n"}], 

  RowBox[{"2", " ", "k", " ", 

   SqrtBox[

    RowBox[{

     FractionBox[

      RowBox[{"2", " ", "m", " ", 

       SuperscriptBox["\[Delta]", "2"], " ", 

       SuperscriptBox["\[Omega]", "2"]}], "k"], "+", 

     SuperscriptBox[

      RowBox[{"(", 

       RowBox[{"1", "-", 

        FractionBox[

         RowBox[{"m", " ", 

          SuperscriptBox["\[Omega]", "2"]}], 

         RowBox[{"2", " ", "k"}]]}], ")"}], "2"]}]]}]]], "Output",

 CellChangeTimes->{3.392611602145336*^9, 3.3926117993388863`*^9}]

}, Open  ]],



Cell["Sila na podlago", "Text"],



Cell[BoxData[

 RowBox[{"Ft", ":=", 

  SqrtBox[

   RowBox[{

    SuperscriptBox[

     RowBox[{"(", 

      RowBox[{"kn", " ", "X"}], ")"}], "2"], "+", 

    SuperscriptBox[

     RowBox[{"(", 

      RowBox[{"dn", " ", "\[Omega]", " ", "X"}], ")"}], "2"]}]]}]], "Input"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"N", "[", "Ft", "]"}]], "Input"],



Cell[BoxData[

 SqrtBox[

  RowBox[{

   FractionBox[

    RowBox[{

     SuperscriptBox["F1", "2"], " ", 

     SuperscriptBox["n", "2"]}], 

    RowBox[{

     FractionBox[

      RowBox[{"2.`", " ", "m", " ", 

       SuperscriptBox["\[Delta]", "2"], " ", 

       SuperscriptBox["\[Omega]", "2"]}], "k"], "+", 

     SuperscriptBox[

      RowBox[{"(", 

       RowBox[{"1.`", "\[InvisibleSpace]", "-", 

        FractionBox[

         RowBox[{"0.5`", " ", "m", " ", 

          SuperscriptBox["\[Omega]", "2"]}], "k"]}], ")"}], "2"]}]], "+", 

   FractionBox[

    RowBox[{

     SuperscriptBox["d", "2"], " ", 

     SuperscriptBox["F1", "2"], " ", 

     SuperscriptBox["n", "2"], " ", 

     SuperscriptBox["\[Omega]", "2"]}], 

    RowBox[{

     SuperscriptBox["k", "2"], " ", 

     RowBox[{"(", 

      RowBox[{

       FractionBox[

        RowBox[{"2.`", " ", "m", " ", 

         SuperscriptBox["\[Delta]", "2"], " ", 

         SuperscriptBox["\[Omega]", "2"]}], "k"], "+", 

       SuperscriptBox[

        RowBox[{"(", 

         RowBox[{"1.`", "\[InvisibleSpace]", "-", 

          FractionBox[

           RowBox[{"0.5`", " ", "m", " ", 

            SuperscriptBox["\[Omega]", "2"]}], "k"]}], ")"}], "2"]}], 

      ")"}]}]]}]]], "Output",

 CellChangeTimes->{3.392611604729051*^9, 3.3926117993889585`*^9}]

}, Open  ]],



Cell["Du\[SHacek]enje", "Text"],



Cell[BoxData[

 RowBox[{"\[Delta]", ":=", 

  FractionBox["dn", 

   RowBox[{"2", "m", " ", "\[Omega]0"}]]}]], "Input"],



Cell[CellGroupData[{



Cell["Podatki", "Subtitle"],



Cell[BoxData[{

 RowBox[{"m", ":=", "20000"}], "\[IndentingNewLine]", 

 RowBox[{"k", ":=", "100000"}], "\[IndentingNewLine]", 

 RowBox[{"n", ":=", "15"}], "\[IndentingNewLine]", 

 RowBox[{"F1", ":=", "800"}], "\[IndentingNewLine]", 

 RowBox[{"d", ":=", "9000"}], "\[IndentingNewLine]", 

 RowBox[{"\[Omega]", ":=", 

  RowBox[{"2", "\[Pi]", "*", "2"}]}]}], "Input"]

}, Open  ]],



Cell[CellGroupData[{



Cell["Rezultati", "Subtitle",

 CellChangeTimes->{{3.392611615334301*^9, 3.3926116184387646`*^9}}],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"kn", ",", "dn", ",", "F0", ",", "f0", ",", "\[Omega]0"}], 

  "}"}]], "Input",

 CellChangeTimes->{{3.3926116260296803`*^9, 3.392611659928424*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"200000", ",", "18000", ",", "12000", ",", 

   FractionBox["3", "5"], ",", 

   SqrtBox["10"]}], "}"}]], "Output",

 CellChangeTimes->{3.3926117994190016`*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"200000", ",", "18000", ",", "12000", ",", 

   FractionBox["3", "5"], ",", 

   SqrtBox["10"], ",", "\[Delta]", ",", "X0", ",", 

   RowBox[{"N", "[", "\[Beta]", "]"}], ",", 

   RowBox[{"N", "[", "\[Omega]", "]"}], ",", 

   RowBox[{"f0", "/", 

    SuperscriptBox["\[Omega]0", "2"]}], ",", 

   RowBox[{"N", "[", "X", "]"}], ",", 

   RowBox[{"N", "[", "Ft", "]"}]}], "}"}]], "Input",

 CellChangeTimes->{{3.39261164196259*^9, 3.3926117560065775`*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"200000", ",", "18000", ",", "12000", ",", 

   FractionBox["3", "5"], ",", 

   SqrtBox["10"], ",", 

   FractionBox["9", 

    RowBox[{"20", " ", 

     SqrtBox["10"]}]], ",", 

   FractionBox["3", "50"], ",", "0.06741023702665`", ",", 

   "12.566370614359172`", ",", 

   FractionBox["3", "50"], ",", "0.004044614221599`", ",", 

   "1221.2058059805183`"}], "}"}]], "Output",

 CellChangeTimes->{{3.3926116677797136`*^9, 3.392611756547355*^9}, 

   3.3926117994490447`*^9}]

}, Open  ]],



Cell["\<\

Kak\[SHacek]na bi bila amplituda nihanja, \[CHacek]e bi skakali s frekvenco \

1/3\

\>", "Text"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"\[Omega]", ":=", 

  RowBox[{"2", 

   RowBox[{"\[Pi]", "/", "3"}]}]}], "\[IndentingNewLine]", 

 RowBox[{"{", 

  RowBox[{

   RowBox[{"N", "[", "\[Omega]", "]"}], ",", 

   RowBox[{"N", "[", "\[Beta]", "]"}], ",", 

   RowBox[{"N", "[", "X", "]"}]}], "}"}]}], "Input",

 CellChangeTimes->{{3.3926117740525265`*^9, 3.392611784327301*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

  "2.0943951023931953`", ",", "1.6887521340066973`", ",", 

   "0.10132512804040184`"}], "}"}]], "Output",

 CellChangeTimes->{{3.392611784828021*^9, 3.3926117994690733`*^9}}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"N", "[", 

  SqrtBox["10"], "]"}]], "Input"],



Cell[BoxData["3.1622776601683795`"], "Output",

 CellChangeTimes->{{3.392611790396027*^9, 3.3926117994891024`*^9}}]

}, Open  ]]

}, Open  ]]

}, Open  ]],



Cell[CellGroupData[{



Cell["3.Naloga", "Title"],



Cell[BoxData[

 RowBox[{"Remove", "[", "\"\<Global`*\>\"", "]"}]], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{"Ek", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{

    FractionBox["1", "2"], " ", "m", " ", 

    SuperscriptBox[

     RowBox[{

      RowBox[{"x1", "'"}], "[", "t", "]"}], "2"]}], "+", 

   RowBox[{

    FractionBox["1", "2"], " ", "i", " ", 

    SuperscriptBox[

     RowBox[{

      RowBox[{"\[CurlyPhi]1", "'"}], "[", "t", "]"}], "2"]}], "+", 

   "\[IndentingNewLine]", 

   RowBox[{

    FractionBox["1", "2"], " ", "m", " ", 

    SuperscriptBox[

     RowBox[{

      RowBox[{"x2", "'"}], "[", "t", "]"}], "2"]}], "+", 

   RowBox[{

    FractionBox["1", "2"], " ", "i", " ", 

    SuperscriptBox[

     RowBox[{

      RowBox[{"\[CurlyPhi]2", "'"}], "[", "t", "]"}], "2"]}]}]}]], "Input"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"\[CurlyPhi]1", "[", "t_", "]"}], ":=", " ", 

  FractionBox[

   RowBox[{"x1", "[", "t", "]"}], "R"]}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"\[CurlyPhi]2", "[", "t_", "]"}], ":=", 

  FractionBox[

   RowBox[{"x2", "[", "t", "]"}], "R"]}], "\[IndentingNewLine]", 

 RowBox[{"i", ":=", 

  RowBox[{

   FractionBox["1", "2"], "m", " ", 

   SuperscriptBox["R", "2"]}]}]}], "Input"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"Simplify", "[", 

  RowBox[{"Ek", "[", "t", "]"}], "]"}]], "Input"],



Cell[BoxData[

 RowBox[{

  FractionBox["3", "4"], " ", "m", " ", 

  RowBox[{"(", 

   RowBox[{

    SuperscriptBox[

     RowBox[{

      SuperscriptBox["x1", "\[Prime]",

       MultilineFunction->None], "[", "t", "]"}], "2"], "+", 

    SuperscriptBox[

     RowBox[{

      SuperscriptBox["x2", "\[Prime]",

       MultilineFunction->None], "[", "t", "]"}], "2"]}], ")"}]}]], "Output",

 CellChangeTimes->{{3.3926118082717314`*^9, 3.392611816804*^9}}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"Simplify", "[", 

  RowBox[{

   SubscriptBox["\[PartialD]", 

    RowBox[{

     RowBox[{"x1", "'"}], "[", "t", "]"}]], 

   RowBox[{"Ek", "[", "t", "]"}]}], "]"}]], "Input"],



Cell[BoxData[

 RowBox[{

  FractionBox["3", "2"], " ", "m", " ", 

  RowBox[{

   SuperscriptBox["x1", "\[Prime]",

    MultilineFunction->None], "[", "t", "]"}]}]], "Output",

 CellChangeTimes->{{3.3926118095535746`*^9, 3.392611818155944*^9}}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"Simplify", "[", 

  RowBox[{

   SubscriptBox["\[PartialD]", "t"], " ", 

   RowBox[{"(", 

    RowBox[{

     SubscriptBox["\[PartialD]", 

      RowBox[{

       RowBox[{"x1", "'"}], "[", "t", "]"}]], 

     RowBox[{"Ek", "[", "t", "]"}]}], ")"}]}], "]"}]], "Input"],



Cell[BoxData[

 RowBox[{

  FractionBox["3", "2"], " ", "m", " ", 

  RowBox[{

   SuperscriptBox["x1", "\[Prime]\[Prime]",

    MultilineFunction->None], "[", "t", "]"}]}]], "Output",

 CellChangeTimes->{3.3926118198483777`*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"Simplify", "[", 

  RowBox[{

   SubscriptBox["\[PartialD]", 

    RowBox[{

     RowBox[{"x2", "'"}], "[", "t", "]"}]], 

   RowBox[{"Ek", "[", "t", "]"}]}], "]"}]], "Input"],



Cell[BoxData[

 RowBox[{

  FractionBox["3", "2"], " ", "m", " ", 

  RowBox[{

   SuperscriptBox["x2", "\[Prime]",

    MultilineFunction->None], "[", "t", "]"}]}]], "Output",

 CellChangeTimes->{3.392611822211776*^9}]

}, Open  ]],



Cell[BoxData[

 RowBox[{"Remove", "[", "\[Omega]", "]"}]], "Input"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"Solve", "[", 

  RowBox[{

   RowBox[{

    RowBox[{"Det", "[", 

     RowBox[{"{", 

      RowBox[{

       RowBox[{"{", 

        RowBox[{

         RowBox[{

          RowBox[{

           RowBox[{"-", 

            FractionBox["3", "2"]}], " ", "m", "  ", 

           SuperscriptBox["\[Omega]", "2"]}], "+", "k"}], ",", 

         RowBox[{"-", "k"}]}], "}"}], ",", 

       RowBox[{"{", 

        RowBox[{

         RowBox[{"-", "k"}], ",", 

         RowBox[{

          RowBox[{

           RowBox[{"-", 

            FractionBox["3", "2"]}], " ", "m", " ", 

           SuperscriptBox["\[Omega]", "2"]}], "+", "k"}]}], "}"}]}], "}"}], 

     "]"}], "\[Equal]", "0"}], ",", "\[Omega]"}], "]"}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

   RowBox[{"{", 

    RowBox[{"\[Omega]", "\[Rule]", "0"}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]", "\[Rule]", "0"}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]", "\[Rule]", 

     RowBox[{"-", 

      FractionBox[

       RowBox[{"2", " ", 

        SqrtBox["k"]}], 

       RowBox[{

        SqrtBox["3"], " ", 

        SqrtBox["m"]}]]}]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]", "\[Rule]", 

     FractionBox[

      RowBox[{"2", " ", 

       SqrtBox["k"]}], 

      RowBox[{

       SqrtBox["3"], " ", 

       SqrtBox["m"]}]]}], "}"}]}], "}"}]], "Output",

 CellChangeTimes->{3.392611827739725*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"N", "[", 

  RowBox[{"(", 

   FractionBox[

    RowBox[{"2", " ", 

     SqrtBox["k"]}], 

    RowBox[{

     SqrtBox["3"], " ", 

     SqrtBox["m"]}]], ")"}], "]"}]], "Input"],



Cell[BoxData[

 FractionBox[

  RowBox[{"1.1547005383792517`", " ", 

   SqrtBox["k"]}], 

  SqrtBox["m"]]], "Output",

 CellChangeTimes->{3.3926118370431023`*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"Solve", "[", 

  RowBox[{

   RowBox[{

    RowBox[{"Dot", "[", 

     RowBox[{

      RowBox[{"{", 

       RowBox[{

        RowBox[{"{", 

         RowBox[{

          RowBox[{

           RowBox[{

            RowBox[{"-", 

             FractionBox["3", "2"]}], " ", "m", "  ", 

            SuperscriptBox["\[Omega]", "2"]}], "+", "k"}], ",", 

          RowBox[{"-", "k"}]}], "}"}], ",", 

        RowBox[{"{", 

         RowBox[{

          RowBox[{"-", "k"}], ",", 

          RowBox[{

           RowBox[{

            RowBox[{"-", 

             FractionBox["3", "2"]}], " ", "m", "  ", 

            SuperscriptBox["\[Omega]", "2"]}], "+", "k"}]}], "}"}]}], "}"}], 

      ",", 

      RowBox[{"{", 

       RowBox[{

        RowBox[{"{", "X1", "}"}], ",", 

        RowBox[{"{", "X2", "}"}]}], "}"}]}], "]"}], "\[Equal]", 

    RowBox[{"{", 

     RowBox[{

      RowBox[{"{", "F0", "}"}], ",", 

      RowBox[{"{", "0", "}"}]}], "}"}]}], ",", 

   RowBox[{"{", 

    RowBox[{"X1", ",", "X2"}], "}"}]}], "]"}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{

    RowBox[{"X1", "\[Rule]", 

     RowBox[{"-", 

      FractionBox[

       RowBox[{"2", " ", "F0", " ", 

        RowBox[{"(", 

         RowBox[{

          RowBox[{

           RowBox[{"-", "2"}], " ", "k"}], "+", 

          RowBox[{"3", " ", "m", " ", 

           SuperscriptBox["\[Omega]", "2"]}]}], ")"}]}], 

       RowBox[{"3", " ", "m", " ", 

        SuperscriptBox["\[Omega]", "2"], " ", 

        RowBox[{"(", 

         RowBox[{

          RowBox[{

           RowBox[{"-", "4"}], " ", "k"}], "+", 

          RowBox[{"3", " ", "m", " ", 

           SuperscriptBox["\[Omega]", "2"]}]}], ")"}]}]]}]}], ",", 

    RowBox[{"X2", "\[Rule]", 

     RowBox[{"-", 

      FractionBox[

       RowBox[{"4", " ", "F0", " ", "k"}], 

       RowBox[{"3", " ", "m", " ", 

        SuperscriptBox["\[Omega]", "2"], " ", 

        RowBox[{"(", 

         RowBox[{

          RowBox[{"4", " ", "k"}], "-", 

          RowBox[{"3", " ", "m", " ", 

           SuperscriptBox["\[Omega]", "2"]}]}], ")"}]}]]}]}]}], "}"}], 

  "}"}]], "Output",

 CellChangeTimes->{3.3926118418700433`*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell["Podatki", "Subtitle"],



Cell[BoxData[{

 RowBox[{"m", ":=", "5"}], "\[IndentingNewLine]", 

 RowBox[{"k", ":=", "30000"}], "\[IndentingNewLine]", 

 RowBox[{"F0", ":=", "10"}], "\[IndentingNewLine]", 

 RowBox[{"\[Omega]", ":=", "10"}]}], "Input"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"N", "[", 

  RowBox[{"-", 

   FractionBox[

    RowBox[{"2", " ", "F0", " ", 

     RowBox[{"(", 

      RowBox[{

       RowBox[{

        RowBox[{"-", "2"}], " ", "k"}], "+", 

       RowBox[{"3", " ", "m", " ", 

        SuperscriptBox["\[Omega]", "2"]}]}], ")"}]}], 

    RowBox[{"3", " ", "m", " ", 

     SuperscriptBox["\[Omega]", "2"], " ", 

     RowBox[{"(", 

      RowBox[{

       RowBox[{

        RowBox[{"-", "4"}], " ", "k"}], "+", 

       RowBox[{"3", " ", "m", " ", 

        SuperscriptBox["\[Omega]", "2"]}]}], ")"}]}]]}], 

  "]"}], "\[IndentingNewLine]", 

 RowBox[{"N", "[", 

  RowBox[{"-", 

   FractionBox[

    RowBox[{"4", " ", "F0", " ", "k"}], 

    RowBox[{"3", " ", "m", " ", 

     SuperscriptBox["\[Omega]", "2"], " ", 

     RowBox[{"(", 

      RowBox[{

       RowBox[{"4", " ", "k"}], "-", 

       RowBox[{"3", " ", "m", " ", 

        SuperscriptBox["\[Omega]", "2"]}]}], ")"}]}]]}], "]"}]}], "Input"],



Cell[BoxData[

 RowBox[{"-", "0.006582278481012658`"}]], "Output",

 CellChangeTimes->{3.392611850552528*^9}],



Cell[BoxData[

 RowBox[{"-", "0.006751054852320675`"}]], "Output",

 CellChangeTimes->{3.392611850582571*^9}]

}, Open  ]]

}, Open  ]]

}, Open  ]]

},

WindowToolbars->{"RulerBar", "EditBar"},

WindowSize->{815, 577},

WindowMargins->{{18, Automatic}, {Automatic, 0}},

Magnification->1.25,

FrontEndVersion->"6.0 for Microsoft Windows (32-bit) (April 28, 2007)",

StyleDefinitions->FrontEnd`FileName[{"Creative"}, "NaturalColor.nb", 

  CharacterEncoding -> "WindowsEastEurope"]

]

(* End of Notebook Content *)
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Vztrajnostni moment vrat okoli vrtǐsča je:

J =
1

12
m (a2 + b2) +m

(a
2

)2
.

c)
Za tak sistem pričakujemo odziv v naslednji obliki:

ϕ(t) = e−δ ω0 t (A cos(ω0d t) +B sin(ω0d t)) .

Pri čemer je frekvenca dušenega nihanja: ω0d =
√

1− δ2 ω0.
Iz začetnih pogojev:

ϕ(0) = arcsin
l0
a

in ϕ̇(0) = 0,

izračunamo konstanti A in B:

A = arcsin
l0
a

in B = δ
ω

ω0d
A

Čas enega nihaja:

T =
1

ν
=

2π

ω0d
.

Čas in amplituda pri naslednji skrajni legi:

t1 =
T

2
.

l1 = a sinϕ(t1).

0 1 2 3 4 5
-1

-0.5

0

0.5

1

�

�
� �
�

Slika 2.1: Kot ϕ v odvisnosti od časa.
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Naloga 2 (30 točk) Zadostuje
znanje: VN

15 slovenskih navijačev se pelje v avtobusu celotne mase m=20 ton iz finala svetovnega prvenstva v
nogometu (Slovenija : Brazilija = 3 : 0). V evforiji vsi sinhrono skačejo “kdor ne skače ni Sloven’c” - s
frekvenco 2 krat na sekundo. Recimo, da silo posameznega navijača lahko aproksimiramo s harmonsko
funkcijo amplitude 800 N. Če avtobus niha samo v navpični smeri, potem določite: a) gibalno enačbo, b)
amplitudo pomika šasije avtobusa v ustaljenem stanju, c) amplitudo sile, ki se prenese na tla v ustaljenem
stanju in d) amplitudo pomika v ustaljenem stanju, če bi navijači bili bolj utrujeni in bi skakali s frekvenco
1/3 Hz. Komentar posledic?

m = 20 ton

F1 = 800 N

k = 100 kN/m

d = 9 kNs/m

Rešitev
kn = 200 kN/m
dn = 18 kNs/m
F0 = 12 kN
f0 = 0.6 N/kg
ω = 12,5664 rad/s
ω0 = 3,1623 rad/s
δ = 0,142
X0 = 0,06 m
β = 0,0674102
X = 0,004045 m
Ft = 1221,21 N

Spremenjena frekvenca vzbujanja
ω = 2,0944 rad/s
β = 1,68875
X = 0.101325 m

Postopek

a)
Najprej poǐsčemo nadomesten model. Nadomestna togost in dušenje sta:

kn = 2k dn = 2d.

Skupna amplituda sile vseh n navijačev je:

F0 = nF1.

Uporabimo II.Newtonov zakon in dobimo gibalno enačbo:

mẍ+ dn ẋ+ kn x = F0 sinω t.

Preoblikujemo v splošno obliko:

ẍ+ 2 δ ω0ẋ+ ω2
0 x = f0 sinω t,

b)
Iz gibalne enačbe določimo:

f0 =
F0

m
, ω2

0 =
kn
m

in δ =
dn

2mω0
.
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V ustaljenem stanju pričakujemo odziv v obliki:

x(t) = X sin(ω t− ϕ),

kjer je ω frekvenca vzbujanja. X je amplituda nihanja:

X = X0 β.

Parameter X0 = f0/ω
2
0 . Dinamični faktor β je definiran kot:

β = 1/

√√√√(1−
(
ω

ω0

)2
)2

+

(
2 δ

ω

ω0

)2

.

c)
Amplituda sile na tla (v ustaljenem stanju je)

fT = f0

√√√√√√√
1 +

(
2 δ
(
ω
ω0

))2
(

1−
(
ω
ω0

)2)2

+
(

2 δ ωω0

)2 ,

FT = fTm.

d)
Pri frekvenci vzbujanja ω = 2π/3, je β = 1,68875 in amplituda X =0,1013 m, kar najverjetneje povzroči
porušitev konstukcije.

Naloga 3 (35 točk) Zadostuje
zna-
nje: VVPSDva enaka valja sta povezana z vzmetjo togosti k. Enega od valjev vzbuja harmonska sila F (t). Če se

valja kotalita brez podrsavanja, potem določite: a) lastni frekvenci sistema, b) odziv sistema v ustaljenem
stanju.

m = 5 kg

k = 30 kN/m

F (t) = F0sin(ωt)

F0 = 10 N

ω = 10 rad/s

Rešitev

ω01 = 0 rad/s
ω02 = 89,4427 rad/s
X1 = −6,582 mm
X2 = −6,751 mm

Postopek

a)
Gre za nekonservativen sistem z dvema prostostnima stopnjama. Naloge se lotimo po Lagrange-u:

d

dt

∂Ek
∂q̇j
− ∂Ek
∂qj

= Qj
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Imamo dve posplošeni koordinati q1 = x1 in q2 = x2. Kinetična energija sistema je definirana kot:

Ek =
1

2
mẋ21 +

1

2
J ϕ̇2

1 +
1

2
mẋ22 +

1

2
J ϕ̇2

2.

Kjer je:

J =
1

2
mR2 in ϕi =

xi
R
.

Dobimo torej kinetično energijo:

Ek =
3

4
m (ẋ21 + ẋ22).

Odvodi kinetične energije:

∂Ek
∂x1

= 0,

∂Ek
∂ẋ1

=
3

2
mẋ1,

d

dt

∂Ek
∂ẋ1

=
3

2
mẍ1,

∂Ek
∂x2

= 0,

∂Ek
∂ẋ2

=
3

2
mẋ2,

d

dt

∂Ek
∂ẋ2

=
3

2
mẍ2.

Sedaj poǐsčimo še posplošeno silo. Virtualno delo (predpostavimo: x1 < x2):

δW = k(x2 − x1)δx1 + F (t)δx1 − k(x2 − x1)δx2.

Ker je δW = Q1δx1 +Q2δx2, sledi:

Q1 = F (t) + k(x2 − x1) in Q2 = −k(x2 − x1).

Ravnotežje za vsako posamezno komponento torej je:

3

2
mẍ1 = F (t) + k(x2 − x1),

3

2
mẍ2 = −k(x2 − x1).

Zgornji izraz zapǐsemo v matrični obliki:[
3/2m 0

0 3/2m

](
ẍ1
ẍ2

)
+

[
k −k
−k k

](
x1
x2

)
=

(
F (t)

0

)
.

Ob predpostavki harmonskega odziva xi = Xi sin(ω t) izraz preoblikujemo (sinωt izpustimo) v:[
−3/2ω2m+ k −k

−k −3/2ω2m+ k

](
X1

X2

)
=

(
F0

0

)
.

Lastne frekvence dobimo tako, da izračunamo vrednosti ω, pri katerih je determinanta enaka nič:∣∣∣∣ −3/2ω2m+ k −k
−k −3/2ω2m+ k

∣∣∣∣ = 0.
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Dobimo dve rešitve:

ω01 = 0 rad/s in ω02 =

√
4 k

3m
= 40

√
5 rad/s.

b)
Amplitudo odziva sistema v ustaljenem stanju dobimo z reševanjem gibalne enačbe pri vzbujani frekvenci:

X1 = − 2F0(−2 k + 3mω2)

3mω2 (−4 k + 3mω2)
,

X2 = − 4F0 k

3mω2 (4 k − 3mω2)
.

Odziv torej je:(
x1(t)
x2(t)

)
=

(
X1

X2

)
sinω t.

2.5 Datum: 27.5.2004
Povprečen uspeh 71 študentov: 66%

Naloga 1 (30 točk) Zadostuje
zna-
nje: LDN

Povprečen
uspeh: 80%

k = 100 kN/m

d = 10 Ns/m

JA = 0,003 kg m2

a = 6 cm

nz = 6000 obr/min

Na sliki je masa v obliki črke T, ki je eden od ele-
mentov med menjalnikom in prestavno ročico avto-
mobila ter zagotavlja bolj udobno prestavljanje.
a) Izračunajte lastno nedušeno in dušeno krožno fre-
kvenco sistema, če je masa vpeta kakor je prikazano
na sliki.
b) Kakšna mora biti togost vzmeti, da je lastna
nedušena krožna frekvenca pri nz. Za koliko od-
stotkov je v tem primeru dušena frekvenca manǰsa
od nedušene?
Težnosti ne upoštevate; uporabite teorijo majhnih
kotov.

Rešitev

ω0 = 346,41 rad/s

δ = 0,01732

ω0d = 346,36 rad/s

kz = 329 kN/m

ω0z = 628,319 rad/s

δz = 0,00955

ω0z = 628,29 rad/s

R = 4,6× 10−3%

Postopek

a) S pomočjo II.Newtonovega zakona najprej napǐsemo gibalno enačbo (JA ϕ̈ =
∑
iMA,i):

JA ϕ̈+ d a2 ϕ̇+ k a2 ϕ = 0.
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  "3.3333333333333335`", ",", "18.257418583505537`", ",", 

   "0.18257418583505536`", ",", "12.566370614359172`", ",", 

   "17.950549357115012`", ",", "0.0171469843303856`", ",", 

   "1.7146984330385602`", ",", "0.01`", ",", "0.4455460869836689`", ",", 

   "25.52791036273289`", ",", 

   RowBox[{"-", "59.08677520182298`"}]}], "}"}]], "Output",

 CellChangeTimes->{3.3926129331191826`*^9}]

}, Open  ]]

}, Open  ]]

}, Open  ]],



Cell[CellGroupData[{



Cell["3.Naloga", "Title"],



Cell[BoxData[

 RowBox[{"Remove", "[", "\"\<Global`*\>\"", "]"}]], "Input"],



Cell["Lagrageva energijska funkcija", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"L", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{"Ek", "[", "t", "]"}], "-", 

   RowBox[{"Ep", "[", "t", "]"}]}]}]], "Input"],



Cell["Kineti\[CHacek]na energija", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"Ek", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{

    FractionBox["1", "2"], " ", "J", " ", 

    SuperscriptBox[

     RowBox[{

      RowBox[{"\[CurlyPhi]A", "'"}], "[", "t", "]"}], "2"]}], "+", 

   RowBox[{

    FractionBox["1", "2"], " ", "J", " ", 

    SuperscriptBox[

     RowBox[{

      RowBox[{"\[CurlyPhi]B", "'"}], "[", "t", "]"}], "2"]}], "+", 

   RowBox[{

    FractionBox["1", "2"], " ", "m", " ", 

    SuperscriptBox[

     RowBox[{

      RowBox[{"x", "'"}], "[", "t", "]"}], "2"]}]}]}]], "Input"],



Cell["Potencialna energija", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"Ep", "[", "t", "]"}], ":=", 

  RowBox[{

   RowBox[{

    FractionBox["1", "2"], "k", " ", 

    SuperscriptBox[

     RowBox[{"(", 

      RowBox[{

       RowBox[{"x", "[", "t", "]"}], "-", 

       RowBox[{"a", " ", 

        RowBox[{"\[CurlyPhi]A", "[", "t", "]"}]}]}], ")"}], "2"]}], "+", 

   RowBox[{

    FractionBox["1", "2"], "k", " ", 

    SuperscriptBox[

     RowBox[{"(", 

      RowBox[{

       RowBox[{

        FractionBox["a", "2"], " ", 

        RowBox[{"\[CurlyPhi]B", "[", "t", "]"}]}], "-", 

       RowBox[{"x", "[", "t", "]"}]}], ")"}], "2"]}]}]}]], "Input"],



Cell["Gibalne ena\[CHacek]be", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"ge1", "=", 

  RowBox[{"Simplify", "[", 

   RowBox[{

    RowBox[{

     RowBox[{

      SubscriptBox["\[PartialD]", "t"], " ", 

      RowBox[{"(", 

       RowBox[{

        SubscriptBox["\[PartialD]", 

         RowBox[{

          RowBox[{"\[CurlyPhi]A", "'"}], "[", "t", "]"}]], 

        RowBox[{"L", "[", "t", "]"}]}], ")"}]}], "-", 

     RowBox[{

      SubscriptBox["\[PartialD]", 

       RowBox[{"\[CurlyPhi]A", "[", "t", "]"}]], 

      RowBox[{"L", "[", "t", "]"}]}]}], "\[Equal]", "0"}], "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{

    SuperscriptBox["a", "2"], " ", "k", " ", 

    RowBox[{"\[CurlyPhi]A", "[", "t", "]"}]}], "+", 

   RowBox[{"J", " ", 

    RowBox[{

     SuperscriptBox["\[CurlyPhi]A", "\[Prime]\[Prime]",

      MultilineFunction->None], "[", "t", "]"}]}]}], "\[Equal]", 

  RowBox[{"a", " ", "k", " ", 

   RowBox[{"x", "[", "t", "]"}]}]}]], "Output",

 CellChangeTimes->{3.3926129367143517`*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"ge2", "=", 

  RowBox[{"Simplify", "[", 

   RowBox[{

    RowBox[{

     RowBox[{

      SubscriptBox["\[PartialD]", "t"], " ", 

      RowBox[{"(", 

       RowBox[{

        SubscriptBox["\[PartialD]", 

         RowBox[{

          RowBox[{"x", "'"}], "[", "t", "]"}]], 

        RowBox[{"L", "[", "t", "]"}]}], ")"}]}], "-", 

     RowBox[{

      SubscriptBox["\[PartialD]", 

       RowBox[{"x", "[", "t", "]"}]], 

      RowBox[{"L", "[", "t", "]"}]}]}], "\[Equal]", "0"}], "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{"4", " ", "k", " ", 

    RowBox[{"x", "[", "t", "]"}]}], "+", 

   RowBox[{"2", " ", "m", " ", 

    RowBox[{

     SuperscriptBox["x", "\[Prime]\[Prime]",

      MultilineFunction->None], "[", "t", "]"}]}]}], "\[Equal]", 

  RowBox[{"a", " ", "k", " ", 

   RowBox[{"(", 

    RowBox[{

     RowBox[{"2", " ", 

      RowBox[{"\[CurlyPhi]A", "[", "t", "]"}]}], "+", 

     RowBox[{"\[CurlyPhi]B", "[", "t", "]"}]}], ")"}]}]}]], "Output",

 CellChangeTimes->{3.3926129368245106`*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"ge3", "=", 

  RowBox[{"Simplify", "[", 

   RowBox[{

    RowBox[{

     RowBox[{

      SubscriptBox["\[PartialD]", "t"], " ", 

      RowBox[{"(", 

       RowBox[{

        SubscriptBox["\[PartialD]", 

         RowBox[{

          RowBox[{"\[CurlyPhi]B", "'"}], "[", "t", "]"}]], 

        RowBox[{"L", "[", "t", "]"}]}], ")"}]}], "-", 

     RowBox[{

      SubscriptBox["\[PartialD]", 

       RowBox[{"\[CurlyPhi]B", "[", "t", "]"}]], 

      RowBox[{"L", "[", "t", "]"}]}]}], "\[Equal]", "0"}], "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{

    SuperscriptBox["a", "2"], " ", "k", " ", 

    RowBox[{"\[CurlyPhi]B", "[", "t", "]"}]}], "+", 

   RowBox[{"4", " ", "J", " ", 

    RowBox[{

     SuperscriptBox["\[CurlyPhi]B", "\[Prime]\[Prime]",

      MultilineFunction->None], "[", "t", "]"}]}]}], "\[Equal]", 

  RowBox[{"2", " ", "a", " ", "k", " ", 

   RowBox[{"x", "[", "t", "]"}]}]}]], "Output",

 CellChangeTimes->{3.3926129368745823`*^9}]

}, Open  ]],



Cell["Nastavek", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"\[CurlyPhi]A", "[", "t_", "]"}], ":=", 

  RowBox[{"\[CapitalPhi]A", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"\[Omega]0", " ", "t"}], "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"x", "[", "t_", "]"}], ":=", 

  RowBox[{"X", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"\[Omega]0", " ", "t"}], "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"\[CurlyPhi]B", "[", "t_", "]"}], ":=", 

  RowBox[{"\[CapitalPhi]B", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"\[Omega]0", " ", "t"}], "]"}]}]}]}], "Input"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"ReplaceAll", "[", 

  RowBox[{"ge1", ",", " ", 

   RowBox[{

    RowBox[{"Sin", "[", 

     RowBox[{"t", " ", "\[Omega]0"}], "]"}], "\[Rule]", "1"}]}], 

  "]"}], "\[IndentingNewLine]", 

 RowBox[{"ReplaceAll", "[", 

  RowBox[{"ge2", ",", " ", 

   RowBox[{

    RowBox[{"Sin", "[", 

     RowBox[{"t", " ", "\[Omega]0"}], "]"}], "\[Rule]", "1"}]}], 

  "]"}], "\[IndentingNewLine]", 

 RowBox[{"ReplaceAll", "[", 

  RowBox[{"ge3", ",", " ", 

   RowBox[{

    RowBox[{"Sin", "[", 

     RowBox[{"t", " ", "\[Omega]0"}], "]"}], "\[Rule]", "1"}]}], 

  "]"}]}], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{

    SuperscriptBox["a", "2"], " ", "k", " ", "\[CapitalPhi]A"}], "-", 

   RowBox[{"J", " ", "\[CapitalPhi]A", " ", 

    SuperscriptBox["\[Omega]0", "2"]}]}], "\[Equal]", 

  RowBox[{"a", " ", "k", " ", "X"}]}]], "Output",

 CellChangeTimes->{3.392612936904626*^9}],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{"4", " ", "k", " ", "X"}], "-", 

   RowBox[{"2", " ", "m", " ", "X", " ", 

    SuperscriptBox["\[Omega]0", "2"]}]}], "\[Equal]", 

  RowBox[{"a", " ", "k", " ", 

   RowBox[{"(", 

    RowBox[{

     RowBox[{"2", " ", "\[CapitalPhi]A"}], "+", "\[CapitalPhi]B"}], 

    ")"}]}]}]], "Output",

 CellChangeTimes->{3.39261293691464*^9}],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{

    SuperscriptBox["a", "2"], " ", "k", " ", "\[CapitalPhi]B"}], "-", 

   RowBox[{"4", " ", "J", " ", "\[CapitalPhi]B", " ", 

    SuperscriptBox["\[Omega]0", "2"]}]}], "\[Equal]", 

  RowBox[{"2", " ", "a", " ", "k", " ", "X"}]}]], "Output",

 CellChangeTimes->{3.39261293691464*^9}]

}, Open  ]],



Cell["\<\

Zapi\[SHacek]emo v matri\[CHacek]ni obliki (Mathematica je zaradi \

lep\[SHacek]ega zapisa pomno\:017eil ge2 z 2 in ge3 z 4)\

\>", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{

   RowBox[{"A", "[", "\[Omega]0_", "]"}], ":=", 

   RowBox[{"(", GridBox[{

      {

       RowBox[{

        RowBox[{

         SuperscriptBox["a", "2"], " ", "k"}], "-", 

        RowBox[{

         SuperscriptBox["\[Omega]0", "2"], "J"}]}], 

       RowBox[{

        RowBox[{"-", "a"}], " ", "k"}], "0"},

      {

       RowBox[{

        RowBox[{"-", "a"}], " ", "k"}], 

       RowBox[{

        RowBox[{"2", "k"}], "-", 

        RowBox[{

         SuperscriptBox["\[Omega]0", "2"], "m"}]}], 

       RowBox[{

        RowBox[{"-", 

         FractionBox["1", "2"]}], "a", " ", "k"}]},

      {"0", 

       RowBox[{

        RowBox[{"-", 

         FractionBox["1", "2"]}], "a", " ", "k"}], 

       RowBox[{

        RowBox[{

         FractionBox["1", "4"], 

         SuperscriptBox["a", "2"], "k"}], "-", 

        RowBox[{

         SuperscriptBox["\[Omega]0", "2"], "J"}]}]}

     }], ")"}]}], ";"}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"b", ":=", 

   RowBox[{"{", 

    RowBox[{"\[CapitalPhi]A", ",", "X", ",", "\[CapitalPhi]B"}], "}"}]}], 

  ";"}]}], "Input"],



Cell["Poi\[SHacek]\[CHacek]emo \[Omega]0, ki ustrezajo", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"sol", "=", 

  RowBox[{"Solve", "[", 

   RowBox[{

    RowBox[{

     RowBox[{"Det", "[", 

      RowBox[{"A", "[", "\[Omega]0", "]"}], "]"}], "\[Equal]", "0"}], ",", 

    RowBox[{"{", "\[Omega]0", "}"}]}], "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", "0"}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", "0"}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     RowBox[{"-", 

      FractionBox[

       SqrtBox[

        RowBox[{

         FractionBox[

          RowBox[{"5", " ", 

           SuperscriptBox["a", "2"], " ", "k"}], "J"], "+", 

         FractionBox[

          RowBox[{"8", " ", "k"}], "m"], "-", 

         FractionBox[

          RowBox[{"k", " ", 

           SqrtBox[

            RowBox[{

             RowBox[{"64", " ", 

              SuperscriptBox["J", "2"]}], "+", 

             RowBox[{"9", " ", 

              SuperscriptBox["a", "4"], " ", 

              SuperscriptBox["m", "2"]}]}]]}], 

          RowBox[{"J", " ", "m"}]]}]], 

       RowBox[{"2", " ", 

        SqrtBox["2"]}]]}]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     FractionBox[

      SqrtBox[

       RowBox[{

        FractionBox[

         RowBox[{"5", " ", 

          SuperscriptBox["a", "2"], " ", "k"}], "J"], "+", 

        FractionBox[

         RowBox[{"8", " ", "k"}], "m"], "-", 

        FractionBox[

         RowBox[{"k", " ", 

          SqrtBox[

           RowBox[{

            RowBox[{"64", " ", 

             SuperscriptBox["J", "2"]}], "+", 

            RowBox[{"9", " ", 

             SuperscriptBox["a", "4"], " ", 

             SuperscriptBox["m", "2"]}]}]]}], 

         RowBox[{"J", " ", "m"}]]}]], 

      RowBox[{"2", " ", 

       SqrtBox["2"]}]]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     RowBox[{"-", 

      SqrtBox[

       RowBox[{

        FractionBox[

         RowBox[{"5", " ", 

          SuperscriptBox["a", "2"], " ", "k"}], 

         RowBox[{"8", " ", "J"}]], "+", 

        FractionBox["k", "m"], "+", 

        FractionBox[

         RowBox[{"k", " ", 

          SqrtBox[

           RowBox[{

            RowBox[{"64", " ", 

             SuperscriptBox["J", "2"]}], "+", 

            RowBox[{"9", " ", 

             SuperscriptBox["a", "4"], " ", 

             SuperscriptBox["m", "2"]}]}]]}], 

         RowBox[{"8", " ", "J", " ", "m"}]]}]]}]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     SqrtBox[

      RowBox[{

       FractionBox[

        RowBox[{"5", " ", 

         SuperscriptBox["a", "2"], " ", "k"}], 

        RowBox[{"8", " ", "J"}]], "+", 

       FractionBox["k", "m"], "+", 

       FractionBox[

        RowBox[{"k", " ", 

         SqrtBox[

          RowBox[{

           RowBox[{"64", " ", 

            SuperscriptBox["J", "2"]}], "+", 

           RowBox[{"9", " ", 

            SuperscriptBox["a", "4"], " ", 

            SuperscriptBox["m", "2"]}]}]]}], 

        RowBox[{"8", " ", "J", " ", "m"}]]}]]}], "}"}]}], "}"}]], "Output",

 CellChangeTimes->{3.3926129369747267`*^9}]

}, Open  ]],



Cell["Razberemo tri re\[SHacek]itve:", "Text"],



Cell[BoxData[{

 RowBox[{"\[Omega]01", ":=", 

  RowBox[{"\[Omega]0", "/.", 

   RowBox[{"sol", "[", 

    RowBox[{"[", 

     RowBox[{"2", ",", "1"}], "]"}], "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{"\[Omega]02", ":=", 

  RowBox[{"\[Omega]0", "/.", 

   RowBox[{"sol", "[", 

    RowBox[{"[", 

     RowBox[{"4", ",", "1"}], "]"}], "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{"\[Omega]03", ":=", 

  RowBox[{"\[Omega]0", "/.", 

   RowBox[{"sol", "[", 

    RowBox[{"[", 

     RowBox[{"6", ",", "1"}], "]"}], "]"}]}]}]}], "Input"],



Cell["\<\

Izberemo X in poi\[SHacek]\[CHacek]emo lastne vektorje\

\>", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"X", "=", "1"}], ";"}]], "Input"],



Cell["Prvi lastni vektor", "Text"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"\[CapitalPhi]A1", "=", 

  RowBox[{

   RowBox[{"Replace", "[", 

    RowBox[{"\[CapitalPhi]A", ",", "\[IndentingNewLine]", 

     RowBox[{"Solve", "[", 

      RowBox[{

       RowBox[{

        RowBox[{

         RowBox[{"Dot", "[", 

          RowBox[{

           RowBox[{"A", "[", "\[Omega]01", "]"}], ",", "b"}], "]"}], "[", 

         RowBox[{"[", "1", "]"}], "]"}], "\[Equal]", "0"}], ",", 

       "\[CapitalPhi]A"}], "]"}]}], "\[IndentingNewLine]", "]"}], "[", 

   RowBox[{"[", "1", "]"}], "]"}]}], "\[IndentingNewLine]", 

 RowBox[{"\[CapitalPhi]B1", "=", 

  RowBox[{

   RowBox[{"Replace", "[", 

    RowBox[{"\[CapitalPhi]B", ",", "\[IndentingNewLine]", 

     RowBox[{"Solve", "[", 

      RowBox[{

       RowBox[{

        RowBox[{

         RowBox[{"Dot", "[", 

          RowBox[{

           RowBox[{"A", "[", "\[Omega]01", "]"}], ",", "b"}], "]"}], "[", 

         RowBox[{"[", "3", "]"}], "]"}], "\[Equal]", "0"}], ",", 

       "\[CapitalPhi]B"}], "]"}]}], "\[IndentingNewLine]", "]"}], "[", 

   RowBox[{"[", "1", "]"}], "]"}]}]}], "Input"],



Cell[BoxData[

 FractionBox["1", "a"]], "Output",

 CellChangeTimes->{3.3926129370047693`*^9}],



Cell[BoxData[

 FractionBox["2", "a"]], "Output",

 CellChangeTimes->{3.392612937014784*^9}]

}, Open  ]],



Cell[BoxData[

 RowBox[{

  RowBox[{"LV1", "=", 

   RowBox[{"{", 

    RowBox[{"\[CapitalPhi]A1", ",", "X", ",", "\[CapitalPhi]B1"}], "}"}]}], 

  ";"}]], "Input"],



Cell["Drugi lastni vektor", "Text"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"\[CapitalPhi]A2", "=", 

  RowBox[{

   RowBox[{"Replace", "[", 

    RowBox[{"\[CapitalPhi]A", ",", "\[IndentingNewLine]", 

     RowBox[{"Solve", "[", 

      RowBox[{

       RowBox[{

        RowBox[{

         RowBox[{"Dot", "[", 

          RowBox[{

           RowBox[{"A", "[", "\[Omega]02", "]"}], ",", "b"}], "]"}], "[", 

         RowBox[{"[", "1", "]"}], "]"}], "\[Equal]", "0"}], ",", 

       "\[CapitalPhi]A"}], "]"}]}], "\[IndentingNewLine]", "]"}], "[", 

   RowBox[{"[", "1", "]"}], "]"}]}], "\[IndentingNewLine]", 

 RowBox[{"\[CapitalPhi]B2", "=", 

  RowBox[{

   RowBox[{"Replace", "[", 

    RowBox[{"\[CapitalPhi]B", ",", "\[IndentingNewLine]", 

     RowBox[{"Solve", "[", 

      RowBox[{

       RowBox[{

        RowBox[{

         RowBox[{"Dot", "[", 

          RowBox[{

           RowBox[{"A", "[", "\[Omega]02", "]"}], ",", "b"}], "]"}], "[", 

         RowBox[{"[", "3", "]"}], "]"}], "\[Equal]", "0"}], ",", 

       "\[CapitalPhi]B"}], "]"}]}], "\[IndentingNewLine]", "]"}], "[", 

   RowBox[{"[", "1", "]"}], "]"}]}]}], "Input"],



Cell[BoxData[

 FractionBox[

  RowBox[{"8", " ", "a", " ", "m"}], 

  RowBox[{

   RowBox[{

    RowBox[{"-", "8"}], " ", "J"}], "+", 

   RowBox[{"3", " ", 

    SuperscriptBox["a", "2"], " ", "m"}], "+", 

   SqrtBox[

    RowBox[{

     RowBox[{"64", " ", 

      SuperscriptBox["J", "2"]}], "+", 

     RowBox[{"9", " ", 

      SuperscriptBox["a", "4"], " ", 

      SuperscriptBox["m", "2"]}]}]]}]]], "Output",

 CellChangeTimes->{3.3926129370548415`*^9}],



Cell[BoxData[

 RowBox[{"-", 

  FractionBox[

   RowBox[{"4", " ", "a", " ", "m"}], 

   RowBox[{

    RowBox[{"8", " ", "J"}], "+", 

    RowBox[{"3", " ", 

     SuperscriptBox["a", "2"], " ", "m"}], "-", 

    SqrtBox[

     RowBox[{

      RowBox[{"64", " ", 

       SuperscriptBox["J", "2"]}], "+", 

      RowBox[{"9", " ", 

       SuperscriptBox["a", "4"], " ", 

       SuperscriptBox["m", "2"]}]}]]}]]}]], "Output",

 CellChangeTimes->{3.392612937094899*^9}]

}, Open  ]],



Cell[BoxData[

 RowBox[{

  RowBox[{"LV2", "=", 

   RowBox[{"{", 

    RowBox[{"\[CapitalPhi]A2", ",", "X", ",", "\[CapitalPhi]B2"}], "}"}]}], 

  ";"}]], "Input"],



Cell["Tretji lastni vektor", "Text"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"\[CapitalPhi]A3", "=", 

  RowBox[{

   RowBox[{"Replace", "[", 

    RowBox[{"\[CapitalPhi]A", ",", "\[IndentingNewLine]", 

     RowBox[{"Solve", "[", 

      RowBox[{

       RowBox[{

        RowBox[{

         RowBox[{"Dot", "[", 

          RowBox[{

           RowBox[{"A", "[", "\[Omega]03", "]"}], ",", "b"}], "]"}], "[", 

         RowBox[{"[", "1", "]"}], "]"}], "\[Equal]", "0"}], ",", 

       "\[CapitalPhi]A"}], "]"}]}], "\[IndentingNewLine]", "]"}], "[", 

   RowBox[{"[", "1", "]"}], "]"}]}], "\[IndentingNewLine]", 

 RowBox[{"\[CapitalPhi]B3", "=", 

  RowBox[{

   RowBox[{"Replace", "[", 

    RowBox[{"\[CapitalPhi]B", ",", "\[IndentingNewLine]", 

     RowBox[{"Solve", "[", 

      RowBox[{

       RowBox[{

        RowBox[{

         RowBox[{"Dot", "[", 

          RowBox[{

           RowBox[{"A", "[", "\[Omega]03", "]"}], ",", "b"}], "]"}], "[", 

         RowBox[{"[", "3", "]"}], "]"}], "\[Equal]", "0"}], ",", 

       "\[CapitalPhi]B"}], "]"}]}], "\[IndentingNewLine]", "]"}], "[", 

   RowBox[{"[", "1", "]"}], "]"}]}]}], "Input"],



Cell[BoxData[

 FractionBox[

  RowBox[{"8", " ", "a", " ", "m"}], 

  RowBox[{

   RowBox[{

    RowBox[{"-", "8"}], " ", "J"}], "+", 

   RowBox[{"3", " ", 

    SuperscriptBox["a", "2"], " ", "m"}], "-", 

   SqrtBox[

    RowBox[{

     RowBox[{"64", " ", 

      SuperscriptBox["J", "2"]}], "+", 

     RowBox[{"9", " ", 

      SuperscriptBox["a", "4"], " ", 

      SuperscriptBox["m", "2"]}]}]]}]]], "Output",

 CellChangeTimes->{3.392612937144971*^9}],



Cell[BoxData[

 RowBox[{"-", 

  FractionBox[

   RowBox[{"4", " ", "a", " ", "m"}], 

   RowBox[{

    RowBox[{"8", " ", "J"}], "+", 

    RowBox[{"3", " ", 

     SuperscriptBox["a", "2"], " ", "m"}], "+", 

    SqrtBox[

     RowBox[{

      RowBox[{"64", " ", 

       SuperscriptBox["J", "2"]}], "+", 

      RowBox[{"9", " ", 

       SuperscriptBox["a", "4"], " ", 

       SuperscriptBox["m", "2"]}]}]]}]]}]], "Output",

 CellChangeTimes->{3.392612937185029*^9}]

}, Open  ]],



Cell[BoxData[

 RowBox[{

  RowBox[{"LV3", "=", 

   RowBox[{"{", 

    RowBox[{"\[CapitalPhi]A3", ",", "X", ",", "\[CapitalPhi]B3"}], "}"}]}], 

  ";"}]], "Input"],



Cell[CellGroupData[{



Cell["Podatki", "Subtitle"],



Cell[BoxData[{

 RowBox[{"k", ":=", 

  RowBox[{"100", "\[Times]", 

   SuperscriptBox["10", "3"]}]}], "\[IndentingNewLine]", 

 RowBox[{"m", ":=", "0.2"}], "\[IndentingNewLine]", 

 RowBox[{"J", ":=", "0.003"}], "\[IndentingNewLine]", 

 RowBox[{"a", ":=", "0.06"}]}], "Input"]

}, Open  ]],



Cell[CellGroupData[{



Cell["Rezultati", "Subtitle"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"\[Omega]01", ",", "\[Omega]02", ",", "\[Omega]03"}], 

  "}"}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"0", ",", "270.1464123416606`", ",", "1037.7961822530133`"}], 

  "}"}]], "Output",

 CellChangeTimes->{3.392612937225086*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[{"LV1", "\[IndentingNewLine]", "LV2", "\[IndentingNewLine]", \

"LV3"}], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"16.666666666666668`", ",", "1", ",", "33.333333333333336`"}], 

  "}"}]], "Output",

 CellChangeTimes->{3.39261293725513*^9}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"42.534262928841315`", ",", "1", ",", 

   RowBox[{"-", "23.26713146442068`"}]}], "}"}]], "Output",

 CellChangeTimes->{3.3926129372651443`*^9}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

   RowBox[{"-", "2.0898184843968646`"}], ",", "1", ",", 

   RowBox[{"-", "0.9550907578015678`"}]}], "}"}]], "Output",

 CellChangeTimes->{3.3926129372751584`*^9}]

}, Open  ]]

}, Open  ]]

}, Open  ]]

},

WindowToolbars->{"RulerBar", "EditBar"},

WindowSize->{999, 881},

WindowMargins->{{0, Automatic}, {Automatic, 0}},

Magnification->1.25,

FrontEndVersion->"6.0 for Microsoft Windows (32-bit) (April 28, 2007)",

StyleDefinitions->FrontEnd`FileName[{"Creative"}, "NaturalColor.nb", 

  CharacterEncoding -> "WindowsEastEurope"]

]

(* End of Notebook Content *)



(* Internal cache information *)

(*CellTagsOutline

CellTagsIndex->{}

*)

(*CellTagsIndex

CellTagsIndex->{}

*)

(*NotebookFileOutline

Notebook[{

Cell[CellGroupData[{

Cell[590, 23, 138, 3, 90, "Title"],

Cell[731, 28, 257, 3, 36, "Subsubtitle"]

}, Open  ]],

Cell[CellGroupData[{

Cell[1025, 36, 25, 0, 90, "Title"],

Cell[1053, 38, 74, 1, 48, "Input"],

Cell[1130, 41, 32, 0, 34, "Text"],

Cell[1165, 43, 209, 7, 78, "Input"],

Cell[1377, 52, 41, 0, 34, "Text"],

Cell[1421, 54, 321, 10, 80, "Input"],

Cell[1745, 66, 47, 0, 34, "Text"],

Cell[1795, 68, 384, 12, 60, "Input"],

Cell[2182, 82, 32, 0, 34, "Text"],

Cell[CellGroupData[{

Cell[2239, 86, 366, 11, 48, "Input"],

Cell[2608, 99, 174, 5, 68, "Output"]

}, Open  ]],

Cell[2797, 107, 50, 0, 34, "Text"],

Cell[2850, 109, 110, 3, 63, "Input"],

Cell[2963, 114, 81, 2, 34, "Text"],

Cell[CellGroupData[{

Cell[3069, 120, 283, 8, 64, "Input"],

Cell[3355, 130, 464, 16, 97, "Output"]

}, Open  ]],

Cell[CellGroupData[{

Cell[3856, 151, 27, 0, 43, "Subtitle"],

Cell[3886, 153, 565, 18, 139, "Input"]

}, Open  ]],

Cell[CellGroupData[{

Cell[4488, 176, 29, 0, 43, "Subtitle"],

Cell[CellGroupData[{

Cell[4542, 180, 940, 22, 247, "Input"],

Cell[5485, 204, 334, 7, 48, "Output"]

}, Open  ]]

}, Open  ]]

}, Open  ]],

Cell[CellGroupData[{

Cell[5880, 218, 25, 0, 90, "Title"],

Cell[5908, 220, 74, 1, 48, "Input"],

Cell[5985, 223, 51, 0, 34, "Text"],

Cell[6039, 225, 73, 2, 64, "Input"],

Cell[6115, 229, 32, 0, 34, "Text"],

Cell[6150, 231, 92, 3, 78, "Input"],

Cell[6245, 236, 41, 0, 34, "Text"],

Cell[6289, 238, 147, 5, 74, "Input"],

Cell[6439, 245, 47, 0, 34, "Text"],

Cell[6489, 247, 157, 5, 60, "Input"],

Cell[6649, 254, 35, 0, 34, "Text"],

Cell[6687, 256, 255, 7, 48, "Input"],

Cell[6945, 265, 40, 0, 34, "Text"],

Cell[6988, 267, 512, 17, 93, "Input"],

Cell[7503, 286, 28, 0, 34, "Text"],

Cell[7534, 288, 143, 4, 65, "Input"],

Cell[7680, 294, 31, 0, 34, "Text"],

Cell[7714, 296, 316, 9, 83, "Input"],

Cell[8033, 307, 45, 0, 34, "Text"],

Cell[CellGroupData[{

Cell[8103, 311, 461, 14, 71, "Input"],

Cell[8567, 327, 309, 11, 78, "Output"]

}, Open  ]],

Cell[CellGroupData[{

Cell[8913, 343, 27, 0, 43, "Subtitle"],

Cell[8943, 345, 538, 16, 161, "Input"]

}, Open  ]],

Cell[CellGroupData[{

Cell[9518, 366, 29, 0, 43, "Subtitle"],

Cell[CellGroupData[{

Cell[9572, 370, 479, 12, 64, "Input"],

Cell[10054, 384, 428, 9, 71, "Output"]

}, Open  ]]

}, Open  ]]

}, Open  ]],

Cell[CellGroupData[{

Cell[10543, 400, 25, 0, 90, "Title"],

Cell[10571, 402, 74, 1, 48, "Input"],

Cell[10648, 405, 45, 0, 34, "Text"],

Cell[10696, 407, 162, 5, 48, "Input"],

Cell[10861, 414, 42, 0, 34, "Text"],

Cell[10906, 416, 543, 18, 64, "Input"],

Cell[11452, 436, 36, 0, 34, "Text"],

Cell[11491, 438, 603, 20, 64, "Input"],

Cell[12097, 460, 38, 0, 34, "Text"],

Cell[CellGroupData[{

Cell[12160, 464, 531, 16, 48, "Input"],

Cell[12694, 482, 425, 12, 48, "Output"]

}, Open  ]],

Cell[CellGroupData[{

Cell[13156, 499, 509, 16, 48, "Input"],

Cell[13668, 517, 518, 15, 48, "Output"]

}, Open  ]],

Cell[CellGroupData[{

Cell[14223, 537, 531, 16, 48, "Input"],

Cell[14757, 555, 445, 12, 48, "Output"]

}, Open  ]],

Cell[15217, 570, 24, 0, 34, "Text"],

Cell[15244, 572, 550, 15, 93, "Input"],

Cell[CellGroupData[{

Cell[15819, 591, 580, 18, 93, "Input"],

Cell[16402, 611, 309, 8, 48, "Output"],

Cell[16714, 621, 372, 11, 48, "Output"],

Cell[17089, 634, 328, 8, 48, "Output"]

}, Open  ]],

Cell[17432, 645, 148, 3, 34, "Text"],

Cell[17583, 650, 1090, 38, 130, "Input"],

Cell[18676, 690, 64, 0, 34, "Text"],

Cell[CellGroupData[{

Cell[18765, 694, 245, 7, 48, "Input"],

Cell[19013, 703, 2860, 91, 161, "Output"]

}, Open  ]],

Cell[21888, 797, 46, 0, 34, "Text"],

Cell[21937, 799, 523, 15, 93, "Input"],

Cell[22463, 816, 78, 2, 34, "Text"],

Cell[22544, 820, 67, 2, 48, "Input"],

Cell[22614, 824, 34, 0, 34, "Text"],

Cell[CellGroupData[{

Cell[22673, 828, 1063, 28, 159, "Input"],

Cell[23739, 858, 92, 2, 64, "Output"],

Cell[23834, 862, 90, 2, 64, "Output"]

}, Open  ]],

Cell[23939, 867, 159, 5, 48, "Input"],

Cell[24101, 874, 35, 0, 34, "Text"],

Cell[CellGroupData[{

Cell[24161, 878, 1063, 28, 159, "Input"],

Cell[25227, 908, 447, 15, 71, "Output"],

Cell[25677, 925, 455, 15, 71, "Output"]

}, Open  ]],

Cell[26147, 943, 159, 5, 48, "Input"],

Cell[26309, 950, 36, 0, 34, "Text"],

Cell[CellGroupData[{

Cell[26370, 954, 1063, 28, 159, "Input"],

Cell[27436, 984, 445, 15, 71, "Output"],

Cell[27884, 1001, 455, 15, 71, "Output"]

}, Open  ]],

Cell[28354, 1019, 159, 5, 48, "Input"],

Cell[CellGroupData[{

Cell[28538, 1028, 27, 0, 43, "Subtitle"],

Cell[28568, 1030, 272, 6, 117, "Input"]

}, Open  ]],

Cell[CellGroupData[{

Cell[28877, 1041, 29, 0, 43, "Subtitle"],

Cell[CellGroupData[{

Cell[28931, 1045, 112, 3, 48, "Input"],

Cell[29046, 1050, 163, 4, 48, "Output"]

}, Open  ]],

Cell[CellGroupData[{

Cell[29246, 1059, 93, 1, 93, "Input"],

Cell[29342, 1062, 163, 4, 48, "Output"],

Cell[29508, 1068, 181, 4, 48, "Output"],

Cell[29692, 1074, 201, 5, 48, "Output"]

}, Open  ]]

}, Open  ]]

}, Open  ]]

}

]

*)



(* End of internal cache information *)



Pripeta datoteka z rešitvijo v Mathematici



POGLAVJE 2. KOLOKVIJ 2 47

Izraz normiramo:

ϕ̈+
d a2

JA︸︷︷︸
2 δ ω0

ϕ̇+
k a2

JA︸︷︷︸
ω2

0

ϕ = 0.

Točk: 10

Lastna nedušena krožna frekvenca in razmernik dušenja torej sta:

ω0 =

√
k a2

JA
,

δ =

d a2

JA

2ω0
.

Točk: 5

Lastna dušena krožna frekvenca pa je:

ω0d = ω0

√
1− δ2.

Točk: 5

b) Iz izraza za lastno nedušeno krožno frekvenco izrazimo togost:

kz =
JA ω0

2
z

a2
,

kjer je:

ω0z = 2π
nz
60
.

Točk: 5

Razlika med dušeno in nedušeno (krožno) frekvenco je:

R = 1− ω0d

ω0z
,

kjer je δz razmernik dušenja pri nz. Točk: 5

Kje so imeli študentje težave?
V primeru b) je potrebno izračunati pripadajoči razmernik dušenja δz.

Naloga 2 (35 točk) Zadostuje
znanje: VN

Povprečen
uspeh: 72%

k = 1 kN/m

d = 10 Ns/m

m = 3 kg

F (t) = F0 sin(ω t)

F0 = 10 N

ω = 2 · 2π rad/s

Xz = 1 mm

Sistem na sliki je sestavljen iz mase, vzmeti in
dveh dušilk. Masa se lahko giblje samo v verti-
kalni smeri in jo vzbujamo s sinusno silo F (t).
a) Izračunajte lastno nedušeno krožno fre-
kvenco, razmernik dušenja, amplitudo nihanja
mase m in kot zaostajanja nihanja mase za
vzbujanjem. Določite, ali je sistem vzbujan
pod- ali nad-resonančno.
b) Izračunajte kakšna lastna krožna frekvenca
je potrebna, da bo masa nedušenega sistema
nihala z amplitudo Xz.
Upoštevajte teorijo majhnih zasukov.
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Rešitev

f0 = 3,33 m/s
2

ω0 = 18,257 rad/s

δ = 0,1826

ω = 12,566 rad/s

X = 17,15 mm

β = 1,7147

X0 = 0,01 m/s
2

ϕ = 0,44555 rad = 25,52◦

ω0,z = 59,087 rad/s

Postopek

a) S pomočjo II.Newtonovega zakona najprej napǐsemo gibalno enačbo (mẍ =
∑
i Fi):

mẍ+ 2 d ẋ+ k x = F0 sin(ω t).

Izraz normiramo:

ẍ+
2 d

m︸︷︷︸
2 δ ω0

ẋ+
k

m︸︷︷︸
ω2

0

x =
F0

m︸︷︷︸
f0

sin(ω t).

Točk: 5

Izračunamo lastno krožno frekvenco in razmernik dušenja:

ω0 =

√
k

m
,

δ =
2 d
m

2ω0
.

Točk: 5

Ker je lastna frekvenca večja od vsiljene, je vzbujanje pod-resonančno. Točk: 5

Amplituda mase je:

X = X0 β,
Točk: 5

pri čemer je

X0 =
f0
ω2
0

in β =

√√√√√ 1(
1−

(
ω
ω0

)2)2

+
(

2 δ ωω0

)2 .
Točk: 5

Kot zaostajanja mase za vzbujanjem je:

ϕ = arctan

 2 δ ωω0

1−
(
ω
ω0

)2


Točk: 5
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b) Lastno frekvenco, pri kateri imamo željeno amplitudo, izrazimo iz enačbe (ni dušenja, torej δ = 0):

Xz = X0 β =
f0
ω2
0

√√√√√ 1(
1−

(
ω
ω0

)2)2

+
(

2 δ ωω0

)2 =
f0
ω2
0

√√√√√ 1(
1−

(
ω
ω0

)2)2 .

Točk: 5

Dobimo dve rešitvi, pri čemer je ustrezna nad-resonančna

ω0,z =

√
F0

m +Xz ω2

Xz

Točk: 5

Kje so imeli študentje težave?
Težave s popisom vpliva dveh dušilk.

Naloga 3 (35 točk) Zadostuje
zna-
nje: LVPS

Povprečen
uspeh: 49%

(Ni v merilu.)

Model pretičnega mehanizma iz naloge 1 izpopol-
nimo, kakor je prikazano na sliki. Element v obliki
črke T se lahko vrti okoli točke A in je preko vzmeti
togosti k pritrjen na drog mase m, le-ta pa preko
vzmeti togosti k na prestavno ročico, ki se lahko
vrti okoli točke B.
Z uporabo označenih koordinat in Lagrangevimi
enačbami 2. vrste a) poǐsčite gibalne enačbe, b) la-
stne frekvence in c) drugi (2.) lastni vektor sistema.
Opomba: pri določevanju lastnega vektorja normi-
rajte amplitudo X = 1 m. Upoštevajte teorijo majh-
nih kotov.
Podatki:
JA = JB = J = 0,003 kg m2,
m = 0,2 kg, a = 6 cm, k = 100 kN/m.

Rešitev

0 = a2 k ϕA + J ϕ̈A − a k x

0 = − a k ϕA + 2 k x+mẍ− 1

2
a k ϕB

0 = −1

2
a k x+

1

4
a2 k ϕB + J ϕ̈B

ω01 = 0 rad/s

ω02 = 270,1 rad/s

ω03 = 1037,8 rad/s

{X}1 =

 16,67 rad
1 m

33,33 rad


{X}2 =

 42,53 rad
1 m

−23,27 rad


{X}3 =

 −2,09 rad
1 m

−0,96 rad


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Postopek

a) Sistem je konservativen in ima tri prostostne stopnje (N = P = 3). Do gibalnih enačb pridemo s
pomočjo Lagrangevih enačb 2. vrste za konservativni sistem:

d

dt

∂L

∂q̇j
− ∂L

∂qj
= 0; j = 1, 2, 3.

Za posplošene koordinate izberemo: ϕA, x,ϕB.
Lagrangeva energijska funkcija:

L = Ek − Ep,

kjer sta kinetična in potencialna energija definirani kot:

Ek =
1

2
J ϕ̇A

2 +
1

2
mẋ21 +

1

2
J ϕ̇B

2,

Ep =
1

2
k (x− aϕA)

2
+

1

2
k
(a

2
ϕB − x

)2
,

kjer smo predpostavili: aϕA < x < a
2 ϕB.

Točk: 10

Izračunamo odvode:

∂Lk
∂ϕA

= a k (x− aϕA)

∂Lk
∂x

= −k (x− aϕA) + k

(
−x+

1

2
aϕB

)
∂Lk
∂ϕB

= −1

2
a k

(
−x+

1

2
aϕB

)

d

dt

∂L

∂ϕ̇A
= J ϕ̈A

d

dt

∂L

∂ẋ
= mẍ

d

dt

∂L

∂ϕ̇B
= J ϕ̈B

Glede na Lagrangeve enačbe 2. vrste zapǐsemo sedaj gibalne enačbe:

a2 k ϕA + J ϕ̈A − a k x = 0

− a k ϕA + 2 k x+mẍ− 1

2
a k ϕB = 0

−1

2
a k x+

1

4
a2 k ϕB + J ϕ̈B = 0

Točk: 5

b) Pričakujemo lastno nihanje oblike ϕA = ΦA sinω0t, x = X sinω0t in ϕB = ΦB sinω0t, zato uporabimo
ta nastavek, da zgornje gibalne enačbe zapǐsemo v matrično obliko: a2 k − ω2

0 J −a k 0
−a k 2 k − ω2

0 m − 1
2 a k

0 − 1
2 a k

1
4 a

2 k − ω2
0 J

 ΦA

X
ΦB

 =

 0
0
0

 .

Točk: 5

Poǐsčemo lastne frekvence:

det

 a2 k − ω2
0 J −a k 0

−a k 2 k − ω2
0 m − 1

2 a k
0 − 1

2 a k
1
4 a

2 k − ω2
0 J

 = 0,
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sledi:

 ω01

ω02

ω03

 =


0√

5 a2 k
J + 8 k

m −
k
√

64 J2+9 a4 m2

J m

2
√
2√

5 a2 k
8 J + k

m + k
√
64 J2+9 a4m2

8 J m

 .

Točk: 10

c) Izberemo X = 1 m in določimo drugi lastni vektor: a2 k − ω2
02 J −a k 0

−a k 2 k − ω2
02m − 1

2 a k
0 − 1

2 a k
1
4 a

2 k − ω2
02 J

 ΦA

X
ΦB

 =

 0
0
0



→ {X}2 =

 8 am
−8 J+3 a2m+

√
64 J2+9 a4m2

1
−4 am

8 J+3 a2m−
√
64 J2+9 a4m2


Točk: 5

Podobno bi lahko določili še prvi in tretji lastni vektor (naloga tega ne zahteva):

{X}1 =

 1
a
1
2
a

 ,

{X}3 =

 8 am
−8 J+3 a2m−

√
64 J2+9 a4m2

1
−4 am

8 J+3 a2m+
√
64 J2+9 a4m2

 .

Kje so imeli študentje težave?
Nekatere je motilo prepletanje koordinat za rotacijo in translacijo. Težave s potencialno energijo. Izračun
determinante.

2.6 Datum: 26.5.2007

Naloga 1 (30 točk) Zadostuje
zna-
nje: LDN

Povprečen
uspeh: 57%

Osrednji atrij hotela Mons v Ljubljani dopolnjuje visoka skulptura
(časovno nihalo) nemškega kiparja Karla Schlammingerja.
Zamislite si, da vas je najel kipar za odgovor na naslednji vprašanji:
a) kako visoko mora biti stožčasto nihalo, da bo nihajni čas T in
b) kolikšna mora biti masa nihala, da bo statična sila F zadostovala
za začetni odmik ∆x.
Pomagajte si z modelom na sliki: ob predpostavki majhnih kotov
najprej izpeljite gibalno enačbo, nato izrazite lastno frekvenco in raz-
mernik dušenja. Doložino h določite ob predpostavki, da je dušenje
zanemarljivo.
Kipar zaradi estetskih razlogov omeji razmerje vǐsine stožca proti
polmeru: h = 20 r. Masni vztrajnostni moment stožca okoli vrtǐsča

je: J = 3
5 m

(
h2 + r2

4

)
, težǐsče je od vrha oddaljeno 3/4h.

Podatki: T = 5 s, g = 9,81 m/s
2
, F = 1000 N, ∆x = 2 r.
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 RowBox[{"J", ":=", 

  RowBox[{

   FractionBox["3", "5"], "m", " ", 

   RowBox[{"(", 

    RowBox[{

     FractionBox[

      SuperscriptBox["r", "2"], "4"], "+", 

     SuperscriptBox["h", "2"]}], ")"}]}]}]], "Input",

 CellChangeTimes->{{3.388931482378832*^9, 3.38893148733596*^9}, {

  3.388931527774107*^9, 3.388931564677171*^9}, {3.388932674182562*^9, 

  3.3889326760852976`*^9}, {3.3889337283684063`*^9, 3.3889337551969843`*^9}}],



Cell[BoxData[

 RowBox[{"h", ":=", 

  RowBox[{"20", "r"}]}]], "Input",

 CellChangeTimes->{{3.38893382069116*^9, 3.3889338321977053`*^9}}],



Cell["\<\

Po linearizciji (Sin[\[CurlyPhi]]->\[CurlyPhi]) dobimo lastno frekvenco in \

razmernik du\[SHacek]enja\

\>", "Text",

 CellChangeTimes->{{3.3889315901237617`*^9, 3.3889316666037345`*^9}}],



Cell[BoxData[{

 RowBox[{"\[Omega]0", ":=", 

  SqrtBox[

   FractionBox[

    RowBox[{"m", " ", "g", " ", "c"}], "J"]]}], "\[IndentingNewLine]", 

 RowBox[{"\[Delta]", ":=", 

  FractionBox[

   FractionBox["d", "J"], 

   RowBox[{"2", " ", "\[Omega]0"}]]}]}], "Input",

 CellChangeTimes->{

  3.3889315815614495`*^9, {3.3889316415677347`*^9, 3.388931689927272*^9}, {

   3.3889319676866703`*^9, 3.388931968878384*^9}, {3.3889324780204945`*^9, 

   3.388932478861704*^9}, 3.3889326790095024`*^9, 3.388933780423258*^9, 

   3.3892489496032066`*^9}],



Cell["Potrebna masa", "Text",

 CellChangeTimes->{{3.3889317140219183`*^9, 3.388931714402466*^9}}],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"sol1", "=", 

  RowBox[{"Solve", "[", 

   RowBox[{

    RowBox[{

     FractionBox[

      RowBox[{"2", "\[Pi]"}], "T"], "\[Equal]", "\[Omega]0"}], ",", "r"}], 

   "]"}]}]], "Input",

 CellChangeTimes->{{3.3889317625717297`*^9, 3.388931769281378*^9}, 

   3.3889318367684193`*^9, 3.3889326878321886`*^9, {3.3889338028254704`*^9, 

   3.3889338032560897`*^9}, {3.3889338403594418`*^9, 3.3889338407800465`*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{"r", "\[Rule]", 

    FractionBox[

     RowBox[{"25", " ", "g", " ", 

      SuperscriptBox["T", "2"]}], 

     RowBox[{"1601", " ", 

      SuperscriptBox["\[Pi]", "2"]}]]}], "}"}], "}"}]], "Output",

 CellChangeTimes->{

  3.38893104595128*^9, {3.3889317703529186`*^9, 3.3889317830011053`*^9}, 

   3.3889318373993263`*^9, 3.388931975608061*^9, {3.388932683205536*^9, 

   3.3889326880525055`*^9}, {3.388933799540747*^9, 3.3889338039270544`*^9}, {

   3.388933838166288*^9, 3.3889338413809104`*^9}, 3.3889364780722866`*^9, 

   3.388936570425083*^9, 3.388937229072171*^9, 3.3889373057324033`*^9, 

   3.3889381353853855`*^9, 3.3892489540996723`*^9, {3.389258453479109*^9, 

   3.3892584581057615`*^9}, {3.389258540183784*^9, 3.389258556186795*^9}, 

   3.3892586678273263`*^9}]

}, Open  ]],



Cell["\<\

Ravnote\:017eje momentov za za\[CHacek]etni pogoj\

\>", "Text",

 CellChangeTimes->{{3.388932069442989*^9, 3.388932080088296*^9}}],



Cell[BoxData[

 RowBox[{

  RowBox[{"eq2", "=", 

   RowBox[{

    RowBox[{

     RowBox[{"m", " ", "g", " ", "c", " ", 

      RowBox[{"Sin", "[", "\[CurlyPhi]0", "]"}]}], "-", 

     RowBox[{"F", " ", "h", " ", 

      RowBox[{"Cos", "[", "\[CurlyPhi]0", "]"}]}]}], "\[Equal]", "0"}]}], 

  ";"}]], "Input",

 CellChangeTimes->{{3.38893208553613*^9, 3.388932112474866*^9}, {

  3.388932691637661*^9, 3.3889326935403967`*^9}, {3.3889338525770097`*^9, 

  3.38893387435833*^9}, {3.3892490442693295`*^9, 3.389249045210683*^9}}],



Cell["Sledi, da mora biti masa", "Text",

 CellChangeTimes->{{3.388932124021469*^9, 3.3889321320830607`*^9}}],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"sol2", "=", 

  RowBox[{"Solve", "[", 

   RowBox[{"eq2", ",", "m"}], "]"}]}]], "Input",

 CellChangeTimes->{{3.388932154014597*^9, 3.3889321754153695`*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{"m", "\[Rule]", 

    FractionBox[

     RowBox[{"4", " ", "F", " ", 

      RowBox[{"Cot", "[", "\[CurlyPhi]0", "]"}]}], 

     RowBox[{"3", " ", "g"}]]}], "}"}], "}"}]], "Output",

 CellChangeTimes->{

  3.3889321758159456`*^9, 3.38893269532296*^9, 3.388933881648813*^9, 

   3.388936570465141*^9, 3.3889373116909714`*^9, 3.3889377012911887`*^9, 

   3.388938135415429*^9, 3.3892490476541967`*^9, {3.3892584535792527`*^9, 

   3.38925845821592*^9}, {3.389258540283928*^9, 3.389258556236867*^9}, 

   3.38925866792747*^9}]

}, Open  ]],



Cell["Definirajmo \[SHacek]e za\[CHacek]etni kot", "Text",

 CellChangeTimes->{{3.3889322418108416`*^9, 3.388932254569187*^9}}],



Cell[BoxData[

 RowBox[{"\[CurlyPhi]0", ":=", 

  RowBox[{"ArcSin", "[", 

   FractionBox["\[CapitalDelta]x", "h"], "]"}]}]], "Input",

 CellChangeTimes->{{3.388932257243032*^9, 3.388932302407976*^9}, 

   3.388932701461787*^9, {3.388933896099592*^9, 3.38893393544617*^9}, {

   3.38925844619864*^9, 3.3892584478910737`*^9}}],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"Simplify", "[", 

  RowBox[{

   RowBox[{"Flatten", "[", 

    RowBox[{

     RowBox[{"sol2", "/.", "sol1"}], "/.", 

     RowBox[{"\[CapitalDelta]x", "\[Rule]", 

      RowBox[{"2", "r"}]}]}], "]"}], ",", 

   RowBox[{"{", 

    RowBox[{

     RowBox[{"r", ">", "0"}], ",", 

     RowBox[{"T", ">", "0"}], ",", 

     RowBox[{"g", ">", "0"}], ",", 

     RowBox[{"F", ">", "0"}], ",", 

     RowBox[{"\[Pi]", ">", "0"}]}], "}"}]}], "]"}]], "Input",

 CellChangeTimes->{{3.388938149976366*^9, 3.3889381567060432`*^9}, {

  3.389258512053334*^9, 3.3892585525115104`*^9}, {3.389258662529709*^9, 

  3.3892586641720705`*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"m", "\[Rule]", 

   FractionBox[

    RowBox[{"4", " ", "F", " ", 

     SqrtBox[

      RowBox[{

       RowBox[{

        RowBox[{"-", "2563201"}], " ", 

        SuperscriptBox["\[Pi]", "4"], " ", 

        SuperscriptBox["r", "2"]}], "+", 

       RowBox[{"62500", " ", 

        SuperscriptBox["g", "2"], " ", 

        SuperscriptBox["T", "4"]}]}]]}], 

    RowBox[{"4803", " ", "g", " ", 

     SuperscriptBox["\[Pi]", "2"], " ", "r"}]]}], "}"}]], "Output",

 CellChangeTimes->{{3.3889381407230606`*^9, 3.388938158598765*^9}, 

   3.389249051760101*^9, {3.389258449923997*^9, 3.3892584582860208`*^9}, {

   3.389258536127952*^9, 3.3892585563370113`*^9}, {3.3892586646727905`*^9, 

   3.389258668037629*^9}}]

}, Open  ]],



Cell["Poi\[SHacek]\[CHacek]imo \[SHacek]e kriti\[CHacek]no du\[SHacek]enje", \

"Text",

 CellChangeTimes->{{3.388932758784213*^9, 3.3889327655539474`*^9}}],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"sol3", "=", 

  RowBox[{"Solve", "[", 

   RowBox[{

    RowBox[{"\[Delta]", "\[Equal]", "1"}], ",", "d"}], "]"}]}]], "Input",

 CellChangeTimes->{{3.3889327705411186`*^9, 3.388932783589882*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{"d", "\[Rule]", 

    RowBox[{"3", " ", 

     SqrtBox["1601"], " ", "m", " ", 

     SqrtBox[

      FractionBox["g", "r"]], " ", 

     SuperscriptBox["r", "2"]}]}], "}"}], "}"}]], "Output",

 CellChangeTimes->{

  3.388932784050544*^9, 3.3889339151670094`*^9, 3.3889365705051985`*^9, 

   3.3889381354554863`*^9, 3.3892490760149775`*^9, {3.389258453689411*^9, 

   3.389258458316064*^9}, {3.3892585408547487`*^9, 3.3892585563670545`*^9}, 

   3.389258668067672*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell["Podatki", "Subtitle"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"T", "=", "5"}], ";"}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"g", "=", "9.81"}], ";"}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"F", "=", "1000"}], ";"}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"\[CapitalDelta]x", "=", 

   RowBox[{"2", "r"}]}], ";"}]}], "Input",

 CellChangeTimes->{{3.388932315046149*^9, 3.3889323408532577`*^9}, {

  3.3889323948809457`*^9, 3.388932428539344*^9}, {3.388933939281685*^9, 

  3.3889339398324766`*^9}, {3.38893653884968*^9, 3.3889365450686226`*^9}}]

}, Open  ]],



Cell[CellGroupData[{



Cell["Rezultati", "Subtitle"],



Cell[CellGroupData[{



Cell[BoxData[{"sol1", "\n", 

 RowBox[{"Flatten", "[", 

  RowBox[{"sol2", "/.", "sol1"}], "]"}], "\n", 

 RowBox[{"Flatten", "[", 

  RowBox[{

   RowBox[{"sol3", "/.", "sol2"}], "/.", "sol1"}], "]"}]}], "Input",

 CellChangeTimes->{{3.388932346521408*^9, 3.3889323470421567`*^9}, {

  3.388932833191205*^9, 3.388932840131184*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{"r", "\[Rule]", "0.3880234273623257`"}], "}"}], "}"}]], "Output",

 CellChangeTimes->{{3.388932605073187*^9, 3.388932613375125*^9}, {

   3.3889327064189153`*^9, 3.38893273538056*^9}, {3.388932796989149*^9, 

   3.388932840671962*^9}, 3.3889339441887407`*^9, {3.388936541453424*^9, 

   3.3889365705452557`*^9}, 3.388938240857046*^9, 3.389249080861947*^9, {

   3.3892584537194543`*^9, 3.3892584583461075`*^9}, {3.3892585408948064`*^9, 

   3.3892585563970976`*^9}, 3.38925866810773*^9}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"m", "\[Rule]", "1352.3444608992454`"}], "}"}]], "Output",

 CellChangeTimes->{{3.388932605073187*^9, 3.388932613375125*^9}, {

   3.3889327064189153`*^9, 3.38893273538056*^9}, {3.388932796989149*^9, 

   3.388932840671962*^9}, 3.3889339441887407`*^9, {3.388936541453424*^9, 

   3.3889365705452557`*^9}, 3.388938240857046*^9, 3.389249080861947*^9, {

   3.3892584537194543`*^9, 3.3892584583461075`*^9}, {3.3892585408948064`*^9, 

   3.3892585563970976`*^9}, 3.38925866810773*^9}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"d", "\[Rule]", "122892.58287111417`"}], "}"}]], "Output",

 CellChangeTimes->{{3.388932605073187*^9, 3.388932613375125*^9}, {

   3.3889327064189153`*^9, 3.38893273538056*^9}, {3.388932796989149*^9, 

   3.388932840671962*^9}, 3.3889339441887407`*^9, {3.388936541453424*^9, 

   3.3889365705452557`*^9}, 3.388938240857046*^9, 3.389249080861947*^9, {

   3.3892584537194543`*^9, 3.3892584583461075`*^9}, {3.3892585408948064`*^9, 

   3.3892585563970976`*^9}, 3.3892586681277585`*^9}]

}, Open  ]]

}, Open  ]]

}, Open  ]],



Cell[CellGroupData[{



Cell["2.Naloga", "Title"],



Cell[BoxData[

 RowBox[{"Remove", "[", "\"\<Global`*\>\"", "]"}]], "Input"],



Cell["\<\

Ob predpostavki x>y in x' > y' in s pomo\[CHacek]jo II. NZ pridemo do gibalne \

ena\[CHacek]be\

\>", "Text",

 CellChangeTimes->{{3.3889872716872673`*^9, 3.3889873096718864`*^9}}],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"ge1", "=", 

  RowBox[{

   RowBox[{"m", " ", 

    RowBox[{

     RowBox[{"x", "''"}], "[", "t", "]"}]}], "\[Equal]", 

   RowBox[{

    RowBox[{

     RowBox[{"-", "d"}], 

     RowBox[{"(", 

      RowBox[{

       RowBox[{

        RowBox[{"x", "'"}], "[", "t", "]"}], "-", 

       RowBox[{

        RowBox[{"y", "'"}], "[", "t", "]"}]}], ")"}]}], "-", 

    RowBox[{"k", 

     RowBox[{"(", 

      RowBox[{

       RowBox[{"x", "[", "t", "]"}], "-", 

       RowBox[{"y", "[", "t", "]"}]}], ")"}]}]}]}]}]], "Input",

 CellChangeTimes->{{3.388987313076782*^9, 3.3889873748456016`*^9}}],



Cell[BoxData[

 RowBox[{

  RowBox[{"m", " ", 

   RowBox[{

    SuperscriptBox["x", "\[Prime]\[Prime]",

     MultilineFunction->None], "[", "t", "]"}]}], "\[Equal]", 

  RowBox[{

   RowBox[{

    RowBox[{"-", "k"}], " ", 

    RowBox[{"(", 

     RowBox[{

      RowBox[{"x", "[", "t", "]"}], "-", 

      RowBox[{"y", "[", "t", "]"}]}], ")"}]}], "-", 

   RowBox[{"d", " ", 

    RowBox[{"(", 

     RowBox[{

      RowBox[{

       SuperscriptBox["x", "\[Prime]",

        MultilineFunction->None], "[", "t", "]"}], "-", 

      RowBox[{

       SuperscriptBox["y", "\[Prime]",

        MultilineFunction->None], "[", "t", "]"}]}], ")"}]}]}]}]], "Output",

 CellChangeTimes->{3.388987379251938*^9, 3.388987995808502*^9, 

  3.388988113497731*^9, 3.3889959572352896`*^9, 3.3893317266934814`*^9, 

  3.3893319681406655`*^9, 3.38933212863144*^9}]

}, Open  ]],



Cell["Vstavimo harmoni\[CHacek]no vzbujanje", "Text",

 CellChangeTimes->{{3.3889874204611936`*^9, 3.3889874313768897`*^9}}],



Cell[BoxData[

 RowBox[{

  RowBox[{"y", "[", "t_", "]"}], ":=", 

  RowBox[{"Y", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"\[Omega]", " ", "t"}], "]"}]}]}]], "Input",

 CellChangeTimes->{{3.3889874330292654`*^9, 3.388987443524357*^9}}],



Cell["nato uredimo, normiramo dobimo:", "Text",

 CellChangeTimes->{{3.3889874054596224`*^9, 3.3889874167458515`*^9}, {

  3.388987447490059*^9, 3.3889874750597024`*^9}}],



Cell[BoxData[

 RowBox[{

  RowBox[{"ge2", "=", 

   RowBox[{

    RowBox[{

     RowBox[{

      RowBox[{"x", "''"}], "[", "t", "]"}], "+", 

     RowBox[{

      FractionBox["d", "m"], 

      RowBox[{

       RowBox[{"x", "'"}], "[", "t", "]"}]}], "+", 

     RowBox[{

      FractionBox["k", "m"], 

      RowBox[{"x", "[", "t", "]"}]}]}], "\[Equal]", 

    RowBox[{

     RowBox[{

      FractionBox["d", "m"], "Y", " ", "\[Omega]", " ", 

      RowBox[{"Cos", "[", 

       RowBox[{"\[Omega]", " ", "t"}], "]"}]}], "+", 

     RowBox[{

      FractionBox["k", "m"], "Y", " ", 

      RowBox[{"Sin", "[", 

       RowBox[{"\[Omega]", " ", "t"}], "]"}]}]}]}]}], ";"}]], "Input",

 CellChangeTimes->{{3.3889874569636817`*^9, 3.388987573891816*^9}}],



Cell["Razberemo parametre", "Text"],



Cell[BoxData[

 RowBox[{"\[Omega]0", ":=", 

  SqrtBox[

   FractionBox["k", "m"]]}]], "Input",

 CellChangeTimes->{{3.3889875790292034`*^9, 3.388987589163776*^9}}],



Cell["Oja\[CHacek]anje", "Text"],



Cell[BoxData[

 RowBox[{"\[Delta]", ":=", 

  FractionBox[

   FractionBox["d", "m"], 

   RowBox[{"2", "\[Omega]0"}]]}]], "Input",

 CellChangeTimes->{{3.3889875946817102`*^9, 3.388987604916427*^9}}],



Cell["\<\

Poi\[SHacek]\[CHacek]imo primerno togost, da bo \[Omega]0=\[Omega]\

\>", "Text",

 CellChangeTimes->{{3.38898810500552*^9, 3.388988149138981*^9}}],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"solk", "=", 

  RowBox[{"First", "[", 

   RowBox[{"Solve", "[", 

    RowBox[{

     RowBox[{"\[Omega]0", "\[Equal]", "\[Omega]"}], ",", "k"}], "]"}], 

   "]"}]}]], "Input",

 CellChangeTimes->{{3.388988053501461*^9, 3.388988064146768*^9}, {

  3.388988096292992*^9, 3.3889880966034384`*^9}, {3.3889881507212563`*^9, 

  3.3889881651920643`*^9}, {3.3889882149536176`*^9, 3.3889882169064255`*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"k", "\[Rule]", 

   RowBox[{"m", " ", 

    SuperscriptBox["\[Omega]", "2"]}]}], "}"}]], "Output",

 CellChangeTimes->{{3.3889881579917107`*^9, 3.3889881659832015`*^9}, 

   3.3889882173370447`*^9, 3.388995962332619*^9, 3.389331733443187*^9, 

   3.389331968250824*^9, 3.389332128761627*^9}]

}, Open  ]],



Cell["\<\

Ob predpostavki sinusnega odziva x(t)=X Sin[\[Omega] t-\[CurlyPhi]] opazimo, \

da lahko uporabimo izraz za pasivno vibroizolacijo (g=X/Y)\

\>", "Text",

 CellChangeTimes->{{3.3889878259442496`*^9, 3.38898791907817*^9}}],



Cell[BoxData[

 RowBox[{"g", ":=", 

  RowBox[{"\[Beta]", 

   SqrtBox[

    RowBox[{"1", "+", 

     SuperscriptBox[

      RowBox[{"(", 

       RowBox[{"2", " ", "\[Delta]", " ", 

        FractionBox["\[Omega]", "\[Omega]0"]}], ")"}], "2"]}]]}]}]], "Input",

 CellChangeTimes->{{3.388987924225571*^9, 3.3889879572530622`*^9}, {

  3.389331717139744*^9, 3.389331718812149*^9}}],



Cell["kjer je dinami\[CHacek]ni faktor", "Text",

 CellChangeTimes->{{3.38898796705716*^9, 3.3889879689198384`*^9}}],



Cell[BoxData[

 RowBox[{"\[Beta]", ":=", 

  FractionBox["1", 

   SqrtBox[

    RowBox[{

     SuperscriptBox[

      RowBox[{"(", 

       RowBox[{"1", "-", 

        SuperscriptBox[

         RowBox[{"(", 

          FractionBox["\[Omega]", "\[Omega]0"], ")"}], "2"]}], ")"}], "2"], 

     "+", 

     SuperscriptBox[

      RowBox[{"(", 

       RowBox[{"2", "\[Delta]", " ", 

        FractionBox["\[Omega]", "\[Omega]0"]}], ")"}], "2"]}]]]}]], "Input",

 CellChangeTimes->{{3.3889880002949533`*^9, 3.3889880005352993`*^9}}],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"g2", "=", 

  RowBox[{"g", "/.", "solk"}]}]], "Input",

 CellChangeTimes->{{3.3889882604890947`*^9, 3.388988261881096*^9}}],



Cell[BoxData[

 FractionBox[

  SqrtBox[

   RowBox[{"1", "+", 

    FractionBox[

     SuperscriptBox["d", "2"], 

     RowBox[{

      SuperscriptBox["m", "2"], " ", 

      SuperscriptBox["\[Omega]", "2"]}]]}]], 

  SqrtBox[

   FractionBox[

    SuperscriptBox["d", "2"], 

    RowBox[{

     SuperscriptBox["m", "2"], " ", 

     SuperscriptBox["\[Omega]", "2"]}]]]]], "Output",

 CellChangeTimes->{{3.3889882552816067`*^9, 3.388988262441902*^9}, 

   3.3889958988212943`*^9, 3.3889959656574*^9, 3.3889960541947107`*^9, 

   3.3893317382000275`*^9, 3.3893319683309393`*^9, 3.3893321288217134`*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"sold", "=", 

  RowBox[{

   RowBox[{"Solve", "[", 

    RowBox[{

     RowBox[{"g2", "\[Equal]", "2"}], ",", "d"}], "]"}], "[", 

   RowBox[{"[", "2", "]"}], "]"}]}]], "Input",

 CellChangeTimes->{{3.388988176027645*^9, 3.388988295249077*^9}, {

  3.388995947180832*^9, 3.388995948813179*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"d", "\[Rule]", 

   FractionBox[

    RowBox[{"m", " ", "\[Omega]"}], 

    SqrtBox["3"]]}], "}"}]], "Output",

 CellChangeTimes->{{3.3889880558248014`*^9, 3.388988084926648*^9}, 

   3.388988122891238*^9, {3.3889881721821156`*^9, 3.388988296130344*^9}, 

   3.38899590006308*^9, 3.3889959491035967`*^9, 3.388996057609621*^9, 

   3.3893318360307007`*^9, 3.389331968451112*^9, 3.3893321288817997`*^9}]

}, Open  ]],



Cell["Du\[SHacek]ena lastna frekvenca je", "Text",

 CellChangeTimes->{{3.3889961563315763`*^9, 3.3889961636721315`*^9}}],



Cell[BoxData[

 RowBox[{"\[Omega]0d", ":=", 

  RowBox[{"\[Omega]0", 

   SqrtBox[

    RowBox[{"1", "-", 

     SuperscriptBox["\[Delta]", "2"]}]]}]}]], "Input",

 CellChangeTimes->{{3.3889961664861774`*^9, 3.388996180396179*^9}}],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"FullSimplify", "[", 

  RowBox[{

   RowBox[{

    RowBox[{"\[Omega]0d", "/.", "sold"}], "/.", "solk"}], ",", 

   RowBox[{"\[Omega]", ">", "0"}]}], "]"}]], "Input",

 CellChangeTimes->{{3.389332195677848*^9, 3.3893321981714334`*^9}}],



Cell[BoxData[

 RowBox[{

  FractionBox["1", "2"], " ", 

  SqrtBox[

   FractionBox["11", "3"]], " ", "\[Omega]"}]], "Output",

 CellChangeTimes->{3.3893321986921825`*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"FullSimplify", "[", 

  RowBox[{

   RowBox[{

    RowBox[{"\[Delta]", "/.", "sold"}], "/.", "solk"}], ",", 

   RowBox[{"\[Omega]", ">", "0"}]}], "]"}]], "Input",

 CellChangeTimes->{{3.388996181617936*^9, 3.388996233903118*^9}, {

  3.388996365151845*^9, 3.388996365802781*^9}, {3.389332133057805*^9, 

  3.3893321339190435`*^9}}],



Cell[BoxData[

 FractionBox["1", 

  RowBox[{"2", " ", 

   SqrtBox["3"]}]]], "Output",

 CellChangeTimes->{{3.3889961834405565`*^9, 3.3889962354653645`*^9}, 

   3.389331899842458*^9, 3.389331968501184*^9, {3.3893321289519005`*^9, 

   3.3893321367030463`*^9}}]

}, Open  ]],



Cell[CellGroupData[{



Cell["Podatki", "Subtitle"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"m", "=", "10"}], ";"}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"\[Omega]", "=", 

   RowBox[{"2", "\[Pi]"}]}], ";"}]}], "Input",

 CellChangeTimes->{{3.388988298934376*^9, 3.3889883392823935`*^9}}]

}, Open  ]],



Cell[CellGroupData[{



Cell["Rezultati", "Subtitle"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"N", "[", "solk", "]"}], "\[IndentingNewLine]", 

 RowBox[{"N", "[", "sold", "]"}]}], "Input",

 CellChangeTimes->{{3.388988344029219*^9, 3.3889883554256067`*^9}, {

  3.388997016067816*^9, 3.3889970179304943`*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"k", "\[Rule]", "394.78417604357435`"}], "}"}]], "Output",

 CellChangeTimes->{{3.3889883453110623`*^9, 3.388988356136629*^9}, 

   3.388997020664426*^9, 3.3893319013346033`*^9, 3.3893319685412416`*^9, 

   3.3893322613622975`*^9}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"d", "\[Rule]", "36.27598728468436`"}], "}"}]], "Output",

 CellChangeTimes->{{3.3889883453110623`*^9, 3.388988356136629*^9}, 

   3.388997020664426*^9, 3.3893319013346033`*^9, 3.3893319685412416`*^9, 

   3.389332261372312*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"N", "[", 

  RowBox[{

   RowBox[{"\[Delta]", "/.", "solk"}], "/.", "sold"}], 

  "]"}], "\[IndentingNewLine]", 

 RowBox[{"N", "[", 

  RowBox[{

   RowBox[{

    RowBox[{"\[Omega]0d", "/", 

     RowBox[{"(", 

      RowBox[{"2", "\[Pi]"}], ")"}]}], "/.", "solk"}], "/.", "sold"}], 

  "]"}]}], "Input",

 CellChangeTimes->{{3.3889883611238003`*^9, 3.3889883752841616`*^9}, {

  3.388988844438773*^9, 3.3889888455804143`*^9}, {3.38899715086164*^9, 

  3.3889971543266225`*^9}, {3.3889971991410627`*^9, 3.3889972025259295`*^9}, {

  3.389332283023445*^9, 3.38933230112948*^9}}],



Cell[BoxData["0.2886751345948129`"], "Output",

 CellChangeTimes->{{3.3889883621853266`*^9, 3.388988375664709*^9}, 

   3.388988846121192*^9, 3.388997154536925*^9, 3.388997202966563*^9, 

   3.3893319050399313`*^9, 3.389331968571285*^9, {3.389332261402355*^9, 

   3.3893323014198976`*^9}}],



Cell[BoxData["0.9574271077563381`"], "Output",

 CellChangeTimes->{{3.3889883621853266`*^9, 3.388988375664709*^9}, 

   3.388988846121192*^9, 3.388997154536925*^9, 3.388997202966563*^9, 

   3.3893319050399313`*^9, 3.389331968571285*^9, {3.389332261402355*^9, 

   3.3893323014499407`*^9}}]

}, Open  ]]

}, Open  ]]

}, Open  ]],



Cell[CellGroupData[{



Cell["3.Naloga", "Title"],



Cell[BoxData[

 RowBox[{"Remove", "[", "\"\<Global`*\>\"", "]"}]], "Input"],



Cell["Lagrageva energijska funkcija", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"L", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{"Ek", "[", "t", "]"}], "-", 

   RowBox[{"Ep", "[", "t", "]"}]}]}]], "Input"],



Cell["Kineti\[CHacek]na energija", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"Ek", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{

    FractionBox["1", "2"], "m", " ", 

    SuperscriptBox[

     RowBox[{

      RowBox[{"x", "'"}], "[", "t", "]"}], "2"]}], "+", 

   RowBox[{

    FractionBox["1", "2"], "m", " ", 

    SuperscriptBox[

     RowBox[{

      RowBox[{"y", "'"}], "[", "t", "]"}], "2"]}]}]}]], "Input",

 CellChangeTimes->{{3.389060059135253*^9, 3.3890600672969885`*^9}, {

  3.389060517844845*^9, 3.3890605313542705`*^9}, {3.389060641682915*^9, 

  3.3890606564841986`*^9}, {3.389062594896964*^9, 3.3890626066138124`*^9}, {

  3.3890628134412155`*^9, 3.3890628220035276`*^9}, {3.3890647202030044`*^9, 

  3.389064730858326*^9}, {3.3890648973076687`*^9, 3.389064897898518*^9}, {

  3.3890662800459485`*^9, 3.389066289499542*^9}}],



Cell["Potencialna energija", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"Ep", "[", "t", "]"}], ":=", 

  RowBox[{

   RowBox[{

    FractionBox["1", "2"], "k", " ", 

    SuperscriptBox[

     RowBox[{"x", "[", "t", "]"}], "2"]}], "+", 

   RowBox[{

    FractionBox["1", "2"], "k", " ", 

    SuperscriptBox[

     RowBox[{"y", "[", "t", "]"}], "2"]}], "+", 

   RowBox[{

    FractionBox["1", "2"], "a", " ", "k", " ", 

    SuperscriptBox[

     RowBox[{"(", 

      RowBox[{

       RowBox[{"y", "[", "t", "]"}], "-", 

       RowBox[{"x", "[", "t", "]"}]}], ")"}], "2"]}]}]}]], "Input",

 CellChangeTimes->{{3.389060154262038*^9, 3.3890601764639635`*^9}, {

   3.389064749975816*^9, 3.389064773509656*^9}, {3.3890663051320205`*^9, 

   3.3890663112508187`*^9}, {3.3890663435672874`*^9, 3.3890663732099113`*^9}, 

   3.3890664494194956`*^9}],



Cell["Gibalne ena\[CHacek]be", "Text"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"ge1", "=", 

  RowBox[{"Simplify", "[", 

   RowBox[{

    RowBox[{

     RowBox[{

      SubscriptBox["\[PartialD]", "t"], " ", 

      RowBox[{"(", 

       RowBox[{

        SubscriptBox["\[PartialD]", 

         RowBox[{

          RowBox[{"x", "'"}], "[", "t", "]"}]], 

        RowBox[{"L", "[", "t", "]"}]}], ")"}]}], "-", 

     RowBox[{

      SubscriptBox["\[PartialD]", 

       RowBox[{"x", "[", "t", "]"}]], 

      RowBox[{"L", "[", "t", "]"}]}]}], "\[Equal]", "0"}], 

   "]"}]}], "\[IndentingNewLine]", 

 RowBox[{"ge2", "=", 

  RowBox[{"Simplify", "[", 

   RowBox[{

    RowBox[{

     RowBox[{

      SubscriptBox["\[PartialD]", "t"], " ", 

      RowBox[{"(", 

       RowBox[{

        SubscriptBox["\[PartialD]", 

         RowBox[{

          RowBox[{"y", "'"}], "[", "t", "]"}]], 

        RowBox[{"L", "[", "t", "]"}]}], ")"}]}], "-", 

     RowBox[{

      SubscriptBox["\[PartialD]", 

       RowBox[{"y", "[", "t", "]"}]], 

      RowBox[{"L", "[", "t", "]"}]}]}], "\[Equal]", "0"}], "]"}]}]}], "Input",\



 CellChangeTimes->{{3.389060301754122*^9, 3.3890603142420783`*^9}, {

  3.3890627150196924`*^9, 3.389062726796627*^9}, {3.389064807899105*^9, 

  3.3890648195959244`*^9}, {3.3890663864189053`*^9, 3.389066388992606*^9}}],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{

    RowBox[{"(", 

     RowBox[{"1", "+", "a"}], ")"}], " ", "k", " ", 

    RowBox[{"x", "[", "t", "]"}]}], "+", 

   RowBox[{"m", " ", 

    RowBox[{

     SuperscriptBox["x", "\[Prime]\[Prime]",

      MultilineFunction->None], "[", "t", "]"}]}]}], "\[Equal]", 

  RowBox[{"a", " ", "k", " ", 

   RowBox[{"y", "[", "t", "]"}]}]}]], "Output",

 CellChangeTimes->{

  3.3890607329441423`*^9, 3.389060886685211*^9, 3.3890624122343082`*^9, 

   3.389062727407505*^9, {3.38906283247859*^9, 3.3890628416617947`*^9}, 

   3.3890629786688013`*^9, 3.389064820146716*^9, {3.3890650588098974`*^9, 

   3.389065065078912*^9}, 3.389065143231289*^9, 3.389066389363139*^9, {

   3.38906645268419*^9, 3.3890664611263294`*^9}, 3.389067762918214*^9, 

   3.3890680426404347`*^9, 3.3890680757380266`*^9, 3.389071739726309*^9, {

   3.3890719942222557`*^9, 3.3890720074512787`*^9}, 3.389082747805149*^9, 

   3.389089971031638*^9, 3.3894274009569187`*^9}],



Cell[BoxData[

 RowBox[{

  RowBox[{"a", " ", "k", " ", 

   RowBox[{"x", "[", "t", "]"}]}], "\[Equal]", 

  RowBox[{

   RowBox[{

    RowBox[{"(", 

     RowBox[{"1", "+", "a"}], ")"}], " ", "k", " ", 

    RowBox[{"y", "[", "t", "]"}]}], "+", 

   RowBox[{"m", " ", 

    RowBox[{

     SuperscriptBox["y", "\[Prime]\[Prime]",

      MultilineFunction->None], "[", "t", "]"}]}]}]}]], "Output",

 CellChangeTimes->{

  3.3890607329441423`*^9, 3.389060886685211*^9, 3.3890624122343082`*^9, 

   3.389062727407505*^9, {3.38906283247859*^9, 3.3890628416617947`*^9}, 

   3.3890629786688013`*^9, 3.389064820146716*^9, {3.3890650588098974`*^9, 

   3.389065065078912*^9}, 3.389065143231289*^9, 3.389066389363139*^9, {

   3.38906645268419*^9, 3.3890664611263294`*^9}, 3.389067762918214*^9, 

   3.3890680426404347`*^9, 3.3890680757380266`*^9, 3.389071739726309*^9, {

   3.3890719942222557`*^9, 3.3890720074512787`*^9}, 3.389082747805149*^9, 

   3.389089971031638*^9, 3.3894274010270195`*^9}]

}, Open  ]],



Cell["Predpostavimo harmonski odziv", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"x", "[", "t_", "]"}], ":=", 

  RowBox[{"X", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"\[Omega]0", " ", "t"}], "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"y", "[", "t_", "]"}], ":=", 

  RowBox[{"Y", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"\[Omega]0", " ", "t"}], "]"}]}]}]}], "Input",

 CellChangeTimes->{{3.389060389991*^9, 3.389060398853744*^9}, {

  3.3890627560286603`*^9, 3.389062760424982*^9}, {3.389064831723363*^9, 

  3.3890648451626873`*^9}, {3.3890664038239326`*^9, 3.3890664055063515`*^9}}],



Cell["Sin[] ne predstavlja re\[SHacek]itve", "Text"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"ge11", "=", 

  RowBox[{"ge1", "/.", 

   RowBox[{

    RowBox[{"Sin", "[", "_", "]"}], "\[Rule]", 

    "1"}]}]}], "\[IndentingNewLine]", 

 RowBox[{"ge22", "=", 

  RowBox[{"ge2", "/.", 

   RowBox[{

    RowBox[{"Sin", "[", "_", "]"}], "\[Rule]", "1"}]}]}]}], "Input",

 CellChangeTimes->{{3.3890604126135297`*^9, 3.3890604139754877`*^9}, {

   3.389062765071664*^9, 3.389062768466545*^9}, 3.3890628515760508`*^9, {

   3.389064848197051*^9, 3.3890648484674397`*^9}, {3.389066411354761*^9, 

   3.3890664123061295`*^9}}],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{

    RowBox[{"(", 

     RowBox[{"1", "+", "a"}], ")"}], " ", "k", " ", "X"}], "-", 

   RowBox[{"m", " ", "X", " ", 

    SuperscriptBox["\[Omega]0", "2"]}]}], "\[Equal]", 

  RowBox[{"a", " ", "k", " ", "Y"}]}]], "Output",

 CellChangeTimes->{3.389060414456179*^9, 3.3890607978374543`*^9, 

  3.38906237707375*^9, 3.389062412494683*^9, 3.3890624909775352`*^9, 

  3.38906285309824*^9, 3.389063135133787*^9, 3.3890648489481306`*^9, 

  3.3890650733608203`*^9, 3.38906604318536*^9, 3.3890664127367487`*^9, 

  3.389066461246502*^9, 3.3890677630283723`*^9, 3.389068042730564*^9, 

  3.3890680758481855`*^9, 3.389071740357216*^9, 3.3890720164141665`*^9, 

  3.389082748135624*^9, 3.389089972754115*^9, 3.389427403981267*^9}],



Cell[BoxData[

 RowBox[{

  RowBox[{"a", " ", "k", " ", "X"}], "\[Equal]", 

  RowBox[{

   RowBox[{

    RowBox[{"(", 

     RowBox[{"1", "+", "a"}], ")"}], " ", "k", " ", "Y"}], "-", 

   RowBox[{"m", " ", "Y", " ", 

    SuperscriptBox["\[Omega]0", "2"]}]}]}]], "Output",

 CellChangeTimes->{3.389060414456179*^9, 3.3890607978374543`*^9, 

  3.38906237707375*^9, 3.389062412494683*^9, 3.3890624909775352`*^9, 

  3.38906285309824*^9, 3.389063135133787*^9, 3.3890648489481306`*^9, 

  3.3890650733608203`*^9, 3.38906604318536*^9, 3.3890664127367487`*^9, 

  3.389066461246502*^9, 3.3890677630283723`*^9, 3.389068042730564*^9, 

  3.3890680758481855`*^9, 3.389071740357216*^9, 3.3890720164141665`*^9, 

  3.389082748135624*^9, 3.389089972754115*^9, 3.3894274040113106`*^9}]

}, Open  ]],



Cell["Pretvorimo v matri\[CHacek]no obliko", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"b", "=", 

   RowBox[{"{", 

    RowBox[{"X", ",", "Y"}], "}"}]}], ";"}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{

   RowBox[{"{", 

    RowBox[{"v", ",", "A"}], "}"}], "=", 

   RowBox[{"CoefficientArrays", "[", 

    RowBox[{

     RowBox[{"{", 

      RowBox[{"ge11", ",", "ge22"}], "}"}], ",", "b"}], "]"}]}], 

  ";"}]}], "Input",

 CellChangeTimes->{{3.389060420354661*^9, 3.3890604218768497`*^9}, 

   3.3890624277065563`*^9, {3.389063149654667*^9, 3.3890631581568923`*^9}, {

   3.3890634171893625`*^9, 3.389063422376822*^9}, {3.389064853013977*^9, 

   3.38906486355914*^9}, {3.389066589510937*^9, 3.3890666406644926`*^9}}],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"MatrixForm", "[", "A", "]"}]], "Input",

 CellChangeTimes->{{3.3890664199371023`*^9, 3.3890664255852237`*^9}, 

   3.389066480203761*^9, {3.3890665572845984`*^9, 3.3890666445200367`*^9}}],



Cell[BoxData[

 TagBox[

  RowBox[{"(", "\[NoBreak]", GridBox[{

     {

      RowBox[{

       RowBox[{

        RowBox[{"(", 

         RowBox[{"1", "+", "a"}], ")"}], " ", "k"}], "-", 

       RowBox[{"m", " ", 

        SuperscriptBox["\[Omega]0", "2"]}]}], 

      RowBox[{

       RowBox[{"-", "a"}], " ", "k"}]},

     {

      RowBox[{"a", " ", "k"}], 

      RowBox[{

       RowBox[{

        RowBox[{"-", 

         RowBox[{"(", 

          RowBox[{"1", "+", "a"}], ")"}]}], " ", "k"}], "+", 

       RowBox[{"m", " ", 

        SuperscriptBox["\[Omega]0", "2"]}]}]}

    },

    GridBoxAlignment->{

     "Columns" -> {{Left}}, "ColumnsIndexed" -> {}, "Rows" -> {{Baseline}}, 

      "RowsIndexed" -> {}},

    GridBoxSpacings->{"Columns" -> {

        Offset[0.27999999999999997`], {

         Offset[0.7]}, 

        Offset[0.27999999999999997`]}, "ColumnsIndexed" -> {}, "Rows" -> {

        Offset[0.2], {

         Offset[0.4]}, 

        Offset[0.2]}, "RowsIndexed" -> {}}], "\[NoBreak]", ")"}],

  Function[BoxForm`e$, 

   MatrixForm[

   SparseArray[

    Automatic, {2, 2}, 0, {

     1, {{0, 2, 4}, {{1}, {2}, {1}, {

       2}}}, {(1 + $CellContext`a) $CellContext`k - $CellContext`m \

$CellContext`\[Omega]0^2, -$CellContext`a $CellContext`k, $CellContext`a \

$CellContext`k, -(

         1 + $CellContext`a) $CellContext`k + $CellContext`m $CellContext`\

\[Omega]0^2}}]]]]], "Output",

 CellChangeTimes->{{3.3890664201273756`*^9, 3.3890664260859437`*^9}, {

   3.3890664642207785`*^9, 3.389066481024942*^9}, {3.3890665584562826`*^9, 

   3.389066562482072*^9}, {3.389066592595372*^9, 3.389066644740353*^9}, 

   3.3890677631084876`*^9, 3.389068042790651*^9, 3.389068075938315*^9, 

   3.3890720214914675`*^9, 3.3890827482457824`*^9, 3.3890899728943167`*^9, 

   3.3894274076966095`*^9}]

}, Open  ]],



Cell["Poi\[SHacek]\[CHacek]imo re\[SHacek]itev", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"sol\[Omega]0", "=", 

  RowBox[{"Simplify", "[", 

   RowBox[{

    RowBox[{"Solve", "[", 

     RowBox[{

      RowBox[{

       RowBox[{"Det", "[", "A", "]"}], "\[Equal]", "0"}], ",", "\[Omega]0"}], 

     "]"}], ",", 

    RowBox[{"{", 

     RowBox[{

      RowBox[{"k", ">", "0"}], ",", 

      RowBox[{"a", ">", "0"}], ",", 

      RowBox[{"m", ">", "0"}]}], "}"}]}], "]"}]}]], "Input",

 CellChangeTimes->{

  3.3890634557347884`*^9, 3.389064871089969*^9, {3.389082796705464*^9, 

   3.389082839777398*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     RowBox[{"-", 

      SqrtBox[

       FractionBox["k", "m"]]}]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     SqrtBox[

      FractionBox["k", "m"]]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     SqrtBox[

      FractionBox[

       RowBox[{"k", "+", 

        RowBox[{"2", " ", "a", " ", "k"}]}], "m"]]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     RowBox[{"-", 

      SqrtBox[

       FractionBox[

        RowBox[{"k", "+", 

         RowBox[{"2", " ", "a", " ", "k"}]}], "m"]]}]}], "}"}]}], 

  "}"}]], "Output",

 CellChangeTimes->{{3.3890828158930545`*^9, 3.389082840428334*^9}, 

   3.389089972974432*^9, {3.389427413044299*^9, 3.3894274208455167`*^9}}]

}, Open  ]],



Cell["Razberemo re\[SHacek]itve:", "Text",

 CellChangeTimes->{{3.389063482082675*^9, 3.389063484085555*^9}}],



Cell[BoxData[{

 RowBox[{"\[Omega]01", ":=", 

  RowBox[{"\[Omega]0", "/.", 

   RowBox[{"sol\[Omega]0", "[", 

    RowBox[{"[", 

     RowBox[{"2", ",", "1"}], "]"}], "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{"\[Omega]02", ":=", 

  RowBox[{"\[Omega]0", "/.", 

   RowBox[{"sol\[Omega]0", "[", 

    RowBox[{"[", 

     RowBox[{"3", ",", "1"}], "]"}], "]"}]}]}]}], "Input",

 CellChangeTimes->{{3.389063487019774*^9, 3.3890634927680397`*^9}, {

   3.389064875366118*^9, 3.3890648756965933`*^9}, 3.3890680457549133`*^9}],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"sola", "=", 

  RowBox[{"Solve", "[", 

   RowBox[{

    RowBox[{

     RowBox[{"10", "\[Omega]01"}], "\[Equal]", "\[Omega]02"}], ",", "a"}], 

   "]"}]}]], "Input",

 CellChangeTimes->{{3.389067768406105*^9, 3.389067781815387*^9}, {

  3.3890678757504587`*^9, 3.389067915217209*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{"a", "\[Rule]", 

    FractionBox["99", "2"]}], "}"}], "}"}]], "Output",

 CellChangeTimes->{{3.38906775505691*^9, 3.389067782526409*^9}, {

   3.389067877092388*^9, 3.389067915737958*^9}, {3.3890680471068573`*^9, 

   3.3890680760084157`*^9}, 3.3890724543038206`*^9, 3.3890827483659554`*^9, 

   3.389082851914851*^9, 3.3890899730545473`*^9}]

}, Open  ]],



Cell["\<\

Izberemo X in poi\[SHacek]\[CHacek]emo lastne vektorje\

\>", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"X", "=", "1"}], ";"}]], "Input"],



Cell["Prvi lastni vektor", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"MatrixForm", "[", 

  RowBox[{

   RowBox[{"Normal", "[", "A", "]"}], "/.", 

   RowBox[{"\[Omega]0", "\[Rule]", "\[Omega]01"}]}], "]"}]], "Input",

 CellChangeTimes->{{3.3890638334579277`*^9, 3.389063840147547*^9}, {

  3.3890666768965917`*^9, 3.3890666848279963`*^9}}],



Cell[BoxData[

 TagBox[

  RowBox[{"(", "\[NoBreak]", GridBox[{

     {

      RowBox[{

       RowBox[{"-", "k"}], "+", 

       RowBox[{

        RowBox[{"(", 

         RowBox[{"1", "+", "a"}], ")"}], " ", "k"}]}], 

      RowBox[{

       RowBox[{"-", "a"}], " ", "k"}]},

     {

      RowBox[{"a", " ", "k"}], 

      RowBox[{"k", "-", 

       RowBox[{

        RowBox[{"(", 

         RowBox[{"1", "+", "a"}], ")"}], " ", "k"}]}]}

    },

    GridBoxAlignment->{

     "Columns" -> {{Left}}, "ColumnsIndexed" -> {}, "Rows" -> {{Baseline}}, 

      "RowsIndexed" -> {}},

    GridBoxSpacings->{"Columns" -> {

        Offset[0.27999999999999997`], {

         Offset[0.7]}, 

        Offset[0.27999999999999997`]}, "ColumnsIndexed" -> {}, "Rows" -> {

        Offset[0.2], {

         Offset[0.4]}, 

        Offset[0.2]}, "RowsIndexed" -> {}}], "\[NoBreak]", ")"}],

  Function[BoxForm`e$, 

   MatrixForm[BoxForm`e$]]]], "Output",

 CellChangeTimes->{{3.389063831224716*^9, 3.3890638408685837`*^9}, {

   3.3890666719194345`*^9, 3.389066685298673*^9}, 3.3890679219168425`*^9, {

   3.389068050862257*^9, 3.3890680760484734`*^9}, 3.38907260460995*^9, 

   3.389082748416027*^9, 3.3890899730845904`*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{

  RowBox[{"LV1", "=", 

   RowBox[{"{", 

    RowBox[{"X", ",", "Y1"}], "}"}]}], ";"}], "\[IndentingNewLine]", 

 RowBox[{"Y1", "=", 

  RowBox[{

   RowBox[{"ReplaceAll", "[", 

    RowBox[{"Y", ",", 

     RowBox[{"Solve", "[", 

      RowBox[{

       RowBox[{

        RowBox[{

         RowBox[{"Dot", "[", 

          RowBox[{

           RowBox[{

            RowBox[{"Normal", "[", "A", "]"}], "/.", 

            RowBox[{"\[Omega]0", "\[Rule]", "\[Omega]01"}]}], ",", "b"}], 

          "]"}], "[", 

         RowBox[{"[", "1", "]"}], "]"}], "\[Equal]", "0"}], ",", "Y"}], 

      "]"}]}], "]"}], "[", 

   RowBox[{"[", "1", "]"}], "]"}]}]}], "Input",

 CellChangeTimes->{{3.3890635082202587`*^9, 3.3890636218035836`*^9}, {

  3.3890636657968426`*^9, 3.3890636938471775`*^9}, {3.3890666941914606`*^9, 

  3.3890667551290846`*^9}}],



Cell[BoxData["1"], "Output",

 CellChangeTimes->{{3.3890635500203643`*^9, 3.3890636220739727`*^9}, {

   3.3890636789357357`*^9, 3.3890637070461564`*^9}, 3.389063801932596*^9, {

   3.3890667307440205`*^9, 3.3890667559302363`*^9}, 3.389067922868211*^9, {

   3.389068051713481*^9, 3.389068076068502*^9}, 3.3890726060820675`*^9, 

   3.3890827484660993`*^9, 3.389089973124648*^9}]

}, Open  ]],



Cell["Drugi lastni vektor", "Text"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{

  RowBox[{"LV2", "=", 

   RowBox[{"{", 

    RowBox[{"X", ",", "Y2"}], "}"}]}], ";"}], "\[IndentingNewLine]", 

 RowBox[{"Y2", "=", 

  RowBox[{

   RowBox[{"ReplaceAll", "[", 

    RowBox[{"Y", ",", 

     RowBox[{"Solve", "[", 

      RowBox[{

       RowBox[{

        RowBox[{

         RowBox[{"Dot", "[", 

          RowBox[{

           RowBox[{

            RowBox[{"Normal", "[", "A", "]"}], "/.", 

            RowBox[{"\[Omega]0", "\[Rule]", "\[Omega]02"}]}], ",", "b"}], 

          "]"}], "[", 

         RowBox[{"[", "1", "]"}], "]"}], "\[Equal]", "0"}], ",", "Y"}], 

      "]"}]}], "]"}], "[", 

   RowBox[{"[", "1", "]"}], "]"}]}]}], "Input",

 CellChangeTimes->{{3.3890636582860427`*^9, 3.3890636600285482`*^9}, {

  3.3890637558663564`*^9, 3.3890637875018463`*^9}, {3.3890667579431305`*^9, 

  3.38906676479298*^9}, {3.3890680706006393`*^9, 3.3890680708109417`*^9}}],



Cell[BoxData[

 RowBox[{"-", "1"}]], "Output",

 CellChangeTimes->{{3.3890637816534367`*^9, 3.3890637877922635`*^9}, 

   3.389066765253643*^9, 3.3890679239697948`*^9, {3.3890680528951807`*^9, 

   3.389068076098545*^9}, 3.389072608155048*^9, 3.389082748506157*^9, 

   3.3890899731647053`*^9}]

}, Open  ]],



Cell["\<\

Odziv na poljubne za\[CHacek]etne pogoje:\

\>", "Text",

 CellChangeTimes->{{3.3890826496039424`*^9, 3.389082658837219*^9}, {

  3.3890833659339743`*^9, 3.389083368377488*^9}}],



Cell[BoxData[

 RowBox[{

  RowBox[{"xy", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{

    RowBox[{"C1", " ", "LV1", " ", 

     RowBox[{"Sin", "[", 

      RowBox[{

       RowBox[{"\[Omega]01", " ", "t"}], "-", "\[CurlyPhi]1"}], "]"}]}], "+", 

    

    RowBox[{"C2", " ", "LV2", " ", 

     RowBox[{"Sin", "[", 

      RowBox[{

       RowBox[{"\[Omega]02", " ", "t"}], "-", "\[CurlyPhi]2"}], "]"}]}]}], "/.",

    

   RowBox[{"sola", "[", 

    RowBox[{"[", "1", "]"}], "]"}]}]}]], "Input",

 CellChangeTimes->{{3.389082661360848*^9, 3.3890827266347075`*^9}, {

  3.3890828858236094`*^9, 3.389082901175685*^9}, {3.3890830401955853`*^9, 

  3.3890830413672705`*^9}, {3.389083086562258*^9, 3.3890831018842897`*^9}}],



Cell["\<\

Za podane za\[CHacek]etne pogoje sledijo ena\[CHacek]be\

\>", "Text",

 CellChangeTimes->{{3.3890833757981586`*^9, 3.3890833983105297`*^9}}],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"eq1", "=", 

  RowBox[{"0.001", "\[Equal]", 

   RowBox[{

    RowBox[{"xy", "[", "0", "]"}], "[", 

    RowBox[{"[", "1", "]"}], "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{"eq2", "=", 

  RowBox[{"0", "\[Equal]", 

   RowBox[{

    RowBox[{"xy", "[", "0", "]"}], "[", 

    RowBox[{"[", "2", "]"}], "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{"eq3", "=", 

  RowBox[{"0", "\[Equal]", 

   RowBox[{

    RowBox[{

     RowBox[{"xy", "'"}], "[", "0", "]"}], "[", 

    RowBox[{"[", "1", "]"}], "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{"eq4", "=", 

  RowBox[{"0", "\[Equal]", 

   RowBox[{

    RowBox[{

     RowBox[{"xy", "'"}], "[", "0", "]"}], "[", 

    RowBox[{"[", "2", "]"}], "]"}]}]}]}], "Input",

 CellChangeTimes->{{3.3890831343609886`*^9, 3.389083172385666*^9}, 

   3.389083354277213*^9, {3.3890899612175264`*^9, 3.389089963580925*^9}}],



Cell[BoxData[

 RowBox[{"0.001`", "\[Equal]", 

  RowBox[{

   RowBox[{

    RowBox[{"-", "C1"}], " ", 

    RowBox[{"Sin", "[", "\[CurlyPhi]1", "]"}]}], "-", 

   RowBox[{"C2", " ", 

    RowBox[{"Sin", "[", "\[CurlyPhi]2", "]"}]}]}]}]], "Output",

 CellChangeTimes->{

  3.3890834097569885`*^9, {3.3890899652733583`*^9, 3.3890899732047634`*^9}}],



Cell[BoxData[

 RowBox[{"0", "\[Equal]", 

  RowBox[{

   RowBox[{

    RowBox[{"-", "C1"}], " ", 

    RowBox[{"Sin", "[", "\[CurlyPhi]1", "]"}]}], "+", 

   RowBox[{"C2", " ", 

    RowBox[{"Sin", "[", "\[CurlyPhi]2", "]"}]}]}]}]], "Output",

 CellChangeTimes->{

  3.3890834097569885`*^9, {3.3890899652733583`*^9, 3.389089973234806*^9}}],



Cell[BoxData[

 RowBox[{"0", "\[Equal]", 

  RowBox[{

   RowBox[{"C1", " ", 

    SqrtBox[

     FractionBox["k", "m"]], " ", 

    RowBox[{"Cos", "[", "\[CurlyPhi]1", "]"}]}], "+", 

   RowBox[{"10", " ", "C2", " ", 

    SqrtBox[

     FractionBox["k", "m"]], " ", 

    RowBox[{"Cos", "[", "\[CurlyPhi]2", "]"}]}]}]}]], "Output",

 CellChangeTimes->{

  3.3890834097569885`*^9, {3.3890899652733583`*^9, 3.3890899732648497`*^9}}],



Cell[BoxData[

 RowBox[{"0", "\[Equal]", 

  RowBox[{

   RowBox[{"C1", " ", 

    SqrtBox[

     FractionBox["k", "m"]], " ", 

    RowBox[{"Cos", "[", "\[CurlyPhi]1", "]"}]}], "-", 

   RowBox[{"10", " ", "C2", " ", 

    SqrtBox[

     FractionBox["k", "m"]], " ", 

    RowBox[{"Cos", "[", "\[CurlyPhi]2", "]"}]}]}]}]], "Output",

 CellChangeTimes->{

  3.3890834097569885`*^9, {3.3890899652733583`*^9, 3.3890899732648497`*^9}}]

}, Open  ]],



Cell[BoxData[

 RowBox[{"konstante", ":=", 

  RowBox[{"Solve", "[", 

   RowBox[{

    RowBox[{"{", 

     RowBox[{"eq1", ",", "eq2", ",", "eq3", ",", "eq4"}], "}"}], ",", 

    RowBox[{"{", 

     RowBox[{"C1", ",", "C2", ",", "\[CurlyPhi]1", ",", "\[CurlyPhi]2"}], 

     "}"}]}], "]"}]}]], "Input",

 CellChangeTimes->{{3.3890829065734463`*^9, 3.389082911570632*^9}, {

  3.389082959189104*^9, 3.389082988961915*^9}, {3.389083130255085*^9, 

  3.3890831307758336`*^9}, {3.3890831768921456`*^9, 3.389083230158739*^9}, {

  3.3890834182191567`*^9, 3.389083422625493*^9}, {3.389083494378669*^9, 

  3.389083498815048*^9}}],



Cell[CellGroupData[{



Cell["Podatki", "Subtitle"],



Cell[BoxData[{

 RowBox[{"k", ":=", "2000"}], "\[IndentingNewLine]", 

 RowBox[{"m", ":=", "50"}]}], "Input",

 CellChangeTimes->{{3.3890669097514205`*^9, 3.3890669208774185`*^9}}]

}, Open  ]],



Cell[CellGroupData[{



Cell["Rezultati", "Subtitle"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"N", "[", "\[Omega]01", 

  "]"}], "\[IndentingNewLine]", "sola", "\[IndentingNewLine]", 

 RowBox[{"N", "[", 

  RowBox[{"\[Omega]02", "/.", "sola"}], "]"}]}], "Input",

 CellChangeTimes->{{3.389067934735275*^9, 3.3890679700560637`*^9}}],



Cell[BoxData["6.324555320336759`"], "Output",

 CellChangeTimes->{

  3.3890669233209324`*^9, {3.389067926283121*^9, 3.38906797086723*^9}, {

   3.3890680558694572`*^9, 3.3890680761285887`*^9}, 3.3890830196760798`*^9, 

   3.389083508689246*^9, 3.389089973324936*^9}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{"a", "\[Rule]", 

    FractionBox["99", "2"]}], "}"}], "}"}]], "Output",

 CellChangeTimes->{

  3.3890669233209324`*^9, {3.389067926283121*^9, 3.38906797086723*^9}, {

   3.3890680558694572`*^9, 3.3890680761285887`*^9}, 3.3890830196760798`*^9, 

   3.389083508689246*^9, 3.389089973324936*^9}],



Cell[BoxData[

 RowBox[{"{", "63.24555320336759`", "}"}]], "Output",

 CellChangeTimes->{

  3.3890669233209324`*^9, {3.389067926283121*^9, 3.38906797086723*^9}, {

   3.3890680558694572`*^9, 3.3890680761285887`*^9}, 3.3890830196760798`*^9, 

   3.389083508689246*^9, 3.389089973324936*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[{"LV1", "\[IndentingNewLine]", "LV2"}], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"1", ",", "1"}], "}"}]], "Output",

 CellChangeTimes->{{3.3890680656535263`*^9, 3.389068076188675*^9}, 

   3.3890835101413345`*^9, 3.3890899733549795`*^9}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"1", ",", 

   RowBox[{"-", "1"}]}], "}"}]], "Output",

 CellChangeTimes->{{3.3890680656535263`*^9, 3.389068076188675*^9}, 

   3.3890835101413345`*^9, 3.389089973375008*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData["konstante"], "Input",

 CellChangeTimes->{{3.3890897639138174`*^9, 3.389089775220075*^9}}],



Cell[BoxData[

 RowBox[{

  RowBox[{"Solve", "::", "\<\"ifun\"\>"}], 

  RowBox[{

  ":", " "}], "\<\"Inverse functions are being used by \\!\\(Solve\\), so \

some solutions may not be found; use Reduce for complete solution \

information. \\!\\(\\*ButtonBox[\\\"\[RightSkeleton]\\\", \

ButtonStyle->\\\"Link\\\", ButtonFrame->None, \

ButtonData:>\\\"paclet:ref/message/Solve/ifun\\\", ButtonNote -> \

\\\"Solve::ifun\\\"]\\)\"\>"}]], "Message", "MSG",

 CellChangeTimes->{

  3.3890835112429185`*^9, {3.389089768079808*^9, 3.3890897758009105`*^9}, 

   3.3890899735853105`*^9}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

   RowBox[{"{", 

    RowBox[{

     RowBox[{"C1", "\[Rule]", 

      RowBox[{"-", "0.0005`"}]}], ",", 

     RowBox[{"C2", "\[Rule]", 

      RowBox[{"-", "0.0005`"}]}], ",", 

     RowBox[{"\[CurlyPhi]2", "\[Rule]", "1.5707963267948966`"}], ",", 

     RowBox[{"\[CurlyPhi]1", "\[Rule]", "1.5707963267948966`"}]}], "}"}], ",",

    

   RowBox[{"{", 

    RowBox[{

     RowBox[{"C1", "\[Rule]", 

      RowBox[{"-", "0.0005`"}]}], ",", 

     RowBox[{"C2", "\[Rule]", "0.0005`"}], ",", 

     RowBox[{"\[CurlyPhi]2", "\[Rule]", 

      RowBox[{"-", "1.5707963267948966`"}]}], ",", 

     RowBox[{"\[CurlyPhi]1", "\[Rule]", "1.5707963267948966`"}]}], "}"}], ",",

    

   RowBox[{"{", 

    RowBox[{

     RowBox[{"C1", "\[Rule]", "0.0005`"}], ",", 

     RowBox[{"C2", "\[Rule]", 

      RowBox[{"-", "0.0005`"}]}], ",", 

     RowBox[{"\[CurlyPhi]2", "\[Rule]", "1.5707963267948966`"}], ",", 

     RowBox[{"\[CurlyPhi]1", "\[Rule]", 

      RowBox[{"-", "1.5707963267948966`"}]}]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{

     RowBox[{"C1", "\[Rule]", "0.0005`"}], ",", 

     RowBox[{"C2", "\[Rule]", "0.0005`"}], ",", 

     RowBox[{"\[CurlyPhi]2", "\[Rule]", 

      RowBox[{"-", "1.5707963267948966`"}]}], ",", 

     RowBox[{"\[CurlyPhi]1", "\[Rule]", 

      RowBox[{"-", "1.5707963267948966`"}]}]}], "}"}]}], "}"}]], "Output",

 CellChangeTimes->{

  3.389083511282976*^9, {3.3890897688208733`*^9, 3.389089775840968*^9}, 

   3.3890899735953245`*^9}]

}, Open  ]]

}, Open  ]]

}, Open  ]]

},

WindowToolbars->{"RulerBar", "EditBar"},

WindowSize->{973, 681},

WindowMargins->{{0, Automatic}, {Automatic, 0}},

Magnification->1.25,

FrontEndVersion->"6.0 for Microsoft Windows (32-bit) (April 28, 2007)",

StyleDefinitions->FrontEnd`FileName[{"Creative"}, "NaturalColor.nb", 

  CharacterEncoding -> "WindowsEastEurope"]

]

(* End of Notebook Content *)
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(*NotebookFileOutline

Notebook[{

Cell[CellGroupData[{

Cell[590, 23, 138, 3, 90, "Title"],

Cell[731, 28, 177, 2, 36, "Subsubtitle"]

}, Open  ]],

Cell[CellGroupData[{

Cell[945, 35, 25, 0, 90, "Title"],

Cell[973, 37, 74, 1, 48, "Input"],

Cell[1050, 40, 113, 1, 34, "Text"],

Cell[1166, 43, 798, 20, 48, "Input"],

Cell[1967, 65, 168, 3, 34, "Text"],

Cell[2138, 70, 158, 4, 64, "Input"],

Cell[2299, 76, 156, 3, 34, "Text"],

Cell[2458, 81, 443, 11, 69, "Input"],

Cell[2904, 94, 136, 3, 48, "Input"],

Cell[3043, 99, 196, 4, 34, "Text"],

Cell[3242, 105, 535, 13, 129, "Input"],

Cell[3780, 120, 97, 1, 34, "Text"],

Cell[CellGroupData[{

Cell[3902, 125, 426, 10, 64, "Input"],

Cell[4331, 137, 822, 17, 69, "Output"]

}, Open  ]],

Cell[5168, 157, 139, 3, 34, "Text"],

Cell[5310, 162, 514, 12, 48, "Input"],

Cell[5827, 176, 108, 1, 34, "Text"],

Cell[CellGroupData[{

Cell[5960, 181, 178, 4, 48, "Input"],

Cell[6141, 187, 569, 13, 67, "Output"]

}, Open  ]],

Cell[6725, 203, 126, 1, 34, "Text"],

Cell[6854, 206, 319, 6, 63, "Input"],

Cell[CellGroupData[{

Cell[7198, 216, 630, 17, 48, "Input"],

Cell[7831, 235, 737, 19, 75, "Output"]

}, Open  ]],

Cell[8583, 257, 154, 2, 34, "Text"],

Cell[CellGroupData[{

Cell[8762, 263, 215, 5, 48, "Input"],

Cell[8980, 270, 514, 13, 78, "Output"]

}, Open  ]],

Cell[CellGroupData[{

Cell[9531, 288, 27, 0, 43, "Subtitle"],

Cell[9561, 290, 530, 12, 115, "Input"]

}, Open  ]],

Cell[CellGroupData[{

Cell[10128, 307, 29, 0, 43, "Subtitle"],

Cell[CellGroupData[{

Cell[10182, 311, 325, 7, 93, "Input"],

Cell[10510, 320, 537, 9, 48, "Output"],

Cell[11050, 331, 513, 8, 43, "Output"],

Cell[11566, 341, 516, 8, 43, "Output"]

}, Open  ]]

}, Open  ]]

}, Open  ]],

Cell[CellGroupData[{

Cell[12143, 356, 25, 0, 89, "Title"],

Cell[12171, 358, 74, 1, 49, "Input"],

Cell[12248, 361, 188, 4, 27, "Text"],

Cell[CellGroupData[{

Cell[12461, 369, 596, 20, 49, "Input"],

Cell[13060, 391, 824, 24, 43, "Output"]

}, Open  ]],

Cell[13899, 418, 123, 1, 27, "Text"],

Cell[14025, 421, 233, 6, 49, "Input"],

Cell[14261, 429, 168, 2, 27, "Text"],

Cell[14432, 433, 728, 23, 75, "Input"],

Cell[15163, 458, 35, 0, 27, "Text"],

Cell[15201, 460, 160, 4, 89, "Input"],

Cell[15364, 466, 32, 0, 27, "Text"],

Cell[15399, 468, 195, 5, 85, "Input"],

Cell[15597, 475, 155, 3, 27, "Text"],

Cell[CellGroupData[{

Cell[15777, 482, 414, 9, 49, "Input"],

Cell[16194, 493, 326, 7, 46, "Output"]

}, Open  ]],

Cell[16535, 503, 228, 4, 27, "Text"],

Cell[16766, 509, 370, 10, 89, "Input"],

Cell[17139, 521, 115, 1, 27, "Text"],

Cell[17257, 524, 513, 16, 120, "Input"],

Cell[CellGroupData[{

Cell[17795, 544, 145, 3, 49, "Input"],

Cell[17943, 549, 585, 17, 123, "Output"]

}, Open  ]],

Cell[CellGroupData[{

Cell[18565, 571, 311, 8, 49, "Input"],

Cell[18879, 581, 434, 9, 63, "Output"]

}, Open  ]],

Cell[19328, 593, 120, 1, 27, "Text"],

Cell[19451, 596, 225, 6, 65, "Input"],

Cell[CellGroupData[{

Cell[19701, 606, 253, 6, 49, "Input"],

Cell[19957, 614, 167, 5, 73, "Output"]

}, Open  ]],

Cell[CellGroupData[{

Cell[20161, 624, 349, 8, 49, "Input"],

Cell[20513, 634, 256, 6, 66, "Output"]

}, Open  ]],

Cell[CellGroupData[{

Cell[20806, 645, 27, 0, 62, "Subtitle"],

Cell[20836, 647, 236, 6, 79, "Input"]

}, Open  ]],

Cell[CellGroupData[{

Cell[21109, 658, 29, 0, 62, "Subtitle"],

Cell[CellGroupData[{

Cell[21163, 662, 236, 4, 79, "Input"],

Cell[21402, 668, 267, 5, 43, "Output"],

Cell[21672, 675, 264, 5, 43, "Output"]

}, Open  ]],

Cell[CellGroupData[{

Cell[21973, 685, 589, 15, 79, "Input"],

Cell[22565, 702, 286, 4, 43, "Output"],

Cell[22854, 708, 286, 4, 43, "Output"]

}, Open  ]]

}, Open  ]]

}, Open  ]],

Cell[CellGroupData[{

Cell[23201, 719, 25, 0, 89, "Title"],

Cell[23229, 721, 74, 1, 49, "Input"],

Cell[23306, 724, 45, 0, 27, "Text"],

Cell[23354, 726, 162, 5, 49, "Input"],

Cell[23519, 733, 42, 0, 27, "Text"],

Cell[23564, 735, 786, 19, 75, "Input"],

Cell[24353, 756, 36, 0, 27, "Text"],

Cell[24392, 758, 787, 22, 75, "Input"],

Cell[25182, 782, 38, 0, 27, "Text"],

Cell[CellGroupData[{

Cell[25245, 786, 1245, 37, 79, "Input"],

Cell[26493, 825, 969, 21, 43, "Output"],

Cell[27465, 848, 969, 21, 43, "Output"]

}, Open  ]],

Cell[28449, 872, 45, 0, 27, "Text"],

Cell[28497, 874, 550, 13, 79, "Input"],

Cell[29050, 889, 52, 0, 27, "Text"],

Cell[CellGroupData[{

Cell[29127, 893, 536, 13, 79, "Input"],

Cell[29666, 908, 757, 15, 43, "Output"],

Cell[30426, 925, 759, 15, 43, "Output"]

}, Open  ]],

Cell[31200, 943, 52, 0, 27, "Text"],

Cell[31255, 945, 660, 17, 79, "Input"],

Cell[CellGroupData[{

Cell[31940, 966, 209, 3, 49, "Input"],

Cell[32152, 971, 1768, 47, 80, "Output"]

}, Open  ]],

Cell[33935, 1021, 56, 0, 27, "Text"],

Cell[CellGroupData[{

Cell[34016, 1025, 523, 16, 49, "Input"],

Cell[34542, 1043, 832, 27, 73, "Output"]

}, Open  ]],

Cell[35389, 1073, 108, 1, 27, "Text"],

Cell[35500, 1076, 511, 12, 79, "Input"],

Cell[CellGroupData[{

Cell[36036, 1092, 301, 8, 49, "Input"],

Cell[36340, 1102, 394, 8, 59, "Output"]

}, Open  ]],

Cell[36749, 1113, 78, 2, 27, "Text"],

Cell[36830, 1117, 67, 2, 49, "Input"],

Cell[36900, 1121, 34, 0, 27, "Text"],

Cell[CellGroupData[{

Cell[36959, 1125, 289, 6, 49, "Input"],

Cell[37251, 1133, 1178, 33, 57, "Output"]

}, Open  ]],

Cell[CellGroupData[{

Cell[38466, 1171, 842, 24, 79, "Input"],

Cell[39311, 1197, 374, 5, 43, "Output"]

}, Open  ]],

Cell[39700, 1205, 35, 0, 27, "Text"],

Cell[CellGroupData[{

Cell[39760, 1209, 889, 24, 79, "Input"],

Cell[40652, 1235, 289, 5, 43, "Output"]

}, Open  ]],

Cell[40956, 1243, 184, 4, 27, "Text"],

Cell[41143, 1249, 706, 19, 49, "Input"],

Cell[41852, 1270, 149, 3, 27, "Text"],

Cell[CellGroupData[{

Cell[42026, 1277, 857, 24, 137, "Input"],

Cell[42886, 1303, 338, 9, 43, "Output"],

Cell[43227, 1314, 331, 9, 43, "Output"],

Cell[43561, 1325, 420, 12, 73, "Output"],

Cell[43984, 1339, 420, 12, 73, "Output"]

}, Open  ]],

Cell[44419, 1354, 610, 13, 49, "Input"],

Cell[CellGroupData[{

Cell[45054, 1371, 27, 0, 62, "Subtitle"],

Cell[45084, 1373, 177, 3, 79, "Input"]

}, Open  ]],

Cell[CellGroupData[{

Cell[45298, 1381, 29, 0, 62, "Subtitle"],

Cell[CellGroupData[{

Cell[45352, 1385, 258, 5, 108, "Input"],

Cell[45613, 1392, 263, 4, 43, "Output"],

Cell[45879, 1398, 345, 8, 59, "Output"],

Cell[46227, 1408, 285, 5, 43, "Output"]

}, Open  ]],

Cell[CellGroupData[{

Cell[46549, 1418, 61, 0, 79, "Input"],

Cell[46613, 1420, 193, 4, 43, "Output"],

Cell[46809, 1426, 210, 5, 43, "Output"]

}, Open  ]],

Cell[CellGroupData[{

Cell[47056, 1436, 103, 1, 49, "Input"],

Cell[47162, 1439, 571, 12, 50, "Message"],

Cell[47736, 1453, 1474, 39, 110, "Output"]

}, Open  ]]

}, Open  ]]

}, Open  ]]

}

]

*)



(* End of internal cache information *)



Pripeta datoteka z rešitvijo v Mathematici
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Rešitev

r =
25 g T 2

1601π2
= 0,388 m,

m =
3F

2 g tanϕ0
= 1352 kg.

Postopek

Z uporabo II. Newtonovega zakona zapǐsemo gibalno enačbo:

J ϕ̈ = −mg
3h

4
sinϕ− d ϕ̇,

Gibalno enačbo normiramo in lineariziramo:

ϕ̈+
mg 3h

4

J
ϕ+

d

J
ϕ̇ = 0

Točk: 5

in razberemo lastno krožno frekvenco in razmernik dušenja (upoštevamo h = 20 r):

ω0 =

√
mg 3h

4

J
= 10

√
g

1601 r
,

δ =
d

J 2ω0
.

Točk: 5

a)
Iz enačbe 2π

T = ω0 izpeljemo

r =
25 g T 2

1601π2

Točk: 10

in tako definiramo polmer (dolžino) stožca3.

b)
Sledi še izračun mase nihala, ki v bistvu predstavlja varnostni faktor: dve osebi naj ne bi bili sposobni
vzpostaviti takih začetnih pogojev, da bi nihalo nihalo bolj od željene amplitude.
Statično ravnotežje pri začetnih pogojih je:

mg
3h

4
sinϕ0 − F h cosϕ0 = 0,

kjer je željena amplituda definirana s:

sinϕ0 =
∆x

h
.

Točk: 5

Sledi, da je masa stožca:

m =
3F

2 g tanϕ0
.

Točk: 5

Kje so imeli študentje težave?
Nekateri so pozabili na težo stožca. F je statična sila, ki se uporabi v začetku, da se nihalo izmakne iz
ravnovesne lege; pozneje na nihanje nima vpliva.
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Naloga 2 (35 točk) Zadostuje
znanje: VN

Povprečen
uspeh: 52%

Pri hoji človek dviguje svoje težǐsče za nekaj cm. Razmǐsljate o tem, da bi
izdelali nahrbtnik, ki bi to gibanje dvakrat ojačal, relativno gibanje pa bi iz-
koristili za generiranje napetosti.
Za spremembo vǐsine pri hoji predpostavite harmonično funkcijo y(t). Za
model na sliki najprej izpeljite gibalno enačbo nato pa izračunajte: a) to-
gost, da bo lastna nedušena krožna frekvenca ω0 enaka frekvenci vzbujanja ω,
b) dušenje d, da bo razmerje med amplitudami X = 2Y , c) razmernik dušenja
in dušeno lastno frekvenco in d) s katero frekvenco bo nihal nahrbtnik pri
vzbujanju?
Podatki: y = Y sin(ω t), m = 10 kg, ω = 2π.

Rešitev

ẍ+
k

m
x+

d

m
ẋ = +

k

m
Y sin(ω t) +

d

m
ω Y cos(ω t)

k = mω2 = 394,8 N/m

d =
mω√

3
= 36,276 Ns/m

δ =
1

2
√

3
= 0,289

ω0d =

√
11

12
ω = 6,02 rad = 0,957 2π

Niha z vsiljeno krožno frekvenco ω

Postopek

Iz II. Newtonovega zakona ob predpostavkah x > y in ẋ > ẏ sledi:

mẍ = −k (x− y)− d (ẋ− ẏ).

Vstavimo podatek o harmoničnem vzbujanju ter normiramo in uredimo enačbo:

ẍ+
k

m
x+

d

m
ẋ = +

k

m
Y sin(ω t) +

d

m
ω Y cos(ω t).

Točk: 5

Razpoznamo torej parametre:

ω0 =

√
k

m
δ =

d

m 2ω0
.

Točk: 5

a)
Sedaj lahko določimo primerno togost, da bo lastna frekvenca enaka vsiljeni:

ω0 = ω → k = mω2.
Točk: 5

b)
V normirano obliki diferencialne enačbe razpoznamo splošno enačbo prenosnosti vibroizolacije. Ob pred-
postavki harmoničnega odziva x(t) = X sin(ω t− φ) vemo torej kakšno je ojačanje:

g =
X

Y
= β

√
1 +

(
2 δ

ω

ω0

)2

.



POGLAVJE 2. KOLOKVIJ 2 54

Točk: 5

Želja je g = 2; ob uporabi podatka za togost dobimo kvadratno enačbo z dvema rešitvama; fizikalno
ustrezna je samo pozitivna:

d =
mω√

3
.

Točk: 5

c)
Razmernik dušenja je definiran zgoraj; dušena lastna frekvenca je:

ω0d =

√
11

12
ω.

Točk: 5

d)
Zaradi vzbujanja sistem niha s frekvenco vzbujanja ω. Točk: 5

Kje so imeli študentje težave?
Narobe so zapisali gibalno enačbo, niso poznali enačbe za prenosnost vibroizolacije. Niso vedeli, da
nahrbtnik niha z vsiljeno frekvenco pač pa so mnogi napisali, da niha z lastno dušeno frekvenco.

Naloga 3 (35 točk) Zadostuje
zna-
nje: LVVP

Povprečen
uspeh: 43%

Zaposleni ste v AET Tolmin in konstruirate
grelnik zraka, ki je izpostavljen vibracijam.
Dejansko konstrukcijo poenostavite s prika-
zanim modelom z dvema prostostnima sto-
pnjama; s pomočjo Lagrangevih enačb 2. vrste
izpeljite gibalne enačbe, lastne frekvence in la-
stne vektorje.
Določite parameter a, da bo druga lastna fre-
kvenca 10 krat vǐsja od prve. Za začetne po-
goje: x(0 s) = 1 mm, y(0 s) = 0 mm, ẋ(0 s) =
0 mm/s, ẏ(0 s) = 0 mm/s določite odziv x(t) in
y(t) (namig glede faze: ker ni dušenja sta x in
y lahko samo v fazi ali v kontrafazi).
Podatki: k = 2000 N/m, m = 50 kg.

Rešitev

mẍ+ (1 + a) k x− a k y = 0

mÿ − a k x+ (1 + a) k y = 0

ω01 =

√
k

m
= 6,32 rad/s

ω02 =

√
(1 + 2 a) k

m

a =
99

2

x(1) =

(
1
1

)
m

x(2) =

(
1
−1

)
m

3Glede na teoretično poznavanje fizikalnega nihala smo lahko pričakovali, da je nihajni čas odvisen samo od dolžine
nihala.
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Postopek

Sistem je konservativen in ima dve prostostni stopnji (N = P = 2): x, y. Do gibalnih enačb pridemo s
pomočjo Lagrangevih enačb 2. vrste:

d

dt

∂L

∂ẋ
− ∂L

∂x
= 0

d

dt

∂L

∂ẏ
− ∂L

∂y
= 0.

Lagrangeva energijska funkcija:

L = Ek − Ep,

kjer sta kinetična in potencialna energija4 definirani kot (predpostavka x > y):

Ek =
1

2
mẋ2 +

1

2
mẏ2

Ep =
1

2
k x2 +

1

2
k y2 +

1

2
a k (x− y)2.

Točk: 10

Po odvajanju izpeljemo gibalni enačbi:

mẍ+ (1 + a) k x− a k y = 0 mÿ − a k x+ (1 + a) k y = 0.

Gibalni enačbi v matrični obliki:(
m 0
0 m

)(
ẍ
ÿ

)
+

(
(1 + a) k −a k
−a k (1 + a) k

)(
x
y

)
=

(
0
0

)
.

Ob predpostavki harmonskega odziva (x = X sin(ω0 t), y = Y sin(ω0 t)) in ob upoštevanju, da sin(ω0 t)
ne predstavlja rešitve, izpeljemo:(

(1 + a) k −mω2
0 −a k

−a k (1 + a) k −mω2
0

)(
X
Y

)
= Ax =

(
0
0

)
.

Točk: 5

Netrivialno rešitev predstavlja rešitev izraza:

det(A) = 0

iz česar izpeljemo dve lastni frekvenci:

ω01 =

√
k

m
ω02 =

√
(1 + 2 a) k

m
.

Izpeljemo vrednost parametra a:

10ω01 = ω02 ⇒ a =
99

2
.

Točk: 5

Da določimo prvi lastni vektor, vstavimo v matriko A prvo lastno frekvenco, izberemo amplitudo X = 1 m
in izpeljemo:

Y = 1.

4Potencialno energijo mas ni potrebno upoštevati, saj se uniči s potencialno energijo prednapetja
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Prvi lastni vektor torej je:

x(1) =

(
1
1

)
m.

Za drugi lastni vektor je postopek podoben, vendar v matriko A vstavimo drugo lastno frekvenco, izbe-
remo amplitudo X = 1 m in izpeljemo:

Y = −1 m.

Drugi lastni vektor torej je:

x(2) =

(
1
−1

)
m.

Točk: 5

Odziv na poljubne začetne pogoje je:(
x(t)
y(t)

)
= C1 x

(1) sin(ω01 − ϕ1) + C2 x
(2) sin(ω02 − ϕ2).

Točk: 5

Imamo štiri neznanke in iz štirih začetnih pogojev x(0 s) = 1 mm, y(0 s) = 0 mm, ẋ(0 s) = 0 mm/s,
ẏ(0 s) = 0 mm/s lahko vse določimo. Uporabimo namig, da so sta x in y v fazi: ϕ1 = ϕ2 in rešimo sistem
enačb. Sistem ima štiri rešitve, tukaj je prikazana ena:

C1 = −0,0005 C2 = −0,0005 ϕ1 = ϕ2 = π/2.
Točk: 5

Kje so imeli študentje težave?
Odziv na poljubne začetne pogoje je vsota posameznih lastnih odzivov!



Univerza v Ljubljani Fakulteta za strojnǐstvo

LADISK – Laboratorij za dinamiko strojev in konstrukcij

Dinamika togih teles Kolokvij 3 15.5.2009

Naloga 1 (35 točk) Zadostuje
zna-
nje: LDN

Valj radija R in mase m nakotaljuje po klancu in je preko
vzmeti in dušilke pritrjen, kakor je prikazano na sliki.
Izračunajte lastno nedušeno in dušeno krožno frekvenco
sistema, če valj na začetku izmaknemo iz statične ravno-
vesne lege za amplitudo A0. Določite čas po katerem je
amplituda nihanja enaka 1/10 začetne amplitude.
Podatki:
m = 10 kg, R = 0,5 m, k = 10 kN/m, d = 100 Ns/m,

g = 9,81 m/s
2
.

Rešitev

ω0 = 25,82 rad/s

δ = 0,258

ω0d = 24,94 rad/s

t = 0.69 s

Postopek

Sistem ima ena prostostno stopnjo (P = 1, N = 1). Z izbrano posplošeno koordinato x in uporabo
Lagrangeovih enačb druge vrste zapǐsemo gibalno enačbo sistema:

∂

∂t

∂L

∂ẋ
− ∂L

∂x
= QN

x ,

kjer je L Lagrangeova energijska funkcija:

L = Ek − Ep

Kinetična in potencialna energija imata obliko:

Ek =
1

2
mẋ2 +

1

2
(JT )ϕ̇2 =

3

4
mẋ2

Ep =
1

2
k x2

Zapǐsemo Lagrangeovo energijsko funkcijo:

L =
3

4
mẋ2 − 1

2
k x2

Posplošeno silo dušilke dobimo iz zapisa za virtualno delo:

δW =
∑
i

Fiδri = −d ẋ︸︷︷︸
QN

δx
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Končno zapǐsemo normirano gibalno enačbo:

ẍ+
2 d

3m︸︷︷︸
2δω0

ẋ+
2 k

3m︸︷︷︸
ω2

0

x = 0

Točk: 10

Kakor je prikazano razberemo lastno nedušeno krožno frekvenco in razmernik dušenja.

ω0 =

√
2 k

3m
= 25,82 rad/s

Točk: 5

δ =
d

3mω0
= 0,129

Točk: 5

ω0D = ω0

√
1− δ2 = 24.94 rad/s

Točk: 5

Potrebno je še določiti čas po katerem je amplituda nihanja za 1/10 manǰsa od začetne amplitude. Odziv
sistema podaja enačba:

x(t) = e−δ ω0 t (A cos(ω0Dt) +B sin(ωODt))
Točk: 5

Na osnovi začetnih pogojev razberemo velikost konstant A in B:

x(0) = A0 =⇒ A = A0

ẋ(0) = 0 =⇒ B = 0

Amplitudo odziva sistema potemtakem podaja enačba:

X = A0 e
−δ ω0 t

Sedaj lahko izračunamo še čas pri katerem se amplituda zmanǰsa na X = 1/10A0:

t = − 1

δ ω0
ln 1/10 = 0.69 s

Točk: 5

Kje so imeli študentje težave?
Zapis gibalnih enačb: gre za statično ravnovesno lego, zato potencialne energije ni treba upoševati (uniči
se s potencialno energijo prednapetja).

Naloga 2 (30 točk) Zadostuje
znanje: VNNa sliki je prikazana naprava, ki se uporablja za testiranje

zračnih vzmeti. Klado mase m vzbujamo z ekscentrično
maso me na ročici dolžine e, ki se vrti s konstantno kotno
hitrostjo ω. Iz slike je razvidno, da lahko hkrati testiramo
dve zračni vzmeti. Zračno vzmet modeliramo z vzporedno
vezavo vzmeti togosti k in dušilke s koeficientom dušenja
d. Določite kolikšna je lahko maksimalna togost k testi-
ranih vzmeti, da bo amplituda nihanja vzmeti enaka X.
Vzbujanje sistema je podresonančno. Podatki:

m = 150 kg, me = 10 kg, ω = 6π rad/s, δ = 0.01,
e = 0.05 m, X = 0.01 m.
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Rešitev

k = 35.97 kN/m

Postopek

Gibalno enačbo sistema določimo na osnovi drugega Newtonowega zakona:

mẍ+ 2 dẋ+ 2k x = me e ω
2 sin(ω t)

Opomba: kot pravilna rešitev se smatra tudi, da se masa ekscentra doda k osnovni masi. Gibalna enačba
v tem primeru je (m + me)ẍ + 2 dẋ + 2k x = me e ω

2 sin(ω t). Enačbo normiramo ter razberemo lastno
krožno frekvenco:

ẍ+
2d

m
ẋ+

2k

m
x =

me e

m
ω2 sin(ωt)

Točk: 5

ω0 =

√
2 k

m
Točk: 5

Za izračun togosti vzmeti uporabimo enačbo:

X
me e
m

=

(
ω
ω0

)2
√(

1−
(
ω
ω0

)2)2

+
(

2 δ ω
ω0

)2
Točk: 5

Uvedemo novo neznanko:

r =

(
ω

ω0

)2

s čimer dobi zgornja enačba enostavneǰso obliko

X
me e
m

=
r√

(1− r)2 + 4 δ2 r

Zgornjo enačbo preuredimo v obliko:

r2(1−
(me e

X m

)2
) + r

(
4δ2 − 2

)
+ 1 = 0

Točk: 5

Rešitvi enačbe:

r1 = 0.74

r2 = 1.50
Točk: 5

Ker naloga od nas zahteva podresonančno vzbujanje je prava rešitev r1 = 0.8. Togost vzmeti je potem-
takem enaka:

k =
mω2

2 r1
= 35.97 kN/m

Točk: 5

Kje so imeli študentje težave?
Pri zapisu amplitude odziva centrifugalno vzbujanega sistema v ustaljenem stanju.
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Naloga 3 (30 točk) Zadostuje
zna-
nje: LVPS

Rotor modeliramo s togim telesom mase
m in masnim vztrajnostnim momentom
JT okoli težǐsča T . Ležaje poenostavimo
z vzmetema togosti k in 2k. Z uporabo
Lagrangeovih enačb II vrste in označenih
koordinat zapǐsite gibalne enačbe sistema.
Določite tudi lastne frekvence in lastne
vektorje.
Podatki:
k, m, r, JT = mr2.

Rešitev

ω01 =
√

2

√
k

m

ω02 = 2

√
k

m

X1 =

{
1

1/r

}
X2 =

{
1
−1/r

}
Postopek

Sistem ima dve prostostni stopnji. Zapǐsemo Lagrangeove enačbe za konzervativne sisteme pri čemer
izberemo za posplošeni koordinati pomik x in zasuk ϕ:

d

dt

∂L

∂ẋ
− ∂L

∂x
= 0

d

dt

∂L

∂ϕ̇
− ∂L

∂ϕ
= 0

L = Ek − Ep

Kinetično in potencialno energijo sistema zapǐsemo v obliki:

Ek =
1

2
mẋ2 +

1

2
JT ϕ̇

2

Točk: 5

Ep =
1

2
k (x− r ϕ)

2
+

1

2
2k (x+ r ϕ)

Točk: 5

Lagrangeova energijska funkcija ima potemtakem obliko:

L =
1

2
mẍ+

1

2
JT ϕ̇

2 − 1

2
k (x− r ϕ)

2 − 1

2
2k (x+ r ϕ)

2

Sedaj izračunamo vse odvode v Lagrangeovih enačbah s čimer dobimo dve gibalni enačbi:

mẍ+ 3k x+ k r ϕ = 0

JT ϕ̈+ k r x+ 3k r2 ϕ = 0
Točk: 5
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Ob predpostavki harmonskega odziva:

x(t) = X sinω t

ϕ(t) = Φ sinω t
Točk: 5

iz gibalnih enačb razberemo masno in togostno matriko:

M =

[
m 0
0 mr2

]
, K =

[
3k k r
k r 3k r2

]
Točk: 5

Lastne frekvence sistema dobimo z rešitvijo spodnje determinante:∣∣∣∣ 3k −mω2 k r
k r 3k r2 −mr2 ω2

∣∣∣∣ = 0, =⇒ 8 k2 r2 − 6 kmr2ω2 +m2 r2 ω4 = 0

Z rešitvijo zgornje enačbe določimo obe lastni krožni frekvenci:

ω01 =
√

2

√
k

m
, ω02 = 2

√
k

m
Točk: 5

Lastna vektorja pa sta enaka:

X1 =

{
1

1/r

}

X2 =

{
1
−1/r

}
Točk: 5

Kje so imeli študentje težave?
Zapis gibalne enačbe, predvsem potencialna energija.

2.7 Datum: 17.1.2010

Naloga 1 (35 točk) Zadostuje
znanje: Trk

v = 40 m/s
Θ = 40 ◦

ε = 0.2

Krogla udari v masivno ploščo s hitrostjo v pod kotom θ. Koeficient
trka je ε.

1 Kakšen je trk? ( premi centrični / poševni centrični )
2 Izračunajte hitrost krogle v n-smeri po trku.
3 Izračunajte hitrost krogle v t-smeri po trku.
4 Izračunajte amplitudo hitrosti krogle po trku.
5 Izračunajte kot ϕ.
6 Ali se kinetična energija pri trku ohranja?
7 Izračunajte delež izgubljene kinetične energije krogle v od-

stotkih.

Rešitev

Vprašanje Odgovor

1 Kakšen je trk? ( 1 = Premi centrični, 2 = Poševni centrični ) 2
2 Izračunajte hitrost krogle v n-smeri po trku. 5.142301 m/s
3 Izračunajte hitrost krogle v t-smeri po trku. 30.641778 m/s
4 Izračunajte amplitudo hitrosti krogle po trku. 31.070272 m/s
5 Izračunajte kot ϕ. 9.526601 ◦

6 Ali se kinetična energija pri trku ohranja? ( 1 = Da , 2 = Ne ) 2
7 Izračunajte delež izgubljene kinetične energije krogle v odstotkih. 39.664887
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Naloga 2 (35 točk) Zadostuje
znanje: VN

x

k d

L,m

v

b

2h

fA O

jermen

g

Sistem na sliki se uporablja za valjanje zobatih jermenov. Jer-
men ima profil zoba sinusne oblike in se giblje s translatorno
hitrostjo v. Amplituda sinusnega profila zoba je podana z h,
medtem ko je razdalja med dvema vrhoma podana z b. Zapǐsite
gibalno enačbo sistema in določite translatorno hitrost jermena
v, tako da bo amplituda odziva palice v točki A enaka h/3.
Ugotovite tudi ali je sistem vzbujan pod- ali nad-resonančno.
Opomba: Sistem linearizirajte in ga rešite glede na ravnotežno
lego.
Podatki:
k = 1 · 104 N/m, m = 3 kg, d = 100 Ns/m, L = 1 m, b = 0.01 m

Rešitev

ẍ+
3 d

m
ẋ+

3 k

m
x =

3 k

m
y(t) +

3 d

m
ẏ(t)

ω0 =

√
3 k

m
= 100 rad/s

δ =
3 d

2mω0
= 0.5

ω = 327.7 rad/s

v = 0.52 m/s

Sistem je vzbujan nad-resonančno

Naloga 3 (35 točk) Zadostuje
zna-
nje: LVPS

k k

m,r

2m

x
f

O

g

m=0

Sistem na sliki je sestavljen iz valja mase m in radija r, ki je
vrtljivo vpet v točki O. Valj je preko vzmeti togosti k pripet na
klado mase 2m, ki je preko vzmeti pritrjena na togo podlago.
Določite število prostostnih stopenj sistema. Z uporabo
označenih koordinat zapǐsite gibalno/e enačbo/e sistema ter
določite lastne frekvence in lastne vektorje. Predpostavite
majhne zasuke.
Podatki: k = 103 N/m,m = 0,5 kg, r = 0,1 m.

Rešitev

ω01 = 27.7 rad/s

ω02 = 72.36 rad/s

X1 =

{
1

0.081

}
m

X2 =

{
1

−0.031

}
m
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2.8 Datum: 9.1.2012

Naloga 1 (30 točk) Zadostuje
znanje: Trk

Podatki: β= 5 ◦, mL= 20 kg, mP= 0.8 kg, α=
35 ◦, ε= 0.45 , vP,1= 3.5 m/s, L= 1.5 m,

Igrate igrico Angry Birds. Vaša naloga je, da s ptičem od-
prete mirujočo loputo. Po elastičnem trku z loputo se ptič
odbije pod kotom α2 in s hitrostjo vP,2. Trk je centričen
in brez trenja.

1 Ali se energija sistema med trkom ohranja?
(Da, Ne)

2 Kakšno gibanje opravlja loputa po trku? (ro-
tacijsko, translatorno, splošno ravninsko)

3 Določite hitrost ptiča v smeri smernice trka
tik pred trkom.

4 Določite hitrost lopute po trku.
5 Določite velikost hitrosti priča v smeri smer-

nice trka tik po trku. (pazite predznak)
6 Določite kot α2.

Naloga 2 (35 točk) Zadostuje
znanje: PV

V kamnolumu se pri separaciji materiala uporablja transporter prikazan na sliki. Transporter modeliramo
kot palico dolžine 2L in mase m, ki je vrtljivo vpeta v točki O. Enakomerno gibanje peska po transpor-
terju dosežemo s ekscentrom mase me, ki se vrti s konstatno kotno hitrosjo ω. Potrebno je upoštevati
tudi vzbujanje zaradi padanja peska na transporter, kar ponazorimo s silo F (t).

k

d

d e
me

F t( )

pesek

A

O

L/2

L/2

L/2

L/2

2L,m

�
B

C

�

Določite:
1 Lastno nedušeno in dušeno krožno frekvenco.
2 Odziv transporterja v točki C.
3 Amplitudo sile, ki preko dušilke prenaša na

podlago v točki A.
4 Ali se z povečevanjem dušenja povečuje tudi

sila na podlago v točki A?
Zanemarito maso peska ter predpostavite majhne zasuke!
Podatki:
m = 1 t, k = 100 kN/m, d = 1000 Ns/m, ω = 100 rad/s,
L = 3 m, F (t) = F0 sin(ω t), F0 = 5000 N, me = 100 kg,
e = 0.1 m



Naloga 3 (35 točk) Zadostuje
znanje: VN

V zadnjem času je zelo popularna vadba na napravi Power Plate. Nadomestni model naprave je prikazan
na sliki je kinematično vzbujan v vertikalni smeri glede na funkcijo y(t) = Y sin(ω t). Predpostavite, da
se masa m (oseba) lahko premika samo v navpični smeri.

k = 1.36 N/mm
m = 83 kg
ω = 37 Hz
C1 = 0.74
g = 9.81 m/s2

1 Koliko prostostnih stopenj ima sistem na sliki?
2 Če je razmerje amplitud pomikov,

∣∣X
Y

∣∣ = C,
kakšno je razmerje amplitud pospeškov?

3 Izračunajte lastno nedušeno krožno frekvenco.
4 Izračunajte razmernik dušenja, da bo dušena

lastna krožna frekvenca za 10% nižja od
nedušene

5 Kakšno je dušenje sistema? (nadkritično,
podkritično, kritično, sistem ni dušen)

6 Izračunajte relativno frekvenco r = ω
ω0

.

7 Izračunajte
∣∣X
Y

∣∣, če je frekvenca vzbujanja
enaka ω.

8 Če amplituda pospeška človeka ne sme preseči
0.5g, kolikšne so lahko amplitude pospeškov
vzbujanja?



Poglavje 3

Izpiti

Po Bolonski prenovi je analitična mehanika obravnavana v okviru predmeta Vǐsja dinamika; naloge, ki
obravnavajo izključno analitično mehaniko pri predmetu DTT ne obravnavamo. Naloge iz nihanj, pri
katerih je uporabljena analitična mehanika rešite s pomočjo klasične mehanike.

3.1 Datum: 12.6.2003
Povprečen uspeh 2 študentov: 38%

Naloga 1 (30 točk) Zadostuje
znanje: TT

Povprečen
uspeh: 8%

Slika prikazuje tekoči trak. Pralni stroj mase m2

in težǐsčnega masnega vztrajnostnega momenta J
je togo pritrjen na togo palico zanemarljive mase,
le-ta pa je pritrjena na kolo mase m1 in polmera r.
Vrv je pripeta na razdalji a od vrtǐsča kolesa in se v
nekem trenutku napne ter začne delovati na palico s
silo F . Izračunajte pospešek težǐsča pralnega stroja
v tem trenutku. Trenje in rotacijsko vztrajnost
kolesa zanemarite.

a = 0,5 m

b = 1 m

m1 = 10 kg

m2 = 60 kg

r = 0.1 m

F = 400 N

J = 6 kg m2

Rešitev

aT = 5,71 m/s
2

α = 1,418 rad/s
2

Js = 141 kg m2

yT = 0,2143 m

aP = −6,018 m/s
2

Postopek

Za postopek glejte: Kolokvij 1, naloga 1 na strani 9.
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qLr5YPOA5DvUF0jOKjzJRlJ31T/3CH4Hh7v5K6UB2chekEbGL+Y7rFy59Mb7

TzYifWNJp/71Oyz/ZatZoMhBKRxNg/zL32FrQ9VLXTAHXc24kHOMtRnuvcvM

r1fPQbUMXuYjMs3Q5M/AwO2Vg55EDlyrcj/yB16dCnqZg2aPCe+Evm6GYvsK

g99fcxDtznzgreMtMDI/mGm1l4Py7STlqG+2gL1E5X42Qy66PZvDMG3cAvdK

7j5suZqL2vUPh/+LbwEV3pz2yXu5SH9QPS+uvgXGFDeYVtVy0aZStaXFWgs4

2j4cXzLPRSGtNIIS7K2w+9Xq9G+3XMRy3+rfaYVWsM4bGEBBuajiv6baJa9W

uDFl6xUTl4seCF8MaSxphaqLChGqGblooMRLIX24FQ71s2tP5ucia87B046U

bXD9iwp5zetchM8SHpW60wbilpMvtEpzUcLpmFfnzdvAZoQqaKMsF3FHL1hv

J7WB9tOg+BdH9ufjj4Q7vrVBxbdyw5MluUjBN3c/b7MNFvew4bjCXDSxe1jv

ztEOnsZ/GU/n5CIXB40wJeV20Lp1qJWakoso56uVuP3a4cplhsvno3JRliHt

WaKKdmioSmUv9stFgsNWY72j7XCK2eoCPMtFTSrfC0tOdsDBgen1YcNcpNl+

0e6FWAcMfd0LClbMRcsPvG9qWnXA8cY3QQ/FcpE/GjwUSOuAPueM+jNcuej0

zRvfjrd0AKvcyT1S6lxUXBYTMbrTAVqtg2eoN3NQFt1WkQZdJ2j6rd28PXDU

385cqm88nUB2ryM5uCYHCYYr2gvc7YTj9mOv8ek5qImk5NZx+064arxk6692

1P9ajXTH4E4Q/eHenXA9B2l6HicazeqED2QC4lOUOWh507CpuqMTXFTVdBQ+

ZqPbb2mvsE93QhHJuX3niGzkb/MlMvygE26+UPdb0c1Gp2fOqhrydsFZVvWG

dVw20s/9/rHjXhd8LT2REtL+EhXrOrPc0ewCTsbqwNCUlwjr756kCe2C6lgt

3Rnel8i0OdgRzXTBIQnD+e8SWcjrE4do1WEXFPrLKZWQZKGE4q8krxm64TSf

sMeLiExUF7GTkHCvG54ccl/lDs9ALEpmH6yyumG8foNH3ioN/RyUPDir9gPW

Ha5e52hMRHOtE400Nj+AJPvT609ciQj/2TvyWMAPuNU3fywnOAHxZb1nW3v7

A+a2HvXmPYhHIYZcd5tP/oQ2Cia6x6UxSHzhWJDLt59AXJaylhQbgtRGcuSt

R36ChOtobKhAMLLuACbDjZ/goav46k5nIEordy6Su9ADeePvk7TIXqDtZ9Ot

l7x6IJJluePHiCcqOWik6RH+BTNPz7ASDeiiM9QBqdfye4H7pZKetI0PPOr+

EMuEeoEh8+JC3A9fcIlbCCXq64Us5UC9KEF/+HVaxb3reB/UUVz6cHI+AKLP

X9Sys+qDeGJqVg3eMPgyrqryNKAP+mQUo/UdwmExL1RGPLMP3n/fEyKvigBp

7jVRmq4+wLNz12nFRwHZ9VqWcsF+eLBA4nR5MQZubGwwJMv0A58TjTjeMxaM

310+6WPcDw/fsXwTpIiD+jvRh/JJ/ZDEqMxgzxwPXvd0R5f/9YOTtn3zImsi

lJDG9fXRDYBQ3t5ZweREGGr61vmFdwBoxw897U8mwW0Zvq9ROgNAzrd7snw1

CTZVDl7y1w1AH3vGa67YFOA4LZByemgAIv/MAudaCigPGMXgNgZAip3noEcu

FSq023w7Lw2CoiY2eekwFf6wET1/D4Ow+qfK55NCGlCPCzpkqQ3CxO+r/JNZ

aWBlkmZgGzII9E9xJ/4IpkPa5U4NtZxBeOK2OFrgmg7Nc8TKWM0gUCp60K58

TIedNzekuXoGgXGGyqlqOx24bC3uUS8OQkOM9MNVgQxQFcgU2SYdgkfONy7n

mmVAwHq34CjrEHiG8F5qSsuACZfbHGUKQ0CzIp+puZ0Bp+5YMyeZD8FHikTB

72yZILH/kt7bbwiiT/5kyLqfCXao54Rp2hDYWa8ojRpnQpbPcVL5qiGY0jDU

DfbPhI67ogc32oegLn2cITUjEw5I7DZZp4dgQ4r2PX1VJlxpyl08hhuGD6Gs

szvfMkEjpG9q6fQweNlovJfszYQQacrfvdeGoXHhSwzxeCa8p8J6kdQwVHA9

k7kylwnTnQ4drwyGoZNMhK1hKRMYYl99i3QfhlqpsbzO5Uy4rzKInOOHof90

+qDCYiY4Mp58r1MyDAqPddikZzIhp1+i7OG3YZCzuChYN5IJ3alOBXyjw6Ad

f+3Gp65MKKi/y2a9NQx5ynUa1rWZ4LlAnVRMNQLbcOwbc1kmKDOMnJzjGIHv

In0VbSmZwA2vAy+LjsCtrLxMX99MwJm6HJooj8CQXbOSuEkm/Iq675xvMQKS

riMDVI8yofgD7dKE7wjgeYleLHNmgu/Yb+MLKSPwN4llao44E9Qo3ozolY/A

JaWrPaTDGXBV0O1JVtMI3Eu0tHj4NgMGXtA9YN4aAXLFuZtKqhlQVvLnPw2q

30Br+GaKh+Oov70lQikcv6Fvb+7S/eV0ELj8iINR+Tdwnkvbe+KZDmSKDOkq

Fr+BJ2l4W1s8HUbcxunifH+DtqCmUiNROoS0ehBoyn9DrHGry0+3NFi50W9H

cmwUEpWu8k3IpoJmK3qTSzsKgepinIP7KfBNN//vXZZR0JFjqHUtSoH0YAc9

X6FRSGAOH+/ZS4ZHgycUDg1GIezdiMaVwCSotFkPy7AZBYNfFiE+F5OAlTDY

JPp8FAaLIxh/oETYuFKAuceMQqTLz99Jywnw0lOCf+fLKPD55Hlt3omHnfPO

J9eY/4DorbTkXP9oKDQdbZvq/QP5ijVbS7a+kDUZc95r4g9MKrRe3rzrA0n6

958xrvyBb/xNnTQM3hCgWXROknwMfo34r3DbPgd9eUeLQpExuHWX+qvYoh2c

uUl23PLlGLDMzl4RoeFHNFUfNQklY1DUv5x1DkkhMgGrsrSPYyCoTydJKH+C

Nnm6Vdt+jEHfj8ccWLIh6mZNy79KOg7nWG1MZg0dUMgx/nsr5uPwZWEq/pe2

L/LxH0sMdh6HRRUDSxJTP+RCFD933n8cat0Z2Bit/ZHxv50YxfRx6FMqH3S2

DUASS3V/3naMA/TI/nv6OATdsnQSkh4aB536bKKmm6GI/y9X8MTMOGikrHbK

sochlvFwfnr8BBRuMyg9/huO/v1S9XISnIDUbPyCbHYUWlUi/0ElPgGf3kSC

MFn00TyuufRKZgKi/1PK6rGIRn3N59t7jSfgvoFOI+OVGNTx8Od5W4cJYDJo

nSwIikGN9QHPyLwnIH1f8Hv7WAyq/Dx37lbyBExzKo2+j4xFr+9k2HblTUDE

zKMBq7FYlP1evt6sYgK6nyxwJAvEoaiKKouUlgkw1vhVeKMlDlnme338tz8B

Z5YH+2aG4lGzaCH2lHwSzqbZlwYxJSDOnu7GaoZJyMDLQYhSAhojvvTDjm8S

9GZUUrJRAsJS5Z523JkE7/viVytWElC6gOvvK5KTcOnDjRP05xORml7r3LTu

JKxve0V/d05E1dsbdvetJoGv/LEFQ2YiOhXFup3tOglcn+l3iusSkS3nI09c

wCT0tk0nhE4movbP9gTtmElYCxJYLCMkIZ4naSGfMiZBtLl04+z5JBS00EDN

9HoSur1EVlpuJ6Ep/6UEp3eTECVeZPdFIQndPcfE/LNuEkgKg5R3jJJQ1luJ

nGudk7DqPFXn5JyEDqQsL0cOTcLzVHLhWwFJSGMsvnR+ZhKCznBYicckofeu

SEhqYxKeHm45RaUmIQaav59eEU1BsrRLMefRfuFQQCtBQjUFrCdNysnyk1An

iDTpn5mC7IwxB6FXSehqr5Hsl0tTwM+2zFOWl4TCrCN/Ml+fgk2tffXnL5PQ

X5IP6s9hCrbINFqSU5LQg/Sx0b7HU5DlWhpJFZ2EcgUpTYTVpiCERB8/7J+E

8K1CC7GGUxCHO6wnc0pCOgY6Diu2UyDiE4fiDY/2nd2gHVmPKZg+PMYWJJ+E

zsRUeBUHT8GtWcOnE7eSkMvlIRLyhCmouHvxQilbEur5QhJmkj0Fe1ZWLgtH

/Aqo8dE2lEyB/XX5xNypRBS1pJbE/mkK8vi2D/sbEtFigC+L97cpQOX9DrHZ

iegxS3Hu8I8p8BPqW//lnohIZQ7LkuanYHYpS5+eOxEZTnDd2NyegoHvuuHM

+wno63PF/5RIpqGpXwqa2xKQe1HedyqWacAeKctcNU1AK8ekx/zlpmFCol5y

xyceyWY+Mx3TmIYLz+tu7knEo2LhzEUwnYYUpbWkcaJ4ZGy0urvrPQ0OTp9S

/Fzj0FBt0im7immoSPq4QqUQi26r1ya3f56GXQKp+G18LEpcmWO90jIN4ncF

3yeUxyBFNrgyPT4Nx4Z96ikpYlCTx+Q9LfoZeGScYM1UFIVcmwbJp9hmwA1H

mBZSjkLcp7o7ra/MgIk/VTT9biQKK/is6X13Bp5+v3afNCECyf9IdMyxmwHq

6WPzthWhqI9LKvdv2wxMR5XZBUe8QDM/SoidAv5CQLNZRUGdLUpmyft+EP0X

MsWZk59xWyMps9TIwPS/8OHzyLVnbeao+CDwbHLlUbzj9VUZOkNke1nves3Y

XxAd1yU6/0EKbXueMsDDLPSWCkF/vgEUfj9+OVRqFhQJbzlMR41BnQ63dOrJ

LOD8MYGr9OZQUzjvxmE1Cw8PaEnTbtiC98+GGMnUWSDlrBN6be0EZNwutRFb

s9By4kWEBJMP3Ne6nUVNmAPV1XcREoM+4Bu15xFDPQd73SZFySm+sLfpfSvh

8hzMm49bEdH4w3JdcFm6xhx8if82+GEgAHi3Hkewms5Bi5XFgv2LQDDnprJ8

6TgHr6TpozauBMFEVAxnXvgczK7rGZ22D4Z+rdSMYjQHsvJBvAI/QoEhWsv9

auscpH53b4jRDwPlelb1sr45OAj+M/xoMQzauXPpK1fmQGhL61nIbjhQaBuv

CR3MQcJt/7A9twiQjObqekc+D/dwx54kbEVA7VZx2KcL83B+f0eGcTISDrlt

zEX552H2uofpBncUiGhfk0Qi88DHaKGmoxcF1fVVxHUq89D9vquavSkK1rac

/9zTn4dPBo03HbejgJ/nNmq0ngcRqkTq6kvRUBT92a05cB4ciCxi9t2jYbre

W006bh6q/F5g+7nRcHFbQrg9ax40L85I/2mOBj0eEjr5N/OQ3zSh8moxGjK0

v610fZiH10nWN2WoY2AwOrhDqXEeIpjZqLv4YuB0w+M3Pd3zsKN++8Y1mRhQ

2T4Rqvp7Hhb+pj2wNI2BGJ5O0/65I//Zd/Q+PjHQoR3zQGN7Ht5dtf9onRQD

lDHKF4cJC7CVSBcs+CYGHjUw4HVoFmDBgYWuG8VAwHbf71HmBVBiZb3ysDMG

6nhS/9PnXoCnZP6/Y0diAKejlTohvABvv+q6vZ+NAdEYVlfjuwuAM+QPqFqP

AbeGP09m5BbAQirqe+heDLzbzhE011wAhpvrD0XwsbDOY0w7b7oAwetK4k0k

sXBNh2vZ6tkCnLXuvnbtWCxYx8y2LfkswL6ddpcLaSy8bih+bRexAGfIZU69

JI6FmW3r4LWUBfgveoGj+CAGOK5cM3n2agEyYxjt07ZiQF9n7d7W2wUIcq9I

cTzaTzJjqthdvyyArNQN9xvjMTDU4Iz717oAZZxXrsz0xADTzq0R9/4FOHcl

ZTu4MQaeXNn7dDC5ABtiHiZsVTEQq/M52Xt1AV7dvipc+jIGOmO8nfGHC3DN

8Jva7bAYoGqUUPGnWIRiGb+dBscYeLxDuE56ehFSbjO4PNE4wvsdK//2wiJg

+vwbXeIxYNnIbq3Ltwg1FaxqqZdiICIWK/z4YBEuDkqwcM1FA4tbR6OJ4iJ4

8VSTrR/po1RXe4JOexGQhPkUS2E0dPK6s9o8WwQ6WZaLubrRoEtHIXrOZxG6

cisEyG5Hw8pusvr3sEXIO+MfNUITDbRN7+Iv5C5C3edExq2aKFDWX6Po614E

qWe8JbZEUTAh6Xv5xcgiRF44KXSYHgnP+GgeCswuQuDFvK8awpGQsHfVN4xo

CbaUGOPwOhHQn2C+jfEvwazQvULr6DDQbvkzURi+BIt8/MJ5AUGwWG6LV01e

gjaSe8Jz/wLBK+mQlZC3BOvJnFdkbAIhy4hZQ7tmCcaVf53Mlg+A8UO1Ltq5

Jfjx0Oe2xKEfCJ6ZGRG9uAzTW0Ju4YKe8EFWpyXfZ/loPo15XprRB0E5/TWd

wGUofXIijkRFF8rkjM4yhS9Dv5Oh6Ii/BuTLW1iEJi3DWK8xSzEoQJyiM4Vt

6dH5FTGqngeXke2TyMe3hpehorFY1+SFEZp/EuOwOrYMI57/bi+smSAT1fjU

1zPLsGv09qy4tjnSVkudY15fBuyNY6Irhw2SVn8ViqdYgXt8NweuijgiLm3U

0nJzBayC1crbiDxQrnbtmr/YChC9DB+ypvBErDoNZ8XurcDmp54FcxovxKDb

YlEmtwL/srrmqIK9EUG/lyLeeAWUmPpeMNj7Im/9geuyliswhz9uwT/ti/7p

D2scs1+BeEc3G051P7RqMP7a1WMFZCi0ZoJu+aNRo6XH2nErUEzrI8gz/AJp

Gq86MKaswDEvI0YxLAD1Gm+kdmauQHC/ktF8VgBqN/k3J/H6KL52m/hQPRBJ

mR6c2itbgaKbt3tUKgNRgymRSFX1ClzZdz7FSxGEasyOhXHWrkA00+fMe+VB

6KY5eeXotxXw9x565ooLRm/NTwwlt61A59fW74wywajI4tQVyv4VcDVW6HYf

CUaXLBmUG0ZWQMCC+fztCyHopSWTu+fECjR7ZLHLGoWgJCvW1uWlFQgLp1M2

/xOC1PXJvC9tHuXbE2x6iy0UnVVdua65twJxs4KrPzVC0dDjgelo/CogunXu

W3GhKAOrS/1GtgqldmlF+t9Dka5Qsdw+1SoEnSYzkf0Xis5zxxNfp1+F3F9M

lTuXw1DuKROLjPOrcE6skiPAIwwZk8mz/uRchZ36z98MssMQ5/7NH8evrkKT

jsDGTl0Ymlk5HwiCq1C3N/fr4VgYKpoiv/Ps9ipomp1ck94PQ5aDa4tF2Cpo

WNVdOU4fjng7h7JHH6zCf2Pjde6Xw9FifcMTBplVeD1YqFxwOxyVfSghl1Za

hYGZR71hkuHIviTxs8/TVZiLDcrkUQpH13O87d/prEL9+fuaAerhaD3R7NKC

0Sr8rdhlyNQOR9VhigPslqsg23vjuotOOHLxuROhZr8KM28orem0wtEtp4sS

ES5HfLyyGXZSDUe75ic26zxXweNY8lK2bDiq0dks3PFfBfZbKuZpEuHIU/m3

Fl/oKsSdkTU3uR6O4FETjVH0KigrPdYnOx+OcGLlDSmJq7D1y+yMP0U4qhVI

ce1MX4WwMqnS36thyJ/Tj5c0dxWihG5Fs/WGofvnLP/cKTqKR5J+0u/DECmN

Srxd2SqonDRPMUsIQ00kYo9eVa9Cur2LiKddGArZvbQ/VHNUz5AYa/SjMPR4

6WQ5bd1RPPGzh4UsYai9789pz46jfruaHJJ+CUVRbc2tb3tWIfNdMZNmWChS

qH3r/XdwFV5Y3wzrUQlFP1+/mFGeWQVy5dHPqqMhKCHLOi1k8UgPG5+U7V+G

INV4Vfkv66sgeufv3E+dEDTgefk9D9Ea5FQJ1Sf9DEajCm2B+DNrQLN2guZm

ZhDKflB95ybbGlzMuFvz5nEQMriTuWR1aQ12+F1E0UYgmrpop9ovsAY/S7J4

JiQC0fwWHWfZ4zUoN14PDah9gXbSNRu1PNZAtUyaVFXfFxnO85y57LcG96oF

vwps+qDO2/+s1oPWwJ1B1PtNkA/K702mD41bA44z3i9LCr2RMk2v4fvXa3Cy

cuW78kcPVOKvQHxqYA0yGqiKhS87IX2LB1iT8DpEVFjYO/xRQ20f6ONiRdaB

iyxY4PGQMrpJNjmtLbEOy3Hi1KZ98uhknl/khsw6dFmzFC28Fkc1I19G2I3W

oa+WT4ZPRAQYFe94eMSug+jQfaVUYgPwzSLvkkxeh/Uvp+VbJw1hcbH/Il3m

OljqNOw71BtDfahLa1HROtR7vOt47mQO9g1VZ/u+rkPOzeZrlj9tofUm/0eB

5aN8pm5QbEY7g8fzyWS3zXWYS/UzEbR2gaufU1xr99bBpPXOxtIDV4i+S3JL

8fgGHPN52RO84AZPZAfe2bFvwK+Cm9dpT3gCWXRk4geuDaAMHDLAtRzNhx/3

nIn4NiCfbv6g3d8Lzj0tFY6+swH00SVGE8+84Y+Bf1WZ8gZIGP9kqq71gZj8

W/Hb6htg0eJW95jaF+79XXTE9DYg2syTLE7DF/Ktnwp2Wm1AfynVb/Y5X1Ar

p6I77bgBkRwKhlp8fnB8vW5Nx20DHFluWAnY+YGl69W3SwEbsKPBwZy44AfM

NeMxN8I3YKSBloyZyx/aD5LsvWI34L0M8eFlXX+45k8scDJrA86ekO5uavKH

scb3NKr5G1Cde0Jaaccf4o5br2QUH+W/tk75hPMFbEb0lV39sAE/lC1G3z9/

Aa+6wqOc0AY8pJhaPJX9AtTo7tp+btiAx/6mIsMNL4BcdVuOtPWoPrZawqnp

F/Ap+Q2fbPcGjKdldLwlCQDLIf2TCX0b8C3Byvbz+QBgYT29NDyyAbQp4qQC

dwKgQ6+tnWNyA0ya8v+dUAwA71zfEqu5DSi7YEeqaBwAAtM3IqpWNuBUsC/n

gfPR/L68YLW/tQHa5kFFtIEBEGeZLXP/YAPmlcs5omID4EGpKm84YROIVdRd

ndMDYGuF8kQP+SbMPKjs+J4bAAWCtfPnaDbh0SW9tKDCAFB3dm41ZNyEDOvj

aVWvA4Di45XiYuZN0Mr8+0PxyK7Z+xO6fmET+rZUo/ULAsAaEi1EuDfBwkvC

bDo7AFh9pR/782/CE5u8GxMpAdBZT8TTKrwJeXS7LJpRAeB77B05negmrGEZ

gYp+AXBdynJW4+4mzOsJsrY4BMBE2PnmnEebsKu61/tdLwASOn4VzsltghoH

x4yiTAA8pA0Lvv5kE6IiGb+bCwfAtrK42XPNTRhr+yDMwBwARYmbknX6m8Cr

W3xVnSgANAZec1GYbQIbt/fSnfEXQMmsR6Zkswn2S5NbX2pfwGcdhpmUZ5sQ

LttLspT5AtgmvV9x+25C7YiLnrbSCyBU2bGpBG2ChgLVR0fuF/DXXz/ZK2IT

Ov+lnNc/9IeKi/dCf6ZsggHdcb+hbH9IWBckHGZtwufV34LOdv7wvJ7D4/Kr

TSh/hgwIYv5wz/CYjefbTWDiThw51eUHXILb0wUfNqHqspRrXqIfnCD81f2B

NsHc0P2KpKYf/MppVuRq3YQbLN7+f377gul4uHD3xCYETjVoK3b5gPRbz9K9

2U0Q1hDoehrsA9f8bLg4VzZBj6mG8T34wC67whn3/U14iTSJMl95Q5g+3QEH

wxZIscy6yTZ7QtmflAbXh1vwRtqQ4iLmCnHloWK5MlvAlccp4OTvAq4+7u/a

lbbgtWKo5NdGZ5A4r114QXcLLGuedaXed4KfuufD21y24Cn/2rWhqw6w/fuV

8vmiLciIVXCVDTQD8ZHK8SbKbUh0XNEm1DOhzmNhe0G02/BmimSyLFoAaV8z

oH90ehvEokdP9uSLITd/moffL2xDTeVSBpnKY1TJbV30/fY2EAy2M9w9nqJL

zpx2zabb0OXhrHWc0RRVZh0Eh1hvg9DLvpPMjmZIorknW8pxG0r3VJ+VHu3v

Osz+P5u9tuF+ckBo/zMrlFQ3eqMlYRtEO94wRTy2Q+TUKQct9dtgwMRMMYB3

Qkm37BjDmrfhcMOI43eEE7pkIMkv3bkNSeXqSOG0M7pbvanXOrgNkZ+OnVW+

4ILcNZUaWle3gcjl4r83p90QeQD3SNj2Nny/pliyH+GGkkuJtqQPtkElYq7Y

Av8cVePLuNqO78CEz+9Q79HnaKmAMqyNbQeOX07sL3PxQJ7d47nhl3bAO6uy

/1SvB6Lc+/ifzJUdCFKcOfdUwBNxyZkttd3YAbu7FIr2vz1RtQtGFiG6AyXS

F4nuXPNC97MZz8ve3YHiXEHrDi8vpL/RoNgue3Re3Fos97g3WmZJt4hQ3gEK

l7uCtFe8kaeko7+s+g7ImsoqDUt7I0r7x+lUujugwtv4k9jSG6Wmsle3G+0A

1QuKs/5H72Xuhp32CIuj/PNKyjXzvNH7xc5pWbsdqOKxkwlD3uinuBdTh/sO

ZJ6VEJpf9EYFOiKfKfx2QNfZ+FcXiQ9y99jRlwzegXc34iXRGR8kn1p97EXk

DoTInlx9y+uDOD44FH+N3wGpzDK7UjEftPuLX+EgdQcObn3PKJfxQe3rCxu3

s3eg0n456KO6D8qmfZ3iXHCE97vLudnIBznxm0JlyQ4MS67P/rH2QVKyHBPL

lTswGe+WTOTkg1gtx4J4P+3AzfoRO+7nPmg9OJPX/OsOEG3kJ2t5+qCmV5rd

+d92wCaDzirNywelNTA5j7ftgPVSm+fMkd92/NdZtp87cMLRJ/Guuw+6RxT3

RXNgB4Dcv6rU2QcxsSoYJY/uwFNhM0o+Ox+0KEJF/mtqB57MxBPqTX1QrXpL

Ce3CDqjVtt220/ZBCS5BSnJrO3Bj9aPXLUUfZJ5wfzt0ZwcUy2x7We/5ILFK

fHrT4Q5MPZtx4RT0Qae6kTgJ6S6EH7i2KbH7oJkl9ylxyl2g5ZK1LaDyQTUn

bod60u4CNLTyXt7xRlE8W3yfTu9CuzMJ8cAfb2T4qPLnFssu3Hl1ihk1eaMT

L66y2PHsQtn1yC83or3RWPZc7Ztru7DFXRrx094bVX8pMJm9sQu9M2WX3yt6

I+099nKDe7sgtReOmZ7wRgJnRlWypHbhEWVSm2enFyK9mb47JL8LVXvm6pO+

XqjUgfHeE61d2C+d8zo+4olwcxS9kk67cC87IpnYxgP9JPv+/IX7LtyXvnb9

G4UHKrwUwFbruwspmFnKqzx3pKiPM78TuQuK4YVxm53PUU7/+h5vwS6UpJiz

6R9zQy5b5S/NS3bh0KSZPjPCFUnT2zx4VbkLDDp+c9anXNG6/N9Itq+78ODz

WBEpgwt60DTMfmpgF35YTAwP45zQTHWj5DbFPzC7XXOw89wOGV81D2+m+QcR

nVsGmou2aCLvRHca4z/gDlTZjdCxRaNxyhriF/6BvJL+PHhYo377MauQ2/9A

ocxgkmPMDDVfPYg5Z/YPwu9erukx1UWv84WGscZ/YKXxgVySSRi4WfrPn2r9

B5RBwDDrA1AQ72482fUPzsj9pzNtcw9y/euWgof/wQOKUzdWP8lAmr4C/sf6

P6BX/EWkhFODMBYrTqMLe/Bm0iaR6r0hkCdQW964vAdnGT8OX6gzgqATlWXH

+fZg6cx87N0WY/Df271VcnsPnD7wMz7oNgWPgSDpLYU9yHzKg5t+bwnWCbl2

wd57QLJ3p+nanB0I4K9K9AXswUfGmUs1mvawafWOljN8D8ifHW9vabEHz/vN

b+uT9+Bp80ScQrYDSJQr+Z/K2oP2Kocfb487AinzsLJ+/h74c3YlO1g7QuT6

0sZhxR70v7qUPs33DJR1XRtlP+zBoXxLVkjYMzjdik9MR3uQ/HD9o+nUM8jK

ob95p3UPXmg1eb+LdoIyxTtuTpN7oBwSPTbY4AyOn+ulGub2wH06ozGawgVu

csuepVvdA4kMY1tZWRf4QqRXU36wB+rqzDlNzS7gbzUbhiPZBw6SYVUPgitI

9jtoyVHsg/YxVW7OO67QVRZwMM+4D8Z9HvbSma6QcI664w7LPix5P1j72uoK

6kHJmSEX96HBlaKAbcsVWNbZbfu596HM0tXdmMUNxnSKMa5r+0C5yvs+WsIN

8luEaJxv7EPTtaSDLAM3ML+B/jSI7gPPtQ7ZWB83uJojWUF3bx9oB7WITdPc

YJWq29dAah8WuwjdLJVuUO2moVQhvw9sZ+1b3jW5gdvUxAUi1X1IrVpUvz7g

BmKK1utyWvugxot/EDPjBvjPW/UZBvuQCZTFPWtu0HjZJ37BbB/Wc36SHP5z

g5B4cmMR233YOknDQU30HGSJ4oRDnfahKPTPdQri53DKivnYgPs+FFy9W7l6

5O/ry+/l8tsHXm1Xr+/7bpB2j7/AOXgfRvKsGmI23UC37INLY+Q++N0npVSc

d4OL5+4+ok/YB59Ih6sUv91gJrCVyTBtH4QFHTVr292geE1ltiJ7H6YTo5jc

P7mBrc7vj0SF+3BDQUZENM8NBFtMQ+VL9+HZkvICeZgbbAuvamRWHeXPlZw/

a+MGNdnPryx+2geRGAuBMXk38KYi2Rep3YfKw/CiratucM8toi20aR9qK287

XyN3A7IpxoyB9n1Q8LsomzDmCq0KL60v9+xDBM7mGu97V1C5XHny2599sD3v

l06l4Qpn4kVH6WeO+p9Hn2nK5QojuG9lhotHeIsqaafWXI500a+A/7cPTrfG

Ijy9XcAp8DBWlO4AOJucrfLcncHKu37f+swBENMveP0QdgZD12CTLLYDOEt1

R/rtohMoWZy6Q8x7AJe8dGdKVZ2AX45zrOn+AThQpTegk8+AS3L+8e7jAxjg

uVeU9t4RWMXLq3gUj+433gZvHUegun4nOEL7ABR3zGKDXznAHIMcv7LzAahZ

/q5dPm8PYyfpUl54HABH7u0OmRo7GCDrJ37ndwBU6q9GaVTsoGlXv5cp6gCi

tEn2iXxtIX/EyfN3wQF82NIIHIi3At38jFbzgQMoPTXZJfLIGFQzDYTTRg+g

vi77o7CqEcgmcWW1TR1AZMBBerGBIYiGVDjwrx0ADV+atruLPpyxbjyzSXEI

47uTah6XtaBHaNHUR/QQavOINMq/SoFUgyhJUtYhpNtiB9xxCmiO8S+VTv4h

LKwfsF+SVUJh5nGnLxUfQqRNcNg4QQW1n5zjqXx3CGOqsl1kpmpIST1JsbP9

EALbSY07cTpovfiuZuLPQ+CLp8GpyuqihMNFI+2BQ0jCpXyhPqOH+nLvu85P

HsLkk/2+jCJ9pLm0mkm2fwhfWga5HpUYoQO2jp8mRDgscLnao9zUGMk15z59

TMBhZbck83XYTNDyOXkDWnIcho1RRsoHmiKB2nynLHocZo+f1pm/ZoF8Ldz/

+Z3GYRWn8jpmflqgH3SK3iZncVgvTWf1B0dL5GiyH3z1PA5b7zqbkl9khd5R

KqfXXMFhLatq53QXbRBZ9WX2LD4cNtBhkK92xxap6Rzm+wngMKLGP3X/edii

3fKiMqmbOIxuq+Yi974tktLwFrp6B4extlzk5rpth1IJTz7SiOGwyv/cb8k/

s0MiqkT1fXdxWPn5NgqqKTsUhuuVrHmAw26+UT6VdtYeDRcWt2U+wmE8j9VK

7snZI8891V5jORzmbJJ9t6/MHrXn8WpKKeKwX/f7KP4bsUescsR/eFWO8jss

JS4jd0BfXpbMrqvjsJpoJ6xa0wFRP/a36dPCYfGVHH/qfR2Q3vrT9U+6R/wU

M5r15TuginQ+10wDHOaZREe81OSA8A9JDnyNcdgruWmKY38dkOLygK+xGQ77

+02TlvWYI8pJLjsmZYnD3r4X6xW64IjuzWvQ0Ngf5S/OnKyh4oji4q8lrDvi

sFkzbhozC0c0KXbsbJ8zDjunnyxq7+WIhGeGMj+54bDXb3j7nKIdUUB0xcVM

Dxw2r3Ox1emlI+q9HVTo643D9NdPCNuXOiKuCa2rxn44zCMmx8DskyNyCb/+

9lEADntYn/hDs8ERfRc+fpM3GIf9eaUvJNPmiEQGuvByYTgs63pBZ84PR1Tm

kdJmG4nDQjtUtTN7HdHF8wZJMTFH9aV5eIr3O6Kkeh6DyngcVlfNfCqszxFR

mq7z/krCYV9568GnxxF5Ufy3vZWKw+A4ldmFTke0WvKijikTh7mb8wg+a3JE

xoqyEXeycdiFUfUA18+OaGCD4alWHg6zIdL2v17hiGSSf1/wKsBhvkbT0fk5

juiLSMFi1usjPZ7AK/yKcUSCo7YfaktwmOxT+5eNR/wU+N3ynyg/0ksKddZz

c0d0lhMvR1qFw9yMmPN3FB1RRHMzE9d7HBZQEil5/5YjwlvHTjz6hMM+92qq

GjA7IicazVKLzziM/OvHIbVDB/S38qJb+FccxrGjcY7ntwPq/Fd1susbDjPq

HVt7nuSA7mV6Dqw2H/GdZs5Dau+A3kk8zKNrx2E0M83q/o8cUEZw3221nzgM

7059zWnVHtHyviRx68VhY7Ps7Ft19uhFp1ln6sDR/+cVmR4Qa48sGf8Z/R49

wvdxW164Yo/u5DFHGy/gsKoz1pnlj+xQieSURtAyDovtvsjkSmmH2OdLLhWt

4bCmGxflw9tsEfl1rGZhB4dteOXKfJayRX1f9KcdSYmwlSbCvpOhNXIceiXq

x0qEkZsR7f733AzNeNmS5bETYaGqBV8Df5gijQu3fjRyEGGTzaoizJdNkYR5

syn5FSJMj60u+bDNGFFvz8dG3yTC+G7q92zjDNGbUwKzmQpEGP2O6+/3oppo

c3zBP0yZCJNT182v/6l+9J4vZHVVPTrPxVzz1Pwpalc+r6KoRYSZBTY8rIh+

gpbjqb8QzI7uw92ZZu6RR4Knl+LNvImwuH40grsjhNxnivif+BFhbaqp4x//

XUUN741bJAKIsNGzEs39gRfQk6cjuHNhRBjj1odLWRK7Yi4pbRbtiURYuINP

IUH4JtScKxa/XkqEcbmIL6bvygNhwWSItYIIezyO5LhlFEHmvwvOlFVEWIG4

+OavNCUY0UotnvxIhH16z/6e8foTwGWGMCY1EmGCZytxezc0QNLmQYX/9yN8

8c1xaVtNiAa8jF0rEZZwf4f8V64WsI+6+kp1E2FLY9ofaIl04e55s4W9YSJM

TSH4re19fQhbuRj0d/Qo3//WDim79OHn11H2X+NE2FuRWTJddQMw1FdTK/1L

hB0Mr1vsGRlCQM7DOr0NIuyimOadIR1jaHcg1pbdJsIihRn1d3uNgfEe2r79

jwgbpr4Q4SZjAgUTwlfpiPCYb5HJwvOj3bCZ41JyIyUec+jHRiN7zKC4xss7

9yQeWzJpiBoTMocIpX4TX1o8dhgi89Iu1hwUfcKExU7jMaWPh/PcDyxA8PQU

87mzeOy1WumYZKoFMJQCyS4zHkv8y1oSsmABA0OrP6ou4DGBlL86hsGWUOMg

/Sn2Eh6bmDJ+vNptCRnk+dl2l/HY49fGjFFMVqB/86kdLx8e+0vAh86mW8G9

jgo1CgE8RkS1Fpw5aAWXjCmxv4J47EScwmkVBmuYi0VUebfxWLv06aYqX2to

52ba9BU98nscT9SotIayr/bDuhge4wvzkd8as4YYtdZ6sbt4jKXcjjSQygYc

lziKzz3AY16jifTHb9jAkwCv2F1JPFaxbsbhrmkDN5n73foe47GSPzucvz1t

4EylgH61LB4TPOh+ei3DBvakwh7FKeAxgnmnuP1HGxj5M8lvr4zHfqTOl738

YQNfXOC0vCoem2Ulr0V/bSD7ZPIhrzoeG4up6m/dswH//NUpCi08lmy33G1I

agvGotLtf3XwGG6tJWKQ0hYkf+ZVfdPHYyEcqlgLjS1wWxym5RnhsQ+eb18L

0tsCJf6pv5/p0X2e5B9OM9rCYlKFhZ4FHqseU3d0ObI7+SiVwPqo3iyJEyoM

tlDRaHSb2Q6PQXXDr9JTthCnhc7/c8Bj7/poHoactAWn9dPH+52O+D4Q25o8

bgtqofbL1a54LKmfMqcebwu32Vt749zxmHj8bQX5dRs494ED2XvhsT+RqtQc

ozZwIOeVL++Lxz7m+X2j+G4Do1N94VdfHOGtd+6TldpArYfAM8ogPGa/8Mb9

fIwN5NKFac6GHOmjX0RO3d4GAl5P3m0Kx2NUb/O+vpezAVMJ4MmPwmOLLvq6

Etw2wGu7uqOXgMdETfajF39ZA/Ux6T+QjMfEbrW6MBdaw2p6XhNzGh7T0rgr

EOViDdUtaon9L/HY6GsGQ82T1pCkX+H5LheP9YaI0dX/sgK3HQrj+FdH+p1b

JoSlWoEYJxJUeIPHnD2jozWYrYDt8+lzfGV47M3DXl6HAUvAq9gTn3iLx4R0

3Y9TxFtCoy9Hd9N7PBZbrdI1jLcE2ZFQG6wej1GSpF2gqDUHJZu+NM1veMxI

o+bcR0NzUMNxNLs0H/FTo7vWQTAHffbPF8s78djeyu1FA1EzcDJe7j8/jMfC

Gs4d5kSbQOai8j3iTTzG+IF7a67bAHK9Xtqx7uAxmQvPRoIVDaCIejHjzh4e

C6Uek3zWqQ+VAoE7DnhirEKUQtDxmx40OX0omaAixrwKMntfP9SB5QNmpkZO

YuxyrsYi96MnsBFp/mCMmxirGen1NjmvArts7xwOeIkxEgvvZPltJSDclW8X

FiTGkqm9lMqyFeB0oK/fK4wYo2MZsvo08AjET04vBD0lxtruT8zf/cIDMaxl

tY9DibEPUaRjgjYyyHJ4CQlEEGMWXJUTA9Zy6EEq339M0cQYa9ftz/OV8miX

ofTddAIxRtp96JtQoIj0qUqK/bKJMfPXv2QEbZ8gkdaFQvM8YiyyQe4yiYYq

YgjhfaVQQIwpXyK+1SuhhppJ3rxkLSHG1N+G/uI7ro6u7b9O+PSBGNtZcM1P

t9ZC5J/mYrNriLEe2T4FXdBGEy480cGIGJsJ/y8zklIHJa0Xhao2EGPjuIqU

bRldhJsv9F7rJMZoLPOe+DTqoYHCvx4DP4ixR9ycx6pY9VGlyeXnX38RY9uX

dD3+OOkj0/GCZ5FDxNg5vwIcOasB6hx4Zc4z8/94ssJZFUNUlDRtQjt3dF9k

spRghiHyf8JptLNAjLVw5R17OGGIbnbn63xbI8akhJ7JVJoZIdqoKc2STWKM

yrEpn6TQCM3LXFKP3yHG/igK/Xdiyghlfc9TNjgkxrokfBUFnhojt8BJBSk8

AZN/RO/9MNIYKd/nkLtGQsBERN2aCHXGiOxr7qNDcgJWwjqeYXHBBI15TjyY

OkHALttOfD4pb4JqRC7ea6MmYPMePcwKbibI9n2OWCoDAfuasKCa880ESTmN

3/FlImBtpeFFZbMm6KLghVtm5wiYdQ0xjzKFKTpY0ReWZyVgmbvFxWFH74G+

0uzrN9gJ2HcZa3h63xRVWI3xs3AQsE2SFL4P2qYojIf9KgkXAbs710FS/MwU

Gf/V45nnJmDXEnoDroWYIuzVS64fvASM59yzt4/STNEZoz8cH/kJmDvTzab1

16Zonf38hZfXCRiB/b7o9Q+mqH1Uly1I+Ag/m6mRpN4UFWRkMdvcImBTIlIK

Vq2myFdz9MwTEQJGXHiHzKLbFGmeYTstCgTsBtcvWdwvUyTcp0N/UYKA3Yu7

Xne11xSdTMikpbhPwBoYJUW3e0wRpWy3Cr8kAXt4NWFqo8sUkZGSJKs8JmDO

zNfHuVpMEcnnG0NusgSszIjBJu6rKcI7mbNmKRAwH4Zvp0SqTNEhb7p+gzIB

I10ve3Uh3xTtTXbkzaoSMLyvnYxcnCnaScf/PalBwPSpmR3qvEzRporQFSFt

AlY38bzL39QUrZ0wtVHXI2C7GWCRJGuKlhtSKrwMCZjwBn8YsYApWvBo28g1

IWBXplWaWmhN0awQ7laz+VH/A6n/bS6boOkFAfclKwKm4ir8ILTVBE3kGSE6

OwLWJHmeJjLPBI3Qt9zXcSZgjqy2TLgjPQy27Qf5ux31/6K0y/PzJqjvBX9r

oQcBO1fSlui7bIy6N+IV1/0IWOCNQU6lQGPU8aYpnimQgC285/vvipwxajX6

1ycWQsCevHNRr6AzRo09ujrBUUf6y8+PnkgyQnXhsdklsQQsZTWYL0fVCH25

3zj5I4GA7TsuDlyjM0Ifq3gsWdIJmMk9o6bJAENUEr/p8raQgFVe7Hv+RckA

vZa5XNNXTMDUPBJdGPAGqIBE83C/lIDZlPSERpToo+xnX19IVh/xlRXsQYPX

RwkqYTHDtQQsX9VSPSdOF3nSsxcfGzrSx4NT/fMT6uh5m/LSld8ErPmcdO0M

tTpyeREooDhGwNx04vLe3H6K7Dfm36fNEDC5OHL+f4GqyLjnXcO1DQJmFfqm

I4RSGcnEy/zWoCLB1Ap1xtcKH6GJUyw29jQkWHAQ32Lu0EPkFrN4EERHgrGV

UFhLUz1ABZGRLNVnSLBzX0LbHttIIHxIlxY1Jwn2dHneXUJDGFV7qgzVAwnW

LmYqs/+VCaT3OSwHJUgw8dKPe207F2D8+ea/lfskmGdp6rgkOQ9QuyaeZZUm

wTJpPk/kBQqCuUO/uqsaCXapCUU85hAHVlOtfl47Esyq57cqTlQWqqd4ze45

kmBh1SJPC1vlQNroYFvdmQTj/e7k+OW1PLjpZ54O8iDBxpi7faj5FOGn5h/V

sWASTOSOiUkQvQqYD5ZPb4eRYC6eehXkTSpApO7rfDKKBEvNeFUV4/wErqpe

SBRJOLINRJjt21QhSMHoV0I2CcZQ3Lv7TlEdWDqFjN/kHfFDW7NYMqcOVbKk

m3UFJJiNUIG5gI8GjD1+Rb9SQoLR8lTeKHqpCS7NznnHKkgwoPa89eKKFpx8

JCnEUkWCMdm+uvTxrRaIPPir/PgTCeZ1s2yJ+J02dNd/mND7TIIlRSvt46/r

gNndEEeXryTYeLGrBv9rHUjAeOLyvh35e2xLth7qwsptqx+HP0iw/e2zLwn0

eqA5xX/9z68j/kNSbwlhR/Mzej2mtp8EE76Jv5tlpgcZM88VX/wmwQZNmobO

vtMD8jioMB4jwb7bPN/mHNSDZ0BMKzlJgsl7/E412tcD6YSQLvI5EiwHvfOz

FtGH9+Ky1+YXSLBu1PZZ+Kk+XFigiW5bJsHi/PusuR31ISKpZ7lkjQTTJjR4

S4brw+7dZPmoTRKsaH6MKipXH4yXNMvsdkiwtvIeXdxHfehKYaNW2iPBVnR8

5pLa9I/4mLARPCTBJvnX5J/+1oeClVcd9HhSbGb+vq74kj7QpVvwbRFIsaBz

vvQK+/rgJckX2XeMFHtI65YcdNwAZtdWFz+Qk2IrXS/FZ04ZwJPMatnUE6RY

5fBYpO05A6iVcitxpybFOpcsBNgvGADvpiiV9ilSDCt0Jz7gNICkl0TWwECK

sYnyHifhMQCCTEMbG9NR/HmBZzevGIDtdhAv/hwp5tqZmpt85B/MkQ4fZyHF

RNNiWLkvG8ADOeqF+vOkGOVrquS5iwZQsftDOv8iKZbPFLb4m8UAWPITiwM5

SbELKp84jzMaQLCCBqUZNynGUMXrZHbCANb3WCyleEkxDd0DQWK8AegWjLXw

8JNiv4OcZ/rW9aFVKZ/nxHVSjOp4pejCpD7cODQLXRQixeRtRMnv9uhDdhHv

XMdNUkzPL//xcK0+UD1ZkSq/Q4ppK7JzohJ9cCOqKooRI8XutTP+nUvSh8li

F3JHcVLsyokKgomPPtQQ45qFH5JiPVeyfj6R0Qeu0rrLp6VIsao9PO8Pfn2I

VQ8M3pE+4otL4NIbWn0wL6d6VKNIiqXPDv4K6dKDHs3ugnQVUuy2uItKYoke

YGQJZF5qpNiHTnr8qRA9YNRhbhLXJsU6nB2WzUX0wJf8D+cFPVJsUcObQuGU

HixW5QYSDEmxkh086ccZXainvPLwmxkpdmi+V3o5UhfsP95ulH5Gip0WHtYX

TNCBEaMDjqsupNj13EI3PV4deERT++Lkc1JM6kFV4+JXbWAzfXS/2/sIL/2J

hca4FrTTq9Wrhh3VfyaOa4xMEzQ/UZk7Rx7x9bNYvu/o/53TbTiZGEOK0aXS

7F3fVgeyYgGNX0mk2MF71gT94acgIXFiVTmPFPP78mUkMVQVqq1rWRU/k2K0

x6gpewMVIf3blefSy6QYE8+gTgKXGFyxGmezXCPF5K4ql1Mr34GPtCmNoZtH

eu77X8X1HU/1F8YBvDLuva47CUlCkZkZV+E8uGRz7WwlKi2jjISsiIiQijQk

K5WVFEdJSVT6FZJERttoUtHv25/v17lnPM/5nNfrfnMKf8VyUK83if3wjyDU

ls+Ybn6mhZjfRsosKSTwsgrstl8mjZJkTvSay5FgzrneZyRIDbPv2cYEypMg

5Yv9pOJOTXwumF8uRZEERU3Vu2kyOrilIWRX+1oSsGNEyhui9PGsjQ0/dwMJ

qh+TPTx/GOOdUYu1jJ1JxPfVPcXBTmv8xLrykoobsf4asdj9wzZYW9plhZgH

sX7M3R2+X2zxrztl5I++JFBtvZLjK+CADws7vM4NJkFBnAy1WMARfxiac47b

TYL6MRZ9e7wjtrt2oXN7CAlej2XvWjLniEVdf9YbRZAgICm/58CoEz5ffCbj

XQIJnKe9FBMLXbBgqMWS/5JJ8HxotVsrvyvezv0S0ZxKgmeVjwuTdrhijfdm

W3IySZC1zQYlrnXDx29O9cdkk8D2Q/616gw3/OPoSbugXBIMRF0PNH3nhpu1

PusbnCLBgZj7d4+ecMcyAieuKBSRYCHAoE73oztO6gN51lkSvOz0CFc32ISt

YnKZExdJUHLor8Cv55twtZ1RypMy4vf/FXvelvbALNl3v5sqSRCrWHWkLcAD

97dveJt1jQTeDy8VBr7zwAYF417RdSRQL1ez+ivviYt3ZD0NuE6Cdsq5wDt+

njiQMdqs30yCTt63sqZuT/xgJEN7dSsJIlvUxt//9cSqdbrl9DYS1OrINeup

e+Gv7kdyRztIIB4WcUIh2Qu7qugIPXpIAn3Novm2Si/cNP8qrvER0U/G+3uR

j73wiieHv5/vIQFTXOSV6bQXjj+vGXz0GQlWBa4JW033xmPhL4cj+kiQTvMR

kFTyxhs3JrtuHiDB928f3Vcbe+OKZepdNq9IkPOo64Cpqzemf+o31hsmwf3V

KXcjtnnjkJaE67KjJFDKHO25HeGNnx1TVROeIMEmkaojcknemLOl9/yPdyQI

fOaw4vRRb3x6XbzEyEcSyPzK/atKfJwvkJQzH06SYOUS9ckXJ7zxZuJjpGGG

BL/Ctny6UOCN26sORp39RoJL9JOmR/O9sWLcmqkjP0lgETuRUJDtjTN4PQH7

fpEguOJkbEeaN55adWDAd54EHZcb7WXivLHjj9UOVovIsCYtxulCiDdu6HjU

rsNHhu0X2pVd/L3xstORG1YKkqFI6cgNfTtvHLNL7hqFQgaOv5GCC8cbD6Mu

hW9UMkgv0XtRudIbm7L3Fw7RyXCsQiDGhN8bQ2WzTxOLDJHbpctuTXhhA66A

bL4oGez2KD8+fc8L67+yGQ0RJ0NaYyB5/IIX1t2fe9FWkgzJje0lRbFeWJsx

GKS0ggxX54zXPnT1whplq5QFZMjQ/10lKEzVCysP1FTfkidD19cPAjZPPPGa

sF97CxTJEDucxpd2xhOvFjbRDlchw/Wxi0ObdnhiaaOe6yqaZHit8Ljk6S8P

zD4/1XrKgAxli/lffvy7CTM26CXuR2RYl2TWmH1zExZ+FmvmaEIGJ/mkfaR9

m7CgIL2TYkEG0li2ZNKIO/61XfW/SCcyFBZIhjacc8M/l4TnObuSQfypafAj

Gzf87fRNN41NZJD3zro2/90VT3ZbDb71IcNXjYHeDhNX/EZz+7jrDjIcPdC2

XvG+M37defWS1i4yKPt+MmYGOOPBLbPb6XvJIPlIO97vrxPuzTs82b6PDIHX

1+4L0HTCnXMXf+ocIsMH/lZ+1SQevnb7DUWkgAwWszuVVF9Z43ie19rH7WQg

iw70XC7h4LNj+brvO8jw3f5veGeULm6N6DHi6yLDlyiprzw7HbzojLm93lMy

zKt6r1D/rI7jP2jsLR4iw93KAwE1yitwfKJAzZ6fZLjNjjd/k7sKnRWDprRf

ZFA9XR9Td3cNai2PvnNhngwjJY5HuJMqaNGTqad9fBR4rPqGt1dMC8VLDXxF

TAqQwy3iaArrUVx99TqmEgWkb6rPvbjMRWcs3hsqq1JgRHTK0zfXDLW8XGXO

VaeA7naLZ7cizNHC4pOukesoINigFHtJxwLF2iVGDBtT4OfI5Pl3SdbozEhz

3C8uBRQuodp+exvUEj57WNSCAinFc6G/xWzRwqldBRZ2FMBxzzSyTtqh2Ldu

N656UKCu7aMb33UHdCY653anNwXi/hz8YS/MQy207gdjfhT4lk0/H+rLQwva

JgMSQRT4W7Lbf8VfHpK+H/NGawcFlpYGtp6wdkRGHtc/2Owi3NnY1pXniGLj

VX/Hh1HA/9FXc7tVTuiMSBDf6f0UmL79yTAr0Am1lJ6j1kcR+7spd4RdckIL

XWJS7+MoIKDBPCYi54yk/Xir+RIp8GHB+WC7pzMy+pquuiKFArWzZ73Jx51R

7LLFhrwMCrjLXd+t+csZhb1Yu1Q3iwIn2pWPTCm4oG0nvT5L5lBg+e10hUSe

C/LedKT9by4xXz7+6/soF+S4rLFo7ARR72hvn+xZF7Txxfi+B6co8Ms7c0bx

rgsyOCliV11EgbGa53nz4y5IftmehYgLFDhTVzpBWeWKJF8U9nqVUmDLoCkP

Gbki+snOauNyop6sfXcM3VwR36bZFIUqYr3tN87z73ZFsxIKvtQrFJiXdcs+

nuCKPvc76U1fo0CumWHAh1xX9KbgEON5HQVyevvXUC66oj73K29vXKeA4dO3

0tM1rqhL4hU+00TcZ4X5neIWV3S7X6ggsZkCvJuNrRIdrqihgLN3WytxX22V

C56PXVGle6CFbRsFru35kbfjmSs6K5Ero3WPAvU/sp+b9bmivP7bs2IPKCA1

amc8RfhIwdST3w8p4MufnL2t1xXFuq8oH35EgfVFLTW1T11RmIT1ofYeIm99

Pu1Pu1zRtv7ITRXPiP4eNV3RcdcVeRWUamb1UUB2x2bj/CZXxHN/RgkfoEBa

kv9HVO2KzCWWvHF/RYGsIBVSR7Er2tCv3mQ4TAG+itgazSxXpFHgnSM3Ssxf

HmUQH+OK5N3Td5AmKDCYKy1/PYjot8QNk0/vKNCY8FJqwMEVMfonJHs+UuCP

Kh//Zz1XxF8g+rV+kgLlfZYfvkq5ojk3k4enZijwvn09/etfFzQpvvdC3DcK

yGtVDE4Ou6DRvqIDAT8pUGy9avojdkH9Jx46Wf4i7sfKkTlV6IJui6/hF1kk

BLguLWw5kZ+GPufBn0uEIFdiqZy9oguqOJFQNyggBHPrxWqL5p1RrvhQQClV

CKoCXsqfP++MtonnteuLC0GYQOvTqV4n5N13p0haUgjC+5UnzxY7IccT0/v4

VgiB3J4zlmeI97BB3EahW04IhruPGZ2cckR0cb7DfmuFYK/1JiX3SR7i69Pw

NdMUAm79GiutCh6azffRU9YRgnYX+tLjATz0Rqzp7Vd9ISi6v12X/NwB1YuF

WBw2E4LerHPOG63tUdeT7MAKCyEQrNPMbSu2Q2NHapK6rYVAeTordOuMLRL9

+7VVxFEIVL+Ft4Zm2KDwt/v1z/oIgfWDO7JqJZZIuzFG+UaEEAQam0Zl7DZF

1zalCn8sF4ICkfPLxjYrog6RcmX6ZSHIE97irPJ3NRrufmCheVUIFllUJ7AL

ZRHThJoc0SAE4x0KS1NrlqK9ypnzfG1C8G5W1zbh/LcW9d/HJ6UGif6cC9Y7

0KyKzevrhOG1ECwPP3BE8KM69tnzXHnLGyHwIjlbi6dp4sxRsaDyd0JgWhBY

u6hUB08+PPl63XchiMj5pOBUsx5fLix+YkenQmLyaIrXnAk+lVjbYsCiwlXy

KYn7+aY4Zcf9KmVRwulDcXc1udiPM5UqKEmF5bFLrU39zLDoMyPjFnkqWP+2

2zlTtBEvvumoXqVIBXZjjUO2ggWePBe44pQKFXTWlFzcXGWB7+/JnNunSYUp

n8s1u69Y4mjq0DU1Qyq8mruWy8qxxkFfZoqXAxXKlF4zZPhssPMLgUyKKRV4

2p9D2CE2WO2S2o5xCyrE5Ep7J5jaYslMY/f/rKmQM0LZP33JFgvuczG/bUeF

G2pe+asodnjY5KBckTMV8guf3mu+bYe7lbKZ6W5UML1SKi2xzB43MS8uRHpQ

Qe/RNE16lz0+PtQ14OxHhevuainpxP/x+PbhDpMtVMiKWiISr+yAd1Z9a9AI

pMItCd7+VlsHbB4tdVx4JxU2e43WSWU5YG1/jUO/dlNh0H/ZL53LDljGgrvn

XQgVtFVa3mc/cMDC6u7eveFE/eH5ilpjDnhu6U7ruxFUqAXpVNF5BzzxJ06/

JpoKbfWHBDmiPPx09PiaswepsKQ0+9FpJR7GnZeWZsZTwepWrR4y5OGqazf5

YhKpsNL9UbusPQ+fLHg8sz2FCrorNJRMfXk4JW70tVsaFRoNwowu7OLh0MCf

3WYZVJg/6EU3ieZhX1vqLe0sKozSGrpXJvOwjc7KCtkcKtClFF4ZZPIwZ7l2

ASOPCmTbxQ9O5vGw/JKNKfMnqHCFssxS7zQPs997hH88RYUXtckgVszDfx/v

3vyiiAqzHTub9c7x8KeGBIf7Z6nw9fed2ULC/UX5RvUXqLDGXsh141kebk+q

UL1QSoVrHOEtnCIerglukcwup8Kil1l9IQU8fMbxKTmuiqjPSzjvezYPp+tP

/Nh5hQoRgW6l7Wk8HCnza8yjhgrmQ/ZoLI6Ht5Lo/1nUU8GtL+mWUzgPO07K

3tZtJO6vt/+8WBAPGz1fd2X1TSpUBssWq7vzsMotyyJ2CxXS1duSz23kYYkL

3umLblPhg7aV4551PMx/JCRqso0KPjMLCoWyPDzkdtKl8wEVqDMKmjLfHXCA

gPWx8i4qbDvY8HZ+0AF/rPnTmfqYuH8HbwP3Ngc8S/ODjc+p0LxyYld2ugOO

vck6oNBP5DXQ/1vELgfMv72tXuAlFRJCOcEfiDyx7iqo3B2mwsSdtKFEIQdc

ENK/9cIoFQaGDAWDuu2x9MojZxMmqJAbnPxoUaI9Vo7+vNT4ExVccs6KUCbs

MFejblHLTyoEbKhLPJhhiztfbd1Q9IsKFndlNFrVbTEvXXx/zDwVwCgm9ugT

G+wzEf1xPZ8w+P13n++bkA2OKDTuvU4XhsszHJ56gBWuID+uvCYvDLJ3snXH

a8yxRkP8xDFFYcioPfDWTcccX9+iJbtXRRheqkV9kagzw3db8vLXagrDwY2X

l9yq5uJX4V6HKg0IO2sfFMgxwcyR964XnYTh2s6De1/oG+B9N/iXnDwkDDUv

bD/eL5HD0v7lCQ1JwnDVZZ8RpsrgDrId37PDwvBAkV2xfUISS7qf4GdkCsP0

fw5vYtOYuPWHEin5lDB8+U9Gm7Z22oiqYy8cUisMbo87QoxFFFDdy68ZmQ3C

EC8TpsSXqIh8EgtoVTeEodhM9dTHz8ro6tMR+lssDI7S5ZPqderINSSc5d0l

DJYeXZ59B3XQueqTYpbjwjAh+67BTdYQWbkanQh8JwwL5fecLVcboW/zb8ST

PgpDf9Obn4tWIWRuq7oMzwiD98Wn7lfTAH362LJ83YIwOBffca30MUH5x7cU

Oi6mQex/2y5/6zZBaAN5xV5+GsjtSP9xb70pyjnCk64UokHYizDaa2Eu0lMa

k5EVp8E2efXSl9lmaPhJ6jkjSRosMVzSvu2TGToSqSbntYIGmcpOYRyuORq8

v3/ViVU0EPgUFJnw0Ryl7FleUqdAg/t/VstOrd+I1MVbVz9VosGHQ8YLCYc3

ooRAigJNgwaPxN2qyBIWSJVeXaqsTYPUkq5DU54W6Hm94xoLXRpouK/Pe1to

gRQFChUTDWggRjsOc0stUU8VlJ9FNFALjDopZGeJop3HlVpMaHDu9ZkaqURL

1H1hrcqcBQ20NuiG6I5ZIpvIewdGrGlgeOnYTn+aFeq08el6YEcDa7FP5ye0

rZCF7A+pGh7hEo3ku25W6N73o7tOOdOAKq50fy7SCnE75VsS3Ihx952+ySes

UNuZZnqwBw0uZcHhwForZBLm4uvkTfhNRFNhlxVq3fj5ygY/4nxj5tfXjFoh

I6nkRau30MCsWTSW9NMK3ZqW4gkH0qBDzIxnQLZG69vrzn3bRgNyz++6e2LW

6MZJmy+DwTR4nD2w+5KcNeLsHjNp300DO93G5Ncq1qjBJOb45RAaKGk7Gu/V

skY64qJjeeE0yJ/+qeSpa41qPlbqxEbQ4MBaDfJ5PWuk0WqaHBhNA8c49zFz

Yrw69+Vzu4M0WPrWSNCGmK+6PUxBL54GrMv132qJ9SsNqRErE2mgvld23yFi

f2X2hfukFBr0ZCxOv06cr2xivcR0Kg1MxkMjNhHnV7j5dFt/OmGpy407iPpK

snbcaM2kgbBzNGWKqF8uYIlQeTYN/BLK/T50W6GznFMe2bk0eLLzwLRfvRWS

pmlVRp2gwXsfIQW3U1aoaOTBb/9TNAi+XFXWE2OFpBr8bayKaNAs6bjpuZcV

OnVkrlDrLJE/9UFe0HorlK+tZMRXSuzX2HXKetISiZJvZ34sI/Klnbyu/K4l

yhl0f/1fJQ2MRFwqKwssUVZyanzJNRrs07ahNepbIrqHTE9GHQ1QHp58JGiJ

MtY2yu67ToO+SZvckh4LlNr39o5ZMw0K8r24ZX4WSLAqTmRtKw1Ovul+Prba

AiXFiweItRHzF8XrzU9sRIeUNgq87SD6O22VMBywEUUfKN2Y+owGe5JTK5wt

zNGsvVHB3j4aHHlxZYz3xwztX937zn2AeB9BZ7N3VZuhsG6BI0rDNLjYsb10

Nc0M7Vy5tavzI9Ef95nsgnpT5NO2ikfjo4N7xQ5fw5uA/mZXv9UWpEP5ltdS

K20BnfXTj/Wg0EFqSIGPfROh0Xm7yksMOgj42np6fDNE2zjRAiZSdNBP/TWe

arEehV5+cmP/OjoM668bbT2mhQ6fOCg3HEQHYz12QNohPqQYSL4hGEyH5sWt

2ofe/TDq1Dlur7abDp1Zb2tcAl8aCT8ti4kOp8NV2dt6OpJzLTnCz3pFD9Eh

cf97CRkhMVx4SDnd8hQd6PdU+Q+rKmNDh3rZvUV0uPjAe+bFggoekobG/LN0

yKs0yt/SpYZlb7mMj5bS4d4ZRoValQYu/RGPYmvpsNrxjVOAuA6+Gtz3taaL

Diu4pRseu63HHxct6ut8TIc7SpFa08IbsEK+YtObp3S4L2DzMrZlAy5sjYpn

v6BDOm36QImYIT68VIoWOk6HiXxvla0nEb5TwZ1Oe0eHE791t8pJAP6Ddv13

7iMd5G6+s8n0Bxy6o+VkzwwdRjiL0ownAftgPwXNBTpYBGVG7Js0xied0yiW

ixlgYXJl+WolE/zs/bVPfvwMuDlolX3B3wRbifLVHhNigKBtpSh/lwlOLlfJ

L6MxIGH5Q7dX8ya41cg5qpXJAH6+pL4INVO8bvtFNC3GgM3kT52jyaZ470K3

HFmSAZ3cpwlXqk1xxfEfAjIrGLAx7fNfjeemeFxx5Xs9GQYcFX1OCZwzxTIt

G7vsVzGApO1fYbOciz2d9l4JUmAAq6BMbXQ9F+e/K8iJUyLmx/yQVXTn4p6D

t/edUGWAx+EbbpJhXCws8sH9ijoDrh0NHmlM5+KNZWyD+1oMKFcJFeE7z8UJ

hhtWvl7HgDTz2cTZei5ufrplyU8OA57HtgqdvM/Fs0EZ43QDBvidmW4d6+Vi

7fm6DgXEgCx676LBUS7enfOq0siEAYmbL2yNm+TisjWCWa5mDAC+NQ8f/+Di

0VtrQ3dbMCCFesD20R8ulnZ0c0mxZkCDf7VFzCIz7P42jnPGjgH9K4PcXy42

w8djypY38BjQ5x7r9pkYf8TqWeh2ZkCdTZ5v3TwXUy7NjYy7McBJqqRDa5aL

uQZy7fMeDJBmJCgGT3NxXI9V2VIfYv+DQY5+E1zcFBiWrubPgJmQ7a5LB7j4

++/Tu80CGCC7bCr+6EMu1si+y/MOYkAHTdajq4mLgxU+6+zbwYDMIseLzy9x

cenNpRJHdzEgSXyr3+UcLh5xMPpdspe4HwP5NrcDXCw1ETh0K4wBs2/PG73w

5+JsZmPJpygGmM9b+4QrcnHXxeHD/AcZkBtT9ecEmYsFN1CCpeKJfJCaS0sn

THHMVg9NmxQGDC5r33q60BRf/5UgGpDGgDK7JXJHw03xl6zKnwcyGFBR8UL3

kJUp3tb0p7kyhwG6Ifzv06ZNcGSMREhmHgPm238LfmkzwalGOqtDChiwvs7M

pD7PBF+6E3xE9wwDplxWyATomOCJzgHX2+UMiHo84S3sa4x/ZPyglFQxQK10

xPa7vDEWtGc3p1xhQKl026sdHwHL/2e5yqaeAfJR89/EQgEHvGyc6m1lQLZE

9N1dQ0Y4vOjZ+RttRD1ppg1ZrkY4yXfapfAeAzI6fo8YdBniC6Nrbvl3Ee9l

1Kl631UD/OZjfuqnPga07hjfKOqzHvv9CZddMsWAwjNr7qz0Wof3thx7NjbD

gPhblORtdTo4Pr7q8P1vDHATzv0MVB1czD/2OeMXA+5JHng4XqeF96QovaLy

MaF9dnXTo6/quDqzoDyfzgST672SPnWrsWrxfpMqeSbILZ/taBGaMTKfn28x

WMOEG5rP7a315418PZM3dCsygZ7W0zNVxY9yxHN1JlWYcJWu0TDnwUQ/s64p

aGgxIeyWmvkbFSl0J/6TUJ0REwYvi+mtclZCg0Nhh7nAhOmkEEurSmX03eA3

33NjJjRI9262WFBBinOU+e9cJowPMA2NT6xFR0PWTOlZM2FmMdvnXocmKn1c

HdxhwwRPjwcn3vproVY13Xfudkx4VZPJHz6rhb68545E8ZiQu+dPau4KHeS+

efN/N92YINB21THUXBeFtr63t9lE1Pvt4vC2B7ooXTqka9CDCW5LK5b4Weqh

loG49nlvJjzcEFstCxzUxyGZZPoyQV05aUlvAwdN52e2SPszIaL7WbyPsj5a

5VR0HQUwoe6zSl8baT0yuLZa58lWJgjL7Dp5NGQ9cmVUXfULYsIu6mtPgf71

KPVhU/mhHUwQ7FZf8erUBjRp2n+6bS8TrDpsf7r9NEDk874SzqFM+PCwyvGG

mSGSXfQ2dyyMCZpCmu1ZxwyR863vRwUimGDbctvx8HIjtFvyoFB+JBM2ZUgq

F3saocOR/IcVopkQwB+XvazACDXpiMRvPMiEH0ciZBUFEXqWc+pPXywTUu+r

+TToIfR5WjZqWzwThuJknU5vRUjQvvz77CEmVIveXvo8CyGZyxqhaYlMCCzV

UtjcgJA+tXFyWTITjE1l9xi/QMhxOwquSGFCiXusWegsQjvv33u7PpUJareW

6/yiAEqWtwt4mMaENJPpv6NLAZElH1sYpzNhqb6SosdKQBl0B7XrGUzgVKhr

6q4BxOTrYallMuFJlMmlSDVAuT95P85nEffJWm4kpwVI4tPTAYlsJgRF33yi

vQ5Q4bATzsxhwu0HHP9qXUAyz59d4M9lwspPhySOEy554JIanUfU90zOfFQH

kGJL787pfCYwpfj9zmoCqqpx4wUWMGGJ6JolXaqANC71rxs8yYT9vj6TQQqA

ak9vknQ8TeSRzSe8XxqQ7rGBhfuFTNi8ozRoVhRQU5LnqOEZJlBWtmrNEPUa

RQ3ery3+d781Ke2/ELqzy7tK6RwTDOy3rykeIr5XNg8dKz7PBIWh0cRwjFCn

q+++pSVM2Onvt9K6CCE76+FN6ReZYNPq2qYYidBT5G+0+BIT8l5Wx4o4IOSq

80YuoowJbUHTJSx5hAYUt5A+lzOh8PbObqWfRmiEtfVJfxUTug1WPGnLMUIB

ghN1dtVEnrKEVjt7GaF3vwJP3r3ChFq9J8HLVxmh6dFtm6/WMGGK15u6u8wQ

LWrY+e1wIxNeRJAR+7gBSqr43D9/gwmjzfvqTTcS+Sze3Rx2kwmz9YlnZmY3

IEbq3hTfFib496zveO+8AUl7hEvo3WVC//fxhaBpfXTe7vufqnYmqEa+FSjI

1kcKpvtH5O4z4fzWD/UnNPTRWtXICnonE3K+Txlpb+Mgw4UDBhOPmTC38fdZ

GayLWr/8kfHqYcKzfgFntoMu4r49KPD0KfGe6qq4Wq/XIZsncY+anzNhYXvb

n7WzOsjrfKJf3ksm3Ir+23RITBtFm6cncd8S7zn+bZCmzFpkJe3JqH1H5CfP

Qdh3mRpa/kP5lOwHJkRv38cqZaqiWxc7ryx8YoJ39ZZL7+eU0F9+oZeNX5hA

+9Irp9Ykj5LaUjXVFpggcdH82Q+WJMqElKGlS1ngseRr2puTi7GPhOv2JDEW

MBQdN1q9FMDq0/LfvoizwO72SKu+uBB+UtxOeSLJAtGFA4x8IxYW+cu/7ogM

C1zcnnRHH1iGC5oT0xdUWJCaJCqTlLsab8tzEtulxoLeANbvlUnyWH/XqnMv

17LgjPpl0Z97FfCAVFtDoyYLXl8viSGZKOIVMUvehOqxYI1IlN4JrILPrz/E

eWvCApNloBMorImTsqwmwrks8Dm/3+VkiCYOHBPJXWLOgt9yn/HhZ5pYObN0

aoUlC755b14UdlwLC4/uKaq0YsHRm4uf+0xp4Uk9fWt9GxZU3U6YGbXQxrUj

D0ud7VmwYu2M5ulv2jhfN8/5jQMLukkTFS3mOjgy3WfJXkcWUHaOi/nk62CD

dTPe6S4syAp82PxDbR2+myq29I4nC8oCzYQ+GOri0lev79h7s+DKPa12swO6

OFWrfO8rHxaUlok5zdTrYpvBDV2z/ixwyHh/fc0qPbxWUyA6ZQsLzlI/GVW6

6GFmyqM1oltZcO+l3dyeZD38XN0/UX0bC3bndAxcG9TDjUnKms3bWZB0c05b

mZ+DT734OmQVzAJb3ZurBxQ5OGZtc0b/ThaMq/fQW6042CcxZX3gbhbcEVUo

GdjOwdBv/+7rHhYMxZRPKKZwsJzasvxDISz4vFlBsaKYg/kT3pgywlhw8ypT

yKeBgyd6K2cKw1kQoW51kNvJwR0q+4qV97Pg3Luh294vObgi3si2MYIFd0k3

Aivec3DGc9JvsygWWFrbWKp85+Ddyj1l/0Wz4K+Yft7IPAc7xJ1y9Y8hzqf3

tu0Rnz7WeraFf+ogC5x3SRR+E9THokpqNTFxRH8ehGq6kPTxz4M/fIUOsSBj

fsnYF359PPAU0woSWFBR1uD75C8H31qTdlM+iQU2TY9OT//k4DMxjttrk1mw

g99qwPUzB8f3LBc3PsyCB0yLS4LDHLxZYfzuo1QWLHYK6Od7wsHcA9WhXkdY

8OgxJcOxmYMVnkTIfEgn8uuEFX9e4mCyvPGjiKMssOft9PqRxcEfooRiBLJY

wD6cv9xlHwd3PfpP6fgxFkzFF5yVcOfg6lVFfTI5LLi8rGeHOYeDsyMDk6uP

s0BStMtwbCkHh3eraxvksYD7aYvM7LQedpWbG36QzwLjhUHP1Ad6WLIr3WD8

JAtW9QtZcsL08B8Zlw+hp4l8rvv6ZCtXDw/tky5YVMQCqTw1LxURPXx+5bWv

y88S/U3kPS8s18UqYb0VjqUsUOJfaP3VtA5H+pxsbb/Egrgaibh1sUReLb16

OeUsiPp6yjUbrcM+Mm8Wr6xigTpX+WznLR18rPuz+8drLDh9z0RG5rw2Hmy8

utunlgVvbFbQkZs2VioJS+qpI9570YZoLKSN70TPXbl+nQUxqo55pF1a+Nsa

AVJSMwtA9dTSKys1MYh0SP1sYcGkus/G/zo08NGFI1o7WonzbR7NOrdXAys8

Z/o4tLFg/wu33e2R6nhTglS91AMWmMdXuLHSVXHLoPaW+mcsWGd/7Iy3nQIW

6vgRqdhL5Hl5b45+nDx2q72RebqPBRPU3CuXq1fj6TTUdGiABf7brsrUUlZh

OT1rlt0wCwTf752mbV2JD2dvxhMfiffp1+7JusvCDubZyyX42JCQVHEktGsJ

qq62da7gZ0Nh6bSPn68gEhYXOmogyIb1y69+OPuJgjreJiz4Udhw/FJIpFU0

ExmnhY+UM9jw9Dv55pSbODo7oyFpwGLDAhjmRgksQwubPjs+YrOhzOjdWH21

JGpSDrz7ZSkbfqmFjOV9XYG0utwubZBiw2uK957VsnLomI7ocPcKNqSO2zz0

HJNDk4VPJPxWsiEzKMWzvWQVqthleSRJjg0P6pSPvZGSR3KMDbu6FdngadLx

3PTdGhQf8fOirzIb9H47NJGPK6Kh17VDMypsqCystAlZr4ROXVV1EFNnw2Sd

qtFkrDIScZTW9l3HBpnoH5e+D6qi0KaB4BldNrxLG7bUDlZDT+ROlCRy2ECK

Tn597rsayvjKECvbwIbbm0o8RhbWog+eXXbrDdnwTeqx6umD6sjiburhLiM2

vPHr73abVUf8eYvnpo3ZEPpGzrV/rwbaPN+smWjKhkXjM6+kyjRQ69boHUvN

2CDyi3HW/pUGitH9+lLfgg06e2p99xhrooEzV0S7LNlQWxHZ5rxXE3FIO219

rNmwVDti7bIiTfStb6wlwY4Nwrv7KrSmNZEjnPsp6sCGfepchQQxLXS1zFvj

Eo8NVinqBy+u10J0luR2fSc2aJ6qTDnlpYV2RvWee+jMhkPClz18Y7RQ50jO

gLcrMf8+2fHLSS2kaGUvMu3GhuUHdwg61muhlBqqTcImNqi8NnU8+EgLjUt2

JIl6ssEjv84hbFwLcROTmku92CDNF+yt/UsLnf8IPzg+bNj59KBos7A2WuQ8

v/ahLxuK9xg5MldoI59bN4K8/dkg68evraaijW6t3n92ajORr9wZtqieNpI8

qvXiUAAb9t66crQdtFHk90mWaCAbRssVYk0stFGvd6VVaRAbnJ6pLKTbEn4w

Y19D+JMD7UHlP6/juLQQVhMJFnlIuI/W7ttLuKHtogLZThv1Nw+FC25jw2my

/8aYf1aSj2YTtnu8i17wz3nBcdKE/SaoLrWEX+yaTdMlnNkh6P+O8MAKdnHg

v/nbTMNt7AmnuZeEEi4oVeAE/PP3M+WxhCMY1w4cIPyyW6Uun/C1jHuHyggP

HjR7cI/wOnHTI3/++X36o6eEXSOqrZkOhF2e/jdEeGdVX8Yqwq/UfId+EP69

Zk+mBeGhV5FfFbazYbEUf1bGP1viWS3Cpnev2BX+c73AghHh+00amZWEXx/N

IbsRzspoyeggPDzXT9tC+OfOHuvef966UmQP4d6L7UdG/9mwasVhwh12Pql/

/rn8i9xxwo9ekTeSeYSX6isWEzbjO5csQnjkc7vWdcL3QksTFAm/2STMaSN8

4fsyY61/bnc0fEw4Ov5w3IZ/Lnq98S3h5abeMTb/TFGw/fpvvPvheud/3rfT

8S9hPgHjKM9/Hqlxo+5gg8DyVr3NhEdt57zECYtxbfZvIzx2A21e9W+88Z3O

7n+WTwlSJ/zsWkFY2D9nd+3cQLhpj69W5D/Ps0M3EtbWhpCYf96+KcKJ8AgY

acT/8/PiGF/CV4e99iT+s/HEoWDC9d7Fa1P++bLq4QjCZoKU3an/vCwsI5Hw

R5UitSP/nHwjO4twwCrfXen/PPM3/zThKq6jWgbhcW/zwkuEpz5E7frn/wH/

aoly

     "]]}},

  AspectRatio->NCache[GoldenRatio^(-1), 0.6180339887498948],

  Axes->True,

  AxesOrigin->{0, 0},

  PlotRange->{All, All},

  PlotRangeClipping->True,

  PlotRangePadding->{Automatic, Automatic}]], "Output",

 CellChangeTimes->{3.392616446173208*^9}]

}, Open  ]]

}, Open  ]]

}, Open  ]],



Cell[CellGroupData[{



Cell["3.Naloga", "Title"],



Cell[BoxData[

 RowBox[{"Remove", "[", "\"\<Global`*\>\"", "]"}]], "Input"],



Cell["Lagrageva energijska funkcija", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"L", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{"Ek", "[", "t", "]"}], "-", 

   RowBox[{"Ep", "[", "t", "]"}]}]}]], "Input"],



Cell["Kineti\[CHacek]na energija", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"Ek", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{

    FractionBox["1", "2"], "Jv", " ", 

    SuperscriptBox[

     RowBox[{

      RowBox[{"\[CurlyPhi]1", "'"}], "[", "t", "]"}], "2"]}], "+", 

   RowBox[{

    FractionBox["1", "2"], "Jv", " ", 

    SuperscriptBox[

     RowBox[{

      RowBox[{"\[CurlyPhi]2", "'"}], "[", "t", "]"}], "2"]}], "+", 

   RowBox[{

    FractionBox["1", "2"], " ", "m1", " ", 

    SuperscriptBox[

     RowBox[{

      RowBox[{"x", "'"}], "[", "t", "]"}], "2"]}]}]}]], "Input"],



Cell["Potencialna energija", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"Ep", "[", "t", "]"}], ":=", 

  RowBox[{

   RowBox[{

    FractionBox["1", "2"], "k", " ", 

    SuperscriptBox[

     RowBox[{"(", 

      RowBox[{

       RowBox[{"x", "[", "t", "]"}], "-", 

       RowBox[{"a", " ", 

        RowBox[{"\[CurlyPhi]1", "[", "t", "]"}]}]}], ")"}], "2"]}], "+", 

   RowBox[{

    FractionBox["1", "2"], "k", " ", 

    SuperscriptBox[

     RowBox[{"(", 

      RowBox[{

       RowBox[{"a", "\[VeryThinSpace] ", 

        RowBox[{"\[CurlyPhi]2", "[", "t", "]"}]}], "-", 

       RowBox[{"x", "[", "t", "]"}]}], ")"}], "2"]}]}]}]], "Input"],



Cell["Gibalne ena\[CHacek]be", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"ge1", "=", 

  RowBox[{"Simplify", "[", 

   RowBox[{

    RowBox[{

     RowBox[{

      SubscriptBox["\[PartialD]", "t"], " ", 

      RowBox[{"(", 

       RowBox[{

        SubscriptBox["\[PartialD]", 

         RowBox[{

          RowBox[{"x", "'"}], "[", "t", "]"}]], 

        RowBox[{"L", "[", "t", "]"}]}], ")"}]}], "-", 

     RowBox[{

      SubscriptBox["\[PartialD]", 

       RowBox[{"x", "[", "t", "]"}]], 

      RowBox[{"L", "[", "t", "]"}]}]}], "\[Equal]", "0"}], "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{"2", " ", "k", " ", 

    RowBox[{"x", "[", "t", "]"}]}], "+", 

   RowBox[{"m1", " ", 

    RowBox[{

     SuperscriptBox["x", "\[Prime]\[Prime]",

      MultilineFunction->None], "[", "t", "]"}]}]}], "==", 

  RowBox[{"a", " ", "k", " ", 

   RowBox[{"(", 

    RowBox[{

     RowBox[{"\[CurlyPhi]1", "[", "t", "]"}], "+", 

     RowBox[{"\[CurlyPhi]2", "[", "t", "]"}]}], ")"}]}]}]], "Output"]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"ge2", "=", 

  RowBox[{"Simplify", "[", 

   RowBox[{

    RowBox[{

     RowBox[{

      SubscriptBox["\[PartialD]", "t"], " ", 

      RowBox[{"(", 

       RowBox[{

        SubscriptBox["\[PartialD]", 

         RowBox[{

          RowBox[{"\[CurlyPhi]1", "'"}], "[", "t", "]"}]], 

        RowBox[{"L", "[", "t", "]"}]}], ")"}]}], "-", 

     RowBox[{

      SubscriptBox["\[PartialD]", 

       RowBox[{"\[CurlyPhi]1", "[", "t", "]"}]], 

      RowBox[{"L", "[", "t", "]"}]}]}], "\[Equal]", "0"}], "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{

    SuperscriptBox["a", "2"], " ", "k", " ", 

    RowBox[{"\[CurlyPhi]1", "[", "t", "]"}]}], "+", 

   RowBox[{"Jv", " ", 

    RowBox[{

     SuperscriptBox["\[CurlyPhi]1", "\[Prime]\[Prime]",

      MultilineFunction->None], "[", "t", "]"}]}]}], "==", 

  RowBox[{"a", " ", "k", " ", 

   RowBox[{"x", "[", "t", "]"}]}]}]], "Output"]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"ge3", "=", 

  RowBox[{"Simplify", "[", 

   RowBox[{

    RowBox[{

     RowBox[{

      SubscriptBox["\[PartialD]", "t"], " ", 

      RowBox[{"(", 

       RowBox[{

        SubscriptBox["\[PartialD]", 

         RowBox[{

          RowBox[{"\[CurlyPhi]2", "'"}], "[", "t", "]"}]], 

        RowBox[{"L", "[", "t", "]"}]}], ")"}]}], "-", 

     RowBox[{

      SubscriptBox["\[PartialD]", 

       RowBox[{"\[CurlyPhi]2", "[", "t", "]"}]], 

      RowBox[{"L", "[", "t", "]"}]}]}], "\[Equal]", "0"}], "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{"a", " ", "k", " ", 

    RowBox[{"(", 

     RowBox[{

      RowBox[{"-", 

       RowBox[{"x", "[", "t", "]"}]}], "+", 

      RowBox[{"a", " ", 

       RowBox[{"\[CurlyPhi]2", "[", "t", "]"}]}]}], ")"}]}], "+", 

   RowBox[{"Jv", " ", 

    RowBox[{

     SuperscriptBox["\[CurlyPhi]2", "\[Prime]\[Prime]",

      MultilineFunction->None], "[", "t", "]"}]}]}], "==", "0"}]], "Output"]

}, Open  ]],



Cell["Nastavek", "Text"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{

  RowBox[{"x", "[", "t_", "]"}], ":=", 

  RowBox[{"X", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"\[Omega]0", " ", "t"}], "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"\[CurlyPhi]1", "[", "t_", "]"}], ":=", 

  RowBox[{"\[CapitalPhi]1", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"\[Omega]0", " ", "t"}], "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"\[CurlyPhi]2", "[", "t_", "]"}], ":=", 

  RowBox[{"\[CapitalPhi]2", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"\[Omega]0", " ", "t"}], "]"}]}]}]}], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{"General", "::", "\<\"spell1\"\>"}], 

  RowBox[{

  ":", " "}], "\<\"Possible spelling error: new symbol name \\\"\\!\\(\

\[CapitalPhi]1\\)\\\" is similar to existing symbol \\\"\\!\\(\[CurlyPhi]1\\)\

\\\".\"\>"}]], "Message"],



Cell[BoxData[

 RowBox[{

  RowBox[{"General", "::", "\<\"spell1\"\>"}], 

  RowBox[{

  ":", " "}], "\<\"Possible spelling error: new symbol name \\\"\\!\\(\

\[CapitalPhi]2\\)\\\" is similar to existing symbol \\\"\\!\\(\[CurlyPhi]2\\)\

\\\".\"\>"}]], "Message"]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"ReplaceAll", "[", 

  RowBox[{"ge1", ",", " ", 

   RowBox[{

    RowBox[{"Sin", "[", 

     RowBox[{"t", " ", "\[Omega]0"}], "]"}], "\[Rule]", "1"}]}], 

  "]"}], "\[IndentingNewLine]", 

 RowBox[{"ReplaceAll", "[", 

  RowBox[{"ge2", ",", " ", 

   RowBox[{

    RowBox[{"Sin", "[", 

     RowBox[{"t", " ", "\[Omega]0"}], "]"}], "\[Rule]", "1"}]}], 

  "]"}], "\[IndentingNewLine]", 

 RowBox[{"ReplaceAll", "[", 

  RowBox[{"ge3", ",", " ", 

   RowBox[{

    RowBox[{"Sin", "[", 

     RowBox[{"t", " ", "\[Omega]0"}], "]"}], "\[Rule]", "1"}]}], 

  "]"}]}], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{"2", " ", "k", " ", "X"}], "-", 

   RowBox[{"m1", " ", "X", " ", 

    SuperscriptBox["\[Omega]0", "2"]}]}], "==", 

  RowBox[{"a", " ", "k", " ", 

   RowBox[{"(", 

    RowBox[{"\[CapitalPhi]1", "+", "\[CapitalPhi]2"}], ")"}]}]}]], "Output"],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{

    SuperscriptBox["a", "2"], " ", "k", " ", "\[CapitalPhi]1"}], "-", 

   RowBox[{"Jv", " ", "\[CapitalPhi]1", " ", 

    SuperscriptBox["\[Omega]0", "2"]}]}], "==", 

  RowBox[{"a", " ", "k", " ", "X"}]}]], "Output"],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{"a", " ", "k", " ", 

    RowBox[{"(", 

     RowBox[{

      RowBox[{"-", "X"}], "+", 

      RowBox[{"a", " ", "\[CapitalPhi]2"}]}], ")"}]}], "-", 

   RowBox[{"Jv", " ", "\[CapitalPhi]2", " ", 

    SuperscriptBox["\[Omega]0", "2"]}]}], "==", "0"}]], "Output"]

}, Open  ]],



Cell["Zapi\[SHacek]emo v matri\[CHacek]ni obliki", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{

   RowBox[{"A", "[", "\[Omega]0_", "]"}], ":=", 

   RowBox[{"(", GridBox[{

      {

       RowBox[{

        RowBox[{"2", " ", "k"}], "-", 

        RowBox[{"m1", " ", 

         SuperscriptBox["\[Omega]0", "2"], " "}]}], 

       RowBox[{

        RowBox[{"-", "a"}], " ", "k"}], 

       RowBox[{

        RowBox[{"-", "a"}], " ", "k"}]},

      {

       RowBox[{

        RowBox[{"-", "a"}], " ", "k"}], 

       RowBox[{

        RowBox[{

         SuperscriptBox["a", "2"], "k"}], "-", 

        RowBox[{"Jv", " ", 

         SuperscriptBox["\[Omega]0", "2"]}]}], "0"},

      {

       RowBox[{

        RowBox[{"-", "a"}], " ", "k"}], "0", 

       RowBox[{

        RowBox[{

         SuperscriptBox["a", "2"], "k"}], "-", 

        RowBox[{"Jv", " ", 

         SuperscriptBox["\[Omega]0", "2"]}]}]}

     }], ")"}]}], ";"}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"b", ":=", 

   RowBox[{"{", 

    RowBox[{"X", ",", "\[CapitalPhi]1", ",", "\[CapitalPhi]2"}], "}"}]}], 

  ";"}]}], "Input"],



Cell["Kjer je MVM", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"Jv", "=", 

   RowBox[{"J", "+", 

    RowBox[{"m2", " ", 

     SuperscriptBox["a", "2"]}]}]}], ";"}]], "Input"],



Cell["Poi\[SHacek]\[CHacek]emo \[Omega]0, ki ustrezajo", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"sol", "=", 

  RowBox[{"FullSimplify", "[", 

   RowBox[{"Solve", "[", 

    RowBox[{

     RowBox[{

      RowBox[{"Det", "[", 

       RowBox[{"A", "[", "\[Omega]0", "]"}], "]"}], "\[Equal]", "0"}], ",", 

     RowBox[{"{", "\[Omega]0", "}"}]}], "]"}], "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", "0"}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", "0"}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     RowBox[{"-", 

      FractionBox[

       RowBox[{"\[ImaginaryI]", " ", "a", " ", 

        SqrtBox["k"]}], 

       SqrtBox[

        RowBox[{

         RowBox[{"-", "J"}], "-", 

         RowBox[{

          SuperscriptBox["a", "2"], " ", "m2"}]}]]]}]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     FractionBox[

      RowBox[{"\[ImaginaryI]", " ", "a", " ", 

       SqrtBox["k"]}], 

      SqrtBox[

       RowBox[{

        RowBox[{"-", "J"}], "-", 

        RowBox[{

         SuperscriptBox["a", "2"], " ", "m2"}]}]]]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     RowBox[{"-", 

      FractionBox[

       SqrtBox[

        RowBox[{

         RowBox[{"-", "k"}], " ", 

         RowBox[{"(", 

          RowBox[{

           RowBox[{"2", " ", "J"}], "+", 

           RowBox[{

            SuperscriptBox["a", "2"], " ", 

            RowBox[{"(", 

             RowBox[{"m1", "+", 

              RowBox[{"2", " ", "m2"}]}], ")"}]}]}], ")"}]}]], 

       SqrtBox[

        RowBox[{

         RowBox[{"-", "m1"}], " ", 

         RowBox[{"(", 

          RowBox[{"J", "+", 

           RowBox[{

            SuperscriptBox["a", "2"], " ", "m2"}]}], ")"}]}]]]}]}], "}"}], 

   ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     FractionBox[

      SqrtBox[

       RowBox[{

        RowBox[{"-", "k"}], " ", 

        RowBox[{"(", 

         RowBox[{

          RowBox[{"2", " ", "J"}], "+", 

          RowBox[{

           SuperscriptBox["a", "2"], " ", 

           RowBox[{"(", 

            RowBox[{"m1", "+", 

             RowBox[{"2", " ", "m2"}]}], ")"}]}]}], ")"}]}]], 

      SqrtBox[

       RowBox[{

        RowBox[{"-", "m1"}], " ", 

        RowBox[{"(", 

         RowBox[{"J", "+", 

          RowBox[{

           SuperscriptBox["a", "2"], " ", "m2"}]}], ")"}]}]]]}], "}"}]}], 

  "}"}]], "Output"]

}, Open  ]],



Cell["Razberemo tri re\[SHacek]itve:", "Text"],



Cell[BoxData[{

 RowBox[{"\[Omega]01", ":=", 

  RowBox[{"\[Omega]0", "/.", 

   RowBox[{"sol", "[", 

    RowBox[{"[", 

     RowBox[{"2", ",", "1"}], "]"}], "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{"\[Omega]02", ":=", 

  RowBox[{"\[Omega]0", "/.", 

   RowBox[{"sol", "[", 

    RowBox[{"[", 

     RowBox[{"4", ",", "1"}], "]"}], "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{"\[Omega]03", ":=", 

  RowBox[{"\[Omega]0", "/.", 

   RowBox[{"sol", "[", 

    RowBox[{"[", 

     RowBox[{"6", ",", "1"}], "]"}], "]"}]}]}]}], "Input"],



Cell["\<\

Izberemo X in poi\[SHacek]\[CHacek]emo lastne vektorje\

\>", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"\[CapitalPhi]1", "[", "\[Omega]_", "]"}], ":=", 

  RowBox[{

   RowBox[{"-", 

    RowBox[{

     RowBox[{"A", "[", "\[Omega]", "]"}], "[", 

     RowBox[{"[", 

      RowBox[{"2", ",", "1"}], "]"}], "]"}]}], "/", 

   RowBox[{

    RowBox[{"A", "[", "\[Omega]", "]"}], "[", 

    RowBox[{"[", 

     RowBox[{"2", ",", "2"}], "]"}], "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"\[CapitalPhi]2", "[", "\[Omega]_", "]"}], ":=", 

  RowBox[{

   RowBox[{"-", 

    RowBox[{

     RowBox[{"A", "[", "\[Omega]", "]"}], "[", 

     RowBox[{"[", 

      RowBox[{"3", ",", "1"}], "]"}], "]"}]}], "/", 

   RowBox[{

    RowBox[{"A", "[", "\[Omega]", "]"}], "[", 

    RowBox[{"[", 

     RowBox[{"3", ",", "3"}], "]"}], "]"}]}]}]}], "Input"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"\[CapitalPhi]11", ":=", 

  RowBox[{

  "\[CapitalPhi]1", "[", "\[Omega]01", "]"}]}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"\[CapitalPhi]21", ":=", 

   RowBox[{"\[CapitalPhi]2", "[", "\[Omega]01", "]"}]}], 

  "\[IndentingNewLine]"}], "\[IndentingNewLine]", 

 RowBox[{"\[CapitalPhi]12", ":=", 

  RowBox[{"\[CapitalPhi]1", "[", "\[Omega]02", "]"}]}], "\n", 

 RowBox[{

  RowBox[{"\[CapitalPhi]22", ":=", 

   RowBox[{"\[CapitalPhi]2", "[", "\[Omega]02", "]"}]}], 

  "\[IndentingNewLine]"}], "\[IndentingNewLine]", 

 RowBox[{"\[CapitalPhi]13", ":=", 

  RowBox[{"\[CapitalPhi]1", "[", "\[Omega]03", "]"}]}], "\n", 

 RowBox[{"\[CapitalPhi]23", ":=", 

  RowBox[{"\[CapitalPhi]2", "[", "\[Omega]03", "]"}]}]}], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{"General", "::", "\<\"spell1\"\>"}], 

  RowBox[{

  ":", " "}], "\<\"Possible spelling error: new symbol name \\\"\\!\\(\

\[CapitalPhi]21\\)\\\" is similar to existing symbol \\\"\\!\\(\[CapitalPhi]1\

\\)\\\".\"\>"}]], "Message"],



Cell[BoxData[

 RowBox[{

  RowBox[{"General", "::", "\<\"spell\"\>"}], 

  RowBox[{

  ":", " "}], "\<\"Possible spelling error: new symbol name \\\"\\!\\(\

\[CapitalPhi]12\\)\\\" is similar to existing symbols \\!\\({\[CapitalPhi]2, \

\[CapitalPhi]21}\\).\"\>"}]], "Message"]

}, Open  ]],



Cell["pripravimo izris lastnih vektorjev", "Text"],



Cell[BoxData[{
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Naloga 2 (30 točk) Povprečen
uspeh: 67%

Zadostuje
zna-
nje: LDN

Za nihalo na sliki določite lastno nedušeno in dušeno krožno fre-
kvenco. Določite odziv sistema, če ga izpustimo iz stanja mirovanja
pri zasuku ϕ0. Predpostavite majhne zasuke.

a = 0,5 m

m = 1 kg

k = 1 kN/m

d = 3 Ns/m

ϕ0 = 3◦

Rešitev

ω0 = 13,693 rad/s

δ = 0,0822

ω0d = 13,647 rad/s

A = 0,05236 rad

B = 0,00432 rad

Postopek

Sistem je nekonservativen in ima eno prostostno stopnjo: P = 1, N = 1. Izberemo posplošeni koordinati:
q1 = ϕ.

Gibalni enačbi bomo določili s pomočjo Lagrangevih enačb 2. vrste:

d

dt

∂Ek
∂ϕ̇
− ∂Ek

∂ϕ
= Qϕ

Točk: 5

V zgornji enačbi moramo določiti kinetično energijo sistema in posplošeno silo Qϕ.
Kinetična energija sistema je:

Ek =
1

2
J ϕ̇2 +

1

2
m (a ϕ̇)2,

kjer je:

J =
1

3
ma2

Točk: 5

Posplošeno silo izračunamo s pomočjo virtualnega dela aktivnih sil, ki je enako virtualnemu delu po-
splošenih sil. Virtualno delo:

δW = −k x1 δx1 +−d ẋ2 δx2

kjer je: x1 = 1
2aϕ in x2 = aϕ. Posplošena sila torej je:

Qϕ = −k a
2

4
ϕ− d a2 ϕ̇.

Točk: 5

Potem, ko izračunamo odvode kinetične energije:

∂Ek
∂ϕ

= 0
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d

dt

∂Ek
∂ϕ̇

=
4

3
a2mϕ̈,

lahko izpeljemo gibalno enačbo:

4

3
a2mϕ̈+ d a2 ϕ̇+ k

a2

4
ϕ = 0.

Točk: 5

Gibalno enačbo preoblikujemo v normirano obliko:

ϕ̈+
3

4m
d ϕ̇+

3

16m
kϕ = 0.

Enačbo primerjamo s splošno rešitvijo dušenega nihanja ϕ̈ + 2 δ ω0ϕ̇ + ω2
0 ϕ = 0, za katero pričakujemo

odziv oblike:

ϕ(t) = e−δ ω0 t(A cosω0dt+B sinω0dt).

Sledi:

ω0 =

√
3 k

16m

δ =
3 d
4m

2ω0

ω0d = ω0

√
1− δ2.

Točk: 5

Za določitev odziva moramo določiti še konstanti A in B. Glede na začetne pogoje sledi:

ϕ(0) = ϕ0 → A = ϕ0

ϕ̇(0) = 0 → B =
d
√

k
m ϕ0

k
√

4
3 −

d2

km

Točk: 5

Naloga 3 (40 točk) Povprečen
uspeh: 38%

Zadostuje
zna-
nje: LVPS

Na domači strani www.HowStuffWorks.com ste zasledili članek o krmiljenju koles (slika levo). Ste mnenja,
da ima mehanizem določeno prožnost in odločite se za analizo nadomestnega modela (slika desno).
Zmotili smo vas v trenutku, ko ste izbrali posplošene koordinate x,ϕ1,ϕ2 in ste hoteli izračunati: a) gibalne
enačbe, b) lastne frekvence in c) lastne vrednosti!
Težo elementov oblike L ste se odločili zanemariti. Predpostavili ste majhne zasuke koles.

a = 10 cm

m1 = 10 kg

m2 = 15 kg

J = 1 kg m2

k = 1× 108 N/m

http://www.HowStuffWorks.com
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Rešitev

ω01 = 0 rad/s

ω02 = 932,5 rad/s

ω03 = 4568,3 rad/s

{X}(1) =

 1 m
10 rad
10 rad


{X}(2) =

 0 m
+1 rad
−1 rad


{X}(3) =

 1 m
−0.43478 rad
−0.43478 rad


Postopek

a)
Sistem je konservativen in ima tri prostostne stopnje (N = P = 3). Do gibalnih enačb pridemo s pomočjo
Lagrangevih enačb 2. vrste za konservativni sistem:

d

dt

∂L

∂q̇j
− ∂L

∂qj
= 0; j = 1, 2, 3.

Lagrangeva energijska funkcija:

L = Ek − Ep,

kjer sta kinetična in potencialna energija definirani kot:

Ek =
1

2
mẋ2 +

1

2
Jv ϕ̇

2
1 +

1

2
Jv ϕ̇

2
2,

Ep =
1

2
k (x− aϕ1)2 +

1

2
k (aϕ2 − x)2.

Točk: 5

Pri čemer smo upoštevali: aϕ1 < x < aϕ2. Jv je masni vztrajnostni moment kolesa okoli vrtǐsča:

Jv = J +m2 a
2

Točk: 5

Izračunamo odvode:
∂Lk
∂x

= −k (x− aϕ1) + k (−x+ aϕ2)

d

dt

∂L

∂ẋ
= mẍ

∂Lk
∂ϕ1

= a k (x− aϕ1)

d

dt

∂L

∂ϕ̇1
= Jv ϕ̈1

∂Lk
∂ϕ2

= a k (x− aϕ2)

d

dt

∂L

∂ϕ̇2
= Jv ϕ̈2

Glede na Lagrangeve enačbe 2. vrste zapǐsemo sedaj gibalne enačbe:

m1 ẍ+ 2 k x− a k ϕ1 − a k ϕ2 = 0

Jv ϕ̈1 − a k x+ a2 k ϕ1 = 0

Jv ϕ̈2 − a k x− a2 k ϕ2 = 0
Točk: 5
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b)
Pričakujemo lastno nihanje oblike x = X sinω0t in ϕi = Φi sinω0t, i = 1,2, zato uporabimo ta nastavek,
da zgornje gibalne enačbe zapǐsemo v matrični obliki (ker mora enačba veljati za vse čase sinω0t = 0 ne
predstavlja rešitve): 2 k −m1 ω

2
0 −a k −a k

−a k a2 k − Jv ω2
0 0

−a k 0 a2 k − Jv ω2
0

 X
Φ1

Φ2

 =

 0
0
0


Točk: 5

Poǐsčemo lastne frekvence:

det

 2 k −m1 ω
2
0 −a k −a k

−a k a2 k − Jv ω2
0 0

−a k 0 a2 k − Jv ω2
0

 = 0.

Sledi:

 ω01

ω02

ω03

 =


0

a
√
k√

J+a2m2√
k (2 J+a2 (m1+2m2))

m1 (J+a2m2)

 .

Točk: 10

c)
Z vstavljanjem prve lastne frekvence ω01 = 0 rad/s, ki je izrojena izpeljemo prvi lastni vektor (izbe-
remo X = 1):

 2 k −m1 02 −a k −a k
−a k a2 k − Jv 02 0
−a k 0 a2 k − Jv 02

 X
Φ1

Φ2

 =

 0
0
0

 → {X}(1) =


1

1
a

1
a


Ko vstavimo drugo lastno frekvenco, dobimo: k

(
2− a2m1

J+a2m2

)
−a k −a k

−a k 0 0
−a k 0 0


 X

Φ1

Φ2

 =

 0
0
0

 ,

sledi, da je X = 0 m in izberemo Φ1 = 1 rad, lastni vektor je torej:

{X}(2) =

 0 m
+1 rad
−1 rad

 .

Točk: 5

Podobno kakor smo prǐsli do prvega lastnega vektorja, pridemo tudi do tretjega:

{X}(3) =


1

− am1

2 (J+a2m2)

− am1

2 (J+a2m2)

 .

Točk: 5

3.2 Datum: 25.11.2003
Povprečen uspeh 0 študentov: 0%
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(* Beginning of Notebook Content *)

Notebook[{



Cell[CellGroupData[{

Cell["\<\

Dinamika - re\[SHacek]eni kolokviji in izpiti\

\>", "Title",

 CellChangeTimes->{{3.392350139347005*^9, 3.3923501905706606`*^9}}],



Cell["Dr. Janko Slavi\[CHacek], 2001-2007", "Subsubtitle",

 CellChangeTimes->{{3.3923500368295918`*^9, 3.3923500673434687`*^9}, {

   3.3923501942159023`*^9, 3.3923502006050897`*^9}, {3.3924417487323666`*^9, 

   3.3924417494934607`*^9}, 3.39244179057253*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell["1.Naloga", "Title"],



Cell[BoxData[

 RowBox[{"Remove", "[", "\"\<Global`*\>\"", "]"}]], "Input"],



Cell["\[CapitalSHacek]\[CHacek]etka mora slediti pomikom:", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"x", "[", "t_", "]"}], ":=", 

  RowBox[{"e", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"\[Omega]", " ", "t"}], "]"}]}]}]], "Input"],



Cell["Nastavimo ravnote\:017eje sil:", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"sol", "=", 

  RowBox[{"Solve", "[", 

   RowBox[{

    RowBox[{

     RowBox[{

      RowBox[{

       RowBox[{"-", "k"}], " ", 

       RowBox[{"(", 

        RowBox[{

         RowBox[{"x", "[", "t", "]"}], "+", "p"}], ")"}]}], "+", "Fk"}], 

     "\[Equal]", 

     RowBox[{"m", " ", 

      RowBox[{

       RowBox[{"x", "''"}], "[", "t", "]"}]}]}], ",", "Fk"}], 

   "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{"Fk", "\[Rule]", 

    RowBox[{

     RowBox[{"k", " ", "p"}], "+", 

     RowBox[{"e", " ", "k", " ", 

      RowBox[{"Sin", "[", 

       RowBox[{"t", " ", "\[Omega]"}], "]"}]}], "-", 

     RowBox[{"e", " ", "m", " ", 

      SuperscriptBox["\[Omega]", "2"], " ", 

      RowBox[{"Sin", "[", 

       RowBox[{"t", " ", "\[Omega]"}], "]"}]}]}]}], "}"}], "}"}]], "Output",

 CellChangeTimes->{3.392630534593792*^9, 3.392630597864771*^9}]

}, Open  ]],



Cell["Sila kolektorja je", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"Fk", "=", 

  RowBox[{"Fk", "/.", 

   RowBox[{

   "sol", "\[LeftDoubleBracket]", "1", "\[RightDoubleBracket]"}]}]}]], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{"k", " ", "p"}], "+", 

  RowBox[{"e", " ", "k", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"t", " ", "\[Omega]"}], "]"}]}], "-", 

  RowBox[{"e", " ", "m", " ", 

   SuperscriptBox["\[Omega]", "2"], " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"t", " ", "\[Omega]"}], "]"}]}]}]], "Output",

 CellChangeTimes->{3.3926305346438637`*^9, 3.3926305979248576`*^9}]

}, Open  ]],



Cell["Amplituda sile na kolektor je takrat ko velja:", "Text"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"solT", "=", 

  RowBox[{"Solve", "[", 

   RowBox[{

    RowBox[{

     RowBox[{"Sin", "[", 

      RowBox[{"t", " ", "\[Omega]"}], "]"}], "\[Equal]", "1"}], ",", "t"}], 

   "]"}]}], "\[IndentingNewLine]", 

 RowBox[{"t", "=", 

  RowBox[{"t", "/.", 

   RowBox[{

   "solT", "\[LeftDoubleBracket]", "1", 

    "\[RightDoubleBracket]"}]}]}]}], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{"Solve", "::", "\<\"ifun\"\>"}], 

  RowBox[{

  ":", " "}], "\<\"Inverse functions are being used by \\!\\(Solve\\), so \

some solutions may not be found; use Reduce for complete solution \

information. \\!\\(\\*ButtonBox[\\\"\[RightSkeleton]\\\", \

ButtonStyle->\\\"Link\\\", ButtonFrame->None, \

ButtonData:>\\\"paclet:ref/message/Solve/ifun\\\", ButtonNote -> \

\\\"Solve::ifun\\\"]\\)\"\>"}]], "Message",

 CellChangeTimes->{3.3926305348842096`*^9, 3.3926305979649153`*^9}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{"t", "\[Rule]", 

    FractionBox["\[Pi]", 

     RowBox[{"2", " ", "\[Omega]"}]]}], "}"}], "}"}]], "Output",

 CellChangeTimes->{3.3926305349042387`*^9, 3.3926305979849443`*^9}],



Cell[BoxData[

 FractionBox["\[Pi]", 

  RowBox[{"2", " ", "\[Omega]"}]]], "Output",

 CellChangeTimes->{3.3926305349042387`*^9, 3.392630598014987*^9}]

}, Open  ]],



Cell["\<\

Ko se \[SHacek]\[CHacek]etka odlepi je sila na kolektor enaka ni\[CHacek]; \

izpostavimo kotno hitrost\

\>", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"sol\[Omega]", "=", 

  RowBox[{"Solve", "[", 

   RowBox[{

    RowBox[{"Fk", "\[Equal]", "0"}], ",", "\[Omega]"}], "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

   RowBox[{"{", 

    RowBox[{"\[Omega]", "\[Rule]", 

     RowBox[{"-", 

      FractionBox[

       RowBox[{"\[ImaginaryI]", " ", 

        SqrtBox[

         RowBox[{

          RowBox[{

           RowBox[{"-", "e"}], " ", "k"}], "-", 

          RowBox[{"k", " ", "p"}]}]]}], 

       RowBox[{

        SqrtBox["e"], " ", 

        SqrtBox["m"]}]]}]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]", "\[Rule]", 

     FractionBox[

      RowBox[{"\[ImaginaryI]", " ", 

       SqrtBox[

        RowBox[{

         RowBox[{

          RowBox[{"-", "e"}], " ", "k"}], "-", 

         RowBox[{"k", " ", "p"}]}]]}], 

      RowBox[{

       SqrtBox["e"], " ", 

       SqrtBox["m"]}]]}], "}"}]}], "}"}]], "Output",

 CellChangeTimes->{3.392630534944296*^9, 3.3926305980450306`*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell["Podatki", "Subtitle"],



Cell[BoxData[{

 RowBox[{"k", ":=", "40"}], "\[IndentingNewLine]", 

 RowBox[{"m", ":=", 

  RowBox[{"5", "/", "1000"}]}], "\[IndentingNewLine]", 

 RowBox[{"p", ":=", 

  RowBox[{"80", "/", "1000"}]}], "\[IndentingNewLine]", 

 RowBox[{"e", ":=", 

  RowBox[{"20", " ", 

   SuperscriptBox["10", 

    RowBox[{"-", "6"}]]}]}]}], "Input"]

}, Open  ]],



Cell[CellGroupData[{



Cell["Rezultati", "Subtitle"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"N", "[", "sol\[Omega]", "]"}]], "Input",

 CellChangeTimes->{{3.392630603843368*^9, 3.392630606096608*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

   RowBox[{"{", 

    RowBox[{"\[Omega]", "\[Rule]", "5657.561312084917`"}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]", "\[Rule]", 

     RowBox[{"-", "5657.561312084917`"}]}], "}"}]}], "}"}]], "Output",

 CellChangeTimes->{

  3.3926305350143967`*^9, {3.392630598085088*^9, 3.3926306065873137`*^9}}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"N", "[", 

  RowBox[{

   FractionBox["\[Omega]", 

    RowBox[{"2", "\[Pi]"}]], "/.", "sol\[Omega]"}], "]"}]], "Input",

 CellChangeTimes->{{3.3926306129965296`*^9, 3.3926306257448606`*^9}}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"900.4288486637836`", ",", 

   RowBox[{"-", "900.4288486637836`"}]}], "}"}]], "Output",

 CellChangeTimes->{

  3.3926305350344257`*^9, {3.392630598105117*^9, 3.392630626105379*^9}}]

}, Open  ]]

}, Open  ]]

}, Open  ]],



Cell[CellGroupData[{



Cell["2.Naloga", "Title"],



Cell[BoxData[

 RowBox[{"Remove", "[", "\"\<Global`*\>\"", "]"}]], "Input"],



Cell["Definirajmo funkcijo trka", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"vPoTrku", "[", 

   RowBox[{"m1_", ",", "m2_", ",", "v1_", ",", "v2_", ",", "\[Epsilon]12_"}], 

   "]"}], ":=", "\[IndentingNewLine]", 

  RowBox[{"{", 

   RowBox[{"(*", 

    RowBox[{"v1", "-", "PoTrku"}], "*)"}], "\[IndentingNewLine]", 

   RowBox[{

    RowBox[{"v1", "-", 

     RowBox[{

      RowBox[{"(", 

       RowBox[{"v1", "-", "v2"}], ")"}], 

      RowBox[{"(", 

       RowBox[{"1", "+", "\[Epsilon]12"}], ")"}], 

      FractionBox["m2", 

       RowBox[{"m1", "+", "m2"}]]}]}], ",", "\[IndentingNewLine]", 

    RowBox[{"(*", 

     RowBox[{"v2", "-", "PoTrku"}], "*)"}], "\[IndentingNewLine]", 

    RowBox[{"v2", "+", 

     RowBox[{

      RowBox[{"(", 

       RowBox[{"v1", "-", "v2"}], ")"}], 

      RowBox[{"(", 

       RowBox[{"1", "+", "\[Epsilon]12"}], ")"}], 

      FractionBox["m1", 

       RowBox[{"m1", "+", "m2"}]]}]}]}], "\[IndentingNewLine]", 

   "}"}]}]], "Input"],



Cell["\<\

Hitrost krogle A in B pred izrazimo iz spremembe potencialne energije\

\>", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"solV", "=", 

   RowBox[{"Solve", "[", 

    RowBox[{

     RowBox[{

      RowBox[{"m", " ", "g", " ", "l", " ", 

       RowBox[{"(", 

        RowBox[{"1", "-", 

         RowBox[{"Cos", "[", "\[CurlyPhi]", "]"}]}], ")"}]}], "\[Equal]", 

      RowBox[{

       FractionBox["1", "2"], "m", " ", 

       SuperscriptBox["v", "2"]}]}], ",", "v"}], "]"}]}], ";"}]], "Input"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"vA", "=", 

  RowBox[{"v", "/.", 

   RowBox[{

   "solV", "\[LeftDoubleBracket]", "2", 

    "\[RightDoubleBracket]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{"vB", "=", "vA"}]}], "Input"],



Cell[BoxData[

 RowBox[{

  SqrtBox["2"], " ", 

  SqrtBox[

   RowBox[{

    RowBox[{"g", " ", "l"}], "-", 

    RowBox[{"g", " ", "l", " ", 

     RowBox[{"Cos", "[", "\[CurlyPhi]", "]"}]}]}]]}]], "Output",

 CellChangeTimes->{3.39263053788853*^9}],



Cell[BoxData[

 RowBox[{

  SqrtBox["2"], " ", 

  SqrtBox[

   RowBox[{

    RowBox[{"g", " ", "l"}], "-", 

    RowBox[{"g", " ", "l", " ", 

     RowBox[{"Cos", "[", "\[CurlyPhi]", "]"}]}]}]]}]], "Output",

 CellChangeTimes->{3.3926305379085584`*^9}]

}, Open  ]],



Cell["Trk med kroglo B in C", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{

  RowBox[{"{", 

   RowBox[{"vB1", ",", "vC1"}], "}"}], "=", 

  RowBox[{"FullSimplify", "[", 

   RowBox[{

    RowBox[{"vPoTrku", "[", 

     RowBox[{"m", ",", "m", ",", "vB", ",", "0", ",", "\[Epsilon]"}], "]"}], 

    ",", 

    RowBox[{"0", "<", "\[CurlyPhi]", "<", 

     RowBox[{"\[Pi]", "/", "2"}]}]}], "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

   RowBox[{

    RowBox[{"-", 

     SqrtBox[

      RowBox[{"g", " ", "l"}]]}], " ", 

    RowBox[{"(", 

     RowBox[{

      RowBox[{"-", "1"}], "+", "\[Epsilon]"}], ")"}], " ", 

    RowBox[{"Sin", "[", 

     FractionBox["\[CurlyPhi]", "2"], "]"}]}], ",", 

   RowBox[{

    SqrtBox[

     RowBox[{"g", " ", "l"}]], " ", 

    RowBox[{"(", 

     RowBox[{"1", "+", "\[Epsilon]"}], ")"}], " ", 

    RowBox[{"Sin", "[", 

     FractionBox["\[CurlyPhi]", "2"], "]"}]}]}], "}"}]], "Output",

 CellChangeTimes->{3.3926305387597823`*^9}]

}, Open  ]],



Cell["Trk med kroglo A in B", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{

  RowBox[{"{", 

   RowBox[{"vA1", ",", "vB2"}], "}"}], "=", 

  RowBox[{"FullSimplify", "[", 

   RowBox[{

    RowBox[{"vPoTrku", "[", 

     RowBox[{"m", ",", "m", ",", "vA", ",", "vB1", ",", "\[Epsilon]"}], "]"}],

     ",", 

    RowBox[{"0", "<", "\[CurlyPhi]", "<", 

     RowBox[{"\[Pi]", "/", "2"}]}]}], "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

   RowBox[{

    RowBox[{"-", 

     FractionBox["1", "2"]}], " ", 

    RowBox[{"(", 

     RowBox[{

      RowBox[{"-", "1"}], "+", "\[Epsilon]"}], ")"}], " ", 

    RowBox[{"(", 

     RowBox[{

      RowBox[{

       SqrtBox["2"], " ", 

       SqrtBox[

        RowBox[{

         RowBox[{"-", "g"}], " ", "l", " ", 

         RowBox[{"(", 

          RowBox[{

           RowBox[{"-", "1"}], "+", 

           RowBox[{"Cos", "[", "\[CurlyPhi]", "]"}]}], ")"}]}]]}], "+", 

      RowBox[{

       SqrtBox[

        RowBox[{"g", " ", "l"}]], " ", 

       RowBox[{"(", 

        RowBox[{"1", "+", "\[Epsilon]"}], ")"}], " ", 

       RowBox[{"Sin", "[", 

        FractionBox["\[CurlyPhi]", "2"], "]"}]}]}], ")"}]}], ",", 

   RowBox[{

    FractionBox["1", "2"], " ", 

    SqrtBox[

     RowBox[{"g", " ", "l"}]], " ", 

    RowBox[{"(", 

     RowBox[{"3", "+", 

      SuperscriptBox["\[Epsilon]", "2"]}], ")"}], " ", 

    RowBox[{"Sin", "[", 

     FractionBox["\[CurlyPhi]", "2"], "]"}]}]}], "}"}]], "Output",

 CellChangeTimes->{3.3926305399715247`*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell["Podatki", "Subtitle"],



Cell[BoxData[{

 RowBox[{"m", ":=", 

  RowBox[{"20", "/", "1000"}]}], "\[IndentingNewLine]", 

 RowBox[{"\[Epsilon]", ":=", "0.95"}], "\[IndentingNewLine]", 

 RowBox[{"\[CurlyPhi]", ":=", 

  RowBox[{

   FractionBox["10", "180"], "\[Pi]"}]}], "\[IndentingNewLine]", 

 RowBox[{"g", ":=", "9.81"}], "\[IndentingNewLine]", 

 RowBox[{"l", ":=", "0.1"}]}], "Input",

 CellChangeTimes->{{3.392630547462296*^9, 3.392630567390952*^9}}]

}, Open  ]],



Cell[CellGroupData[{



Cell["Rezultati", "Subtitle"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"vA", ",", "vA1", ",", "vB1", ",", "vB2", ",", "vC1"}], 

  "}"}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

  "0.17264758495283955`", ",", "0.008524474507046444`", ",", 

   "0.004316189623820981`", ",", "0.16843930006961363`", ",", 

   "0.1683313953290181`"}], "}"}]], "Output",

 CellChangeTimes->{3.39263054005164*^9, 3.3926305709861217`*^9}]

}, Open  ]]

}, Open  ]]

}, Open  ]],



Cell[CellGroupData[{



Cell["3.Naloga", "Title"],



Cell[BoxData[

 RowBox[{"Remove", "[", "\"\<Global`*\>\"", "]"}]], "Input"],



Cell["Lagrageva energijska funkcija", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"L", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{"Ek", "[", "t", "]"}], "-", 

   RowBox[{"Ep", "[", "t", "]"}]}]}]], "Input"],



Cell["Kineti\[CHacek]na energija", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"Ek", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{

    FractionBox["1", "2"], " ", "J1", " ", 

    SuperscriptBox[

     RowBox[{

      RowBox[{"\[Alpha]", "'"}], "[", "t", "]"}], "2"]}], "+", 

   RowBox[{

    FractionBox["1", "2"], " ", "J2", " ", 

    SuperscriptBox[

     RowBox[{

      RowBox[{"\[Beta]", "'"}], "[", "t", "]"}], "2"]}]}]}]], "Input"],



Cell["Potencialna energija", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"Ep", "[", "t_", "]"}], ":=", 

  RowBox[{

   RowBox[{

    FractionBox["1", "2"], "k", " ", 

    SuperscriptBox[

     RowBox[{"\[Alpha]", "[", "t", "]"}], "2"]}], "+", 

   RowBox[{

    FractionBox["1", "2"], 

    FractionBox["k", "2"], " ", 

    SuperscriptBox[

     RowBox[{"(", 

      RowBox[{

       RowBox[{"\[Beta]", "[", "t", "]"}], "-", 

       RowBox[{"\[Alpha]", "[", "t", "]"}]}], ")"}], "2"]}]}]}]], "Input"],



Cell["Definirajmo masna vztrajnostna momenta", "Text"],



Cell[BoxData[{

 RowBox[{"J1", ":=", 

  RowBox[{

   FractionBox["1", "2"], 

   RowBox[{"(", 

    RowBox[{"2", "m"}], ")"}], " ", 

   SuperscriptBox[

    RowBox[{"(", 

     RowBox[{"2", "r"}], ")"}], "2"]}]}], "\[IndentingNewLine]", 

 RowBox[{"J2", ":=", 

  RowBox[{

   FractionBox["1", "2"], "m", " ", 

   SuperscriptBox["r", "2"]}]}]}], "Input"],



Cell["Gibalni ena\[CHacek]bi", "Text"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"ge1", "=", 

  RowBox[{"Simplify", "[", 

   RowBox[{

    RowBox[{

     RowBox[{

      SubscriptBox["\[PartialD]", "t"], " ", 

      RowBox[{"(", 

       RowBox[{

        SubscriptBox["\[PartialD]", 

         RowBox[{

          RowBox[{"\[Alpha]", "'"}], "[", "t", "]"}]], 

        RowBox[{"L", "[", "t", "]"}]}], ")"}]}], "-", 

     RowBox[{

      SubscriptBox["\[PartialD]", 

       RowBox[{"\[Alpha]", "[", "t", "]"}]], 

      RowBox[{"L", "[", "t", "]"}]}]}], "\[Equal]", "0"}], 

   "]"}]}], "\[IndentingNewLine]", 

 RowBox[{"ge2", "=", 

  RowBox[{"Simplify", "[", 

   RowBox[{

    RowBox[{

     RowBox[{

      SubscriptBox["\[PartialD]", "t"], " ", 

      RowBox[{"(", 

       RowBox[{

        SubscriptBox["\[PartialD]", 

         RowBox[{

          RowBox[{"\[Beta]", "'"}], "[", "t", "]"}]], 

        RowBox[{"L", "[", "t", "]"}]}], ")"}]}], "-", 

     RowBox[{

      SubscriptBox["\[PartialD]", 

       RowBox[{"\[Beta]", "[", "t", "]"}]], 

      RowBox[{"L", "[", "t", "]"}]}]}], "\[Equal]", "0"}], "]"}]}]}], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{"3", " ", "k", " ", 

    RowBox[{"\[Alpha]", "[", "t", "]"}]}], "+", 

   RowBox[{"8", " ", "m", " ", 

    SuperscriptBox["r", "2"], " ", 

    RowBox[{

     SuperscriptBox["\[Alpha]", "\[Prime]\[Prime]",

      MultilineFunction->None], "[", "t", "]"}]}]}], "\[Equal]", 

  RowBox[{"k", " ", 

   RowBox[{"\[Beta]", "[", "t", "]"}]}]}]], "Output",

 CellChangeTimes->{3.392630577074877*^9}],



Cell[BoxData[

 RowBox[{

  RowBox[{"k", " ", 

   RowBox[{"\[Alpha]", "[", "t", "]"}]}], "\[Equal]", 

  RowBox[{

   RowBox[{"k", " ", 

    RowBox[{"\[Beta]", "[", "t", "]"}]}], "+", 

   RowBox[{"m", " ", 

    SuperscriptBox["r", "2"], " ", 

    RowBox[{

     SuperscriptBox["\[Beta]", "\[Prime]\[Prime]",

      MultilineFunction->None], "[", "t", "]"}]}]}]}]], "Output",

 CellChangeTimes->{3.39263057710492*^9}]

}, Open  ]],



Cell["Nastavek", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"\[Alpha]", "[", "t_", "]"}], ":=", 

  RowBox[{"A0", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"\[Omega]0", " ", "t"}], "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"\[Beta]", "[", "t_", "]"}], ":=", 

  RowBox[{"B0", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"\[Omega]0", " ", "t"}], "]"}]}]}]}], "Input"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"ReplaceAll", "[", 

  RowBox[{"ge1", ",", " ", 

   RowBox[{

    RowBox[{"Sin", "[", 

     RowBox[{"t", " ", "\[Omega]0"}], "]"}], "\[Rule]", "1"}]}], 

  "]"}], "\[IndentingNewLine]", 

 RowBox[{"ReplaceAll", "[", 

  RowBox[{"ge2", ",", " ", 

   RowBox[{

    RowBox[{"Sin", "[", 

     RowBox[{"t", " ", "\[Omega]0"}], "]"}], "\[Rule]", "1"}]}], 

  "]"}]}], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{"3", " ", "A0", " ", "k"}], "-", 

   RowBox[{"8", " ", "A0", " ", "m", " ", 

    SuperscriptBox["r", "2"], " ", 

    SuperscriptBox["\[Omega]0", "2"]}]}], "\[Equal]", 

  RowBox[{"B0", " ", "k"}]}]], "Output",

 CellChangeTimes->{3.392630577134963*^9}],



Cell[BoxData[

 RowBox[{

  RowBox[{"A0", " ", "k"}], "\[Equal]", 

  RowBox[{

   RowBox[{"B0", " ", "k"}], "-", 

   RowBox[{"B0", " ", "m", " ", 

    SuperscriptBox["r", "2"], " ", 

    SuperscriptBox["\[Omega]0", "2"]}]}]}]], "Output",

 CellChangeTimes->{3.3926305771650066`*^9}]

}, Open  ]],



Cell["Zapi\[SHacek]emo v matri\[CHacek]ni obliki", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{

   RowBox[{"A", "[", "\[Omega]0_", "]"}], ":=", 

   RowBox[{"{", "\[IndentingNewLine]", 

    RowBox[{

     RowBox[{"{", 

      RowBox[{

       RowBox[{

        RowBox[{"3", "k"}], "-", 

        RowBox[{"8", "m", " ", 

         SuperscriptBox["r", "2"], " ", 

         SuperscriptBox["\[Omega]0", "2"]}]}], ",", 

       RowBox[{"-", "k"}]}], "}"}], ",", "\[IndentingNewLine]", 

     RowBox[{"{", 

      RowBox[{

       RowBox[{"-", "k"}], " ", ",", 

       RowBox[{"k", "-", 

        RowBox[{"m", " ", 

         SuperscriptBox["r", "2"], 

         SuperscriptBox["\[Omega]0", "2"]}]}]}], "}"}]}], "}"}]}], 

  ";"}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"b", ":=", 

   RowBox[{"{", 

    RowBox[{"A0", ",", "B0"}], "}"}]}], ";"}]}], "Input"],



Cell["Poi\[SHacek]\[CHacek]emo \[Omega]0, ki ustrezajo", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"sol", "=", 

  RowBox[{"Simplify", "[", 

   RowBox[{"Solve", "[", 

    RowBox[{

     RowBox[{

      RowBox[{"Det", "[", 

       RowBox[{"A", "[", "\[Omega]0", "]"}], "]"}], "\[Equal]", "0"}], ",", 

     RowBox[{"{", "\[Omega]0", "}"}]}], "]"}], "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     RowBox[{

      RowBox[{"-", 

       FractionBox["1", "4"]}], " ", 

      SqrtBox[

       RowBox[{"-", 

        FractionBox[

         RowBox[{

          RowBox[{"(", 

           RowBox[{

            RowBox[{"-", "11"}], "+", 

            SqrtBox["57"]}], ")"}], " ", "k"}], 

         RowBox[{"m", " ", 

          SuperscriptBox["r", "2"]}]]}]]}]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     RowBox[{

      FractionBox["1", "4"], " ", 

      SqrtBox[

       RowBox[{"-", 

        FractionBox[

         RowBox[{

          RowBox[{"(", 

           RowBox[{

            RowBox[{"-", "11"}], "+", 

            SqrtBox["57"]}], ")"}], " ", "k"}], 

         RowBox[{"m", " ", 

          SuperscriptBox["r", "2"]}]]}]]}]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     RowBox[{

      RowBox[{"-", 

       FractionBox["1", "4"]}], " ", 

      SqrtBox[

       FractionBox[

        RowBox[{

         RowBox[{"11", " ", "k"}], "+", 

         RowBox[{

          SqrtBox["57"], " ", "k"}]}], 

        RowBox[{"m", " ", 

         SuperscriptBox["r", "2"]}]]]}]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     RowBox[{

      FractionBox["1", "4"], " ", 

      SqrtBox[

       FractionBox[

        RowBox[{

         RowBox[{"11", " ", "k"}], "+", 

         RowBox[{

          SqrtBox["57"], " ", "k"}]}], 

        RowBox[{"m", " ", 

         SuperscriptBox["r", "2"]}]]]}]}], "}"}]}], "}"}]], "Output",

 CellChangeTimes->{3.3926305772751646`*^9}]

}, Open  ]],



Cell["Razberemo dve re\[SHacek]itvi:", "Text"],



Cell[BoxData[{

 RowBox[{"\[Omega]01", ":=", 

  RowBox[{"\[Omega]0", "/.", 

   RowBox[{"sol", "[", 

    RowBox[{"[", 

     RowBox[{"2", ",", "1"}], "]"}], "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{"\[Omega]02", ":=", 

  RowBox[{"\[Omega]0", "/.", 

   RowBox[{"sol", "[", 

    RowBox[{"[", 

     RowBox[{"4", ",", "1"}], "]"}], "]"}]}]}]}], "Input"],



Cell[CellGroupData[{



Cell[BoxData[{"\[Omega]01", "\[IndentingNewLine]", "\[Omega]02"}], "Input"],



Cell[BoxData[

 RowBox[{

  FractionBox["1", "4"], " ", 

  SqrtBox[

   RowBox[{"-", 

    FractionBox[

     RowBox[{

      RowBox[{"(", 

       RowBox[{

        RowBox[{"-", "11"}], "+", 

        SqrtBox["57"]}], ")"}], " ", "k"}], 

     RowBox[{"m", " ", 

      SuperscriptBox["r", "2"]}]]}]]}]], "Output",

 CellChangeTimes->{3.392630577305208*^9}],



Cell[BoxData[

 RowBox[{

  FractionBox["1", "4"], " ", 

  SqrtBox[

   FractionBox[

    RowBox[{

     RowBox[{"11", " ", "k"}], "+", 

     RowBox[{

      SqrtBox["57"], " ", "k"}]}], 

    RowBox[{"m", " ", 

     SuperscriptBox["r", "2"]}]]]}]], "Output",

 CellChangeTimes->{3.392630577325237*^9}]

}, Open  ]],



Cell["\<\

Za dolo\[CHacek]itev lastnih vektorjev izberemo:\

\>", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"A0", "=", "1"}], ";"}]], "Input"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"solB01", "=", 

  RowBox[{"Solve", "[", 

   RowBox[{

    RowBox[{

     RowBox[{

      RowBox[{"Dot", "[", 

       RowBox[{

        RowBox[{"A", "[", "\[Omega]01", "]"}], ",", "b"}], "]"}], "[", 

      RowBox[{"[", "1", "]"}], "]"}], "\[Equal]", "0"}], ",", "B0"}], 

   "]"}]}], "\[IndentingNewLine]", 

 RowBox[{"solB02", "=", 

  RowBox[{"Solve", "[", 

   RowBox[{

    RowBox[{

     RowBox[{

      RowBox[{"Dot", "[", 

       RowBox[{

        RowBox[{"A", "[", "\[Omega]02", "]"}], ",", "b"}], "]"}], "[", 

      RowBox[{"[", "1", "]"}], "]"}], "\[Equal]", "0"}], ",", "B0"}], 

   "]"}]}], "\[IndentingNewLine]", 

 RowBox[{"B01", "=", 

  RowBox[{"B0", "/.", 

   RowBox[{"solB01", "[", 

    RowBox[{"[", "1", "]"}], "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{"B02", "=", 

  RowBox[{"B0", "/.", 

   RowBox[{"solB02", "[", 

    RowBox[{"[", "1", "]"}], "]"}]}]}]}], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{"B0", "\[Rule]", 

    RowBox[{

     FractionBox["1", "2"], " ", 

     RowBox[{"(", 

      RowBox[{

       RowBox[{"-", "5"}], "+", 

       SqrtBox["57"]}], ")"}]}]}], "}"}], "}"}]], "Output",

 CellChangeTimes->{3.3926305773652945`*^9}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{"B0", "\[Rule]", 

    RowBox[{

     FractionBox["1", "2"], " ", 

     RowBox[{"(", 

      RowBox[{

       RowBox[{"-", "5"}], "-", 

       SqrtBox["57"]}], ")"}]}]}], "}"}], "}"}]], "Output",

 CellChangeTimes->{3.3926305773853235`*^9}],



Cell[BoxData[

 RowBox[{

  FractionBox["1", "2"], " ", 

  RowBox[{"(", 

   RowBox[{

    RowBox[{"-", "5"}], "+", 

    SqrtBox["57"]}], ")"}]}]], "Output",

 CellChangeTimes->{3.392630577405352*^9}],



Cell[BoxData[

 RowBox[{

  FractionBox["1", "2"], " ", 

  RowBox[{"(", 

   RowBox[{

    RowBox[{"-", "5"}], "-", 

    SqrtBox["57"]}], ")"}]}]], "Output",

 CellChangeTimes->{3.3926305774253807`*^9}]

}, Open  ]],



Cell["pripravimo izris lastnih vektorjev", "Text"],



Cell[BoxData[{

 RowBox[{"v1", ":=", 

  RowBox[{"{", 

   RowBox[{"A0", ",", "B01"}], "}"}]}], "\[IndentingNewLine]", 

 RowBox[{"v2", ":=", 

  RowBox[{"{", 

   RowBox[{"A0", ",", "B02"}], "}"}]}]}], "Input"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{

  RowBox[{"ClearAll", "[", "A0", "]"}], ";"}], "\[IndentingNewLine]", 

 RowBox[{"solV", "=", 

  RowBox[{"Solve", "[", 

   RowBox[{

    RowBox[{

     RowBox[{"Dot", "[", 

      RowBox[{

       RowBox[{"A", "[", "\[Omega]V", "]"}], ",", "b"}], "]"}], "\[Equal]", 

     RowBox[{"{", 

      RowBox[{"Mv", ",", "0"}], "}"}]}], ",", 

    RowBox[{"{", 

     RowBox[{"A0", ",", "B0"}], "}"}]}], "]"}]}], "\[IndentingNewLine]", 

 RowBox[{"solA0V", "=", 

  RowBox[{"FullSimplify", "[", 

   RowBox[{"A0", "/.", 

    RowBox[{"solV", "[", 

     RowBox[{"[", "1", "]"}], "]"}]}], "]"}]}], "\n", 

 RowBox[{"solB0V", "=", 

  RowBox[{"FullSimplify", "[", 

   RowBox[{"B0", "/.", 

    RowBox[{"solV", "[", 

     RowBox[{"[", "1", "]"}], "]"}]}], "]"}]}]}], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{

    RowBox[{"A0", "\[Rule]", 

     FractionBox[

      RowBox[{"Mv", " ", 

       RowBox[{"(", 

        RowBox[{"k", "-", 

         RowBox[{"m", " ", 

          SuperscriptBox["r", "2"], " ", 

          SuperscriptBox["\[Omega]V", "2"]}]}], ")"}]}], 

      RowBox[{

       RowBox[{"2", " ", 

        SuperscriptBox["k", "2"]}], "-", 

       RowBox[{"11", " ", "k", " ", "m", " ", 

        SuperscriptBox["r", "2"], " ", 

        SuperscriptBox["\[Omega]V", "2"]}], "+", 

       RowBox[{"8", " ", 

        SuperscriptBox["m", "2"], " ", 

        SuperscriptBox["r", "4"], " ", 

        SuperscriptBox["\[Omega]V", "4"]}]}]]}], ",", 

    RowBox[{"B0", "\[Rule]", 

     FractionBox[

      RowBox[{"k", " ", "Mv"}], 

      RowBox[{

       RowBox[{"2", " ", 

        SuperscriptBox["k", "2"]}], "-", 

       RowBox[{"11", " ", "k", " ", "m", " ", 

        SuperscriptBox["r", "2"], " ", 

        SuperscriptBox["\[Omega]V", "2"]}], "+", 

       RowBox[{"8", " ", 

        SuperscriptBox["m", "2"], " ", 

        SuperscriptBox["r", "4"], " ", 

        SuperscriptBox["\[Omega]V", "4"]}]}]]}]}], "}"}], "}"}]], "Output",

 CellChangeTimes->{3.3926305774554243`*^9}],



Cell[BoxData[

 FractionBox[

  RowBox[{"Mv", " ", 

   RowBox[{"(", 

    RowBox[{"k", "-", 

     RowBox[{"m", " ", 

      SuperscriptBox["r", "2"], " ", 

      SuperscriptBox["\[Omega]V", "2"]}]}], ")"}]}], 

  RowBox[{

   RowBox[{"2", " ", 

    SuperscriptBox["k", "2"]}], "-", 

   RowBox[{"11", " ", "k", " ", "m", " ", 

    SuperscriptBox["r", "2"], " ", 

    SuperscriptBox["\[Omega]V", "2"]}], "+", 

   RowBox[{"8", " ", 

    SuperscriptBox["m", "2"], " ", 

    SuperscriptBox["r", "4"], " ", 

    SuperscriptBox["\[Omega]V", "4"]}]}]]], "Output",

 CellChangeTimes->{3.3926305775555677`*^9}],



Cell[BoxData[

 FractionBox[

  RowBox[{"k", " ", "Mv"}], 

  RowBox[{

   RowBox[{"2", " ", 

    SuperscriptBox["k", "2"]}], "-", 

   RowBox[{"11", " ", "k", " ", "m", " ", 

    SuperscriptBox["r", "2"], " ", 

    SuperscriptBox["\[Omega]V", "2"]}], "+", 

   RowBox[{"8", " ", 

    SuperscriptBox["m", "2"], " ", 

    SuperscriptBox["r", "4"], " ", 

    SuperscriptBox["\[Omega]V", "4"]}]}]]], "Output",

 CellChangeTimes->{3.3926305775856113`*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell["Podatki", "Subtitle"],



Cell[BoxData[{

 RowBox[{"k", ":=", 

  RowBox[{"60", "\[Times]", 

   SuperscriptBox["10", "3"]}]}], "\[IndentingNewLine]", 

 RowBox[{"m", ":=", "3"}], "\[IndentingNewLine]", 

 RowBox[{"r", ":=", "0.15"}], "\[IndentingNewLine]", 

 RowBox[{"A0", ":=", "1"}], "\[IndentingNewLine]", 

 RowBox[{"Mv", ":=", "10"}], "\[IndentingNewLine]", 

 RowBox[{"\[Omega]V", ":=", "100"}]}], "Input"]

}, Open  ]],



Cell[CellGroupData[{



Cell["Rezultati", "Subtitle"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"\[Omega]01", ",", "\[Omega]02"}], "}"}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"437.80802266196605`", ",", "1015.1582918515919`"}], 

  "}"}]], "Output",

 CellChangeTimes->{3.3926305776156545`*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[{"v1", "\[IndentingNewLine]", "v2"}], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"1", ",", 

   RowBox[{

    FractionBox["1", "2"], " ", 

    RowBox[{"(", 

     RowBox[{

      RowBox[{"-", "5"}], "+", 

      SqrtBox["57"]}], ")"}]}]}], "}"}]], "Output",

 CellChangeTimes->{3.3926305776456976`*^9}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"1", ",", 

   RowBox[{

    FractionBox["1", "2"], " ", 

    RowBox[{"(", 

     RowBox[{

      RowBox[{"-", "5"}], "-", 

      SqrtBox["57"]}], ")"}]}]}], "}"}]], "Output",

 CellChangeTimes->{3.392630577655712*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"N", "[", "v1", "]"}], "\[IndentingNewLine]", 

 RowBox[{"N", "[", "v2", "]"}]}], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"1.`", ",", "1.274917217635375`"}], "}"}]], "Output",

 CellChangeTimes->{3.3926305776757407`*^9}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"1.`", ",", 

   RowBox[{"-", "6.274917217635375`"}]}], "}"}]], "Output",

 CellChangeTimes->{3.3926305776857553`*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{

  SuperscriptBox["10", "6"], 

  RowBox[{"{", 

   RowBox[{"solA0V", ",", "solB0V"}], "}"}]}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"87.78296411219351`", ",", "88.78175889981644`"}], "}"}]], "Output",\



 CellChangeTimes->{3.3926305777157984`*^9}]

}, Open  ]]

}, Open  ]]

}, Open  ]]

},

WindowToolbars->{"RulerBar", "EditBar"},

WindowSize->{1027, 713},

WindowMargins->{{0, Automatic}, {Automatic, 0}},

Magnification->1.25,

FrontEndVersion->"6.0 for Microsoft Windows (32-bit) (April 28, 2007)",

StyleDefinitions->FrontEnd`FileName[{"Creative"}, "NaturalColor.nb", 

  CharacterEncoding -> "WindowsEastEurope"]

]

(* End of Notebook Content *)
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(*NotebookFileOutline

Notebook[{

Cell[CellGroupData[{

Cell[590, 23, 138, 3, 90, "Title"],

Cell[731, 28, 257, 3, 36, "Subsubtitle"]

}, Open  ]],

Cell[CellGroupData[{

Cell[1025, 36, 25, 0, 90, "Title"],

Cell[1053, 38, 74, 1, 48, "Input"],

Cell[1130, 41, 67, 0, 34, "Text"],

Cell[1200, 43, 165, 5, 48, "Input"],

Cell[1368, 50, 46, 0, 34, "Text"],

Cell[CellGroupData[{

Cell[1439, 54, 401, 15, 48, "Input"],

Cell[1843, 71, 484, 13, 51, "Output"]

}, Open  ]],

Cell[2342, 87, 34, 0, 34, "Text"],

Cell[CellGroupData[{

Cell[2401, 91, 149, 4, 48, "Input"],

Cell[2553, 97, 385, 10, 48, "Output"]

}, Open  ]],

Cell[2953, 110, 62, 0, 34, "Text"],

Cell[CellGroupData[{

Cell[3040, 114, 367, 12, 71, "Input"],

Cell[3410, 128, 509, 10, 50, "Message"],

Cell[3922, 140, 231, 6, 62, "Output"],

Cell[4156, 148, 148, 3, 62, "Output"]

}, Open  ]],

Cell[4319, 154, 126, 3, 34, "Text"],

Cell[CellGroupData[{

Cell[4470, 161, 155, 4, 48, "Input"],

Cell[4628, 167, 806, 28, 77, "Output"]

}, Open  ]],

Cell[CellGroupData[{

Cell[5471, 200, 27, 0, 43, "Subtitle"],

Cell[5501, 202, 329, 9, 115, "Input"]

}, Open  ]],

Cell[CellGroupData[{

Cell[5867, 216, 29, 0, 43, "Subtitle"],

Cell[CellGroupData[{

Cell[5921, 220, 130, 2, 48, "Input"],

Cell[6054, 224, 347, 9, 48, "Output"]

}, Open  ]],

Cell[CellGroupData[{

Cell[6438, 238, 211, 5, 62, "Input"],

Cell[6652, 245, 219, 5, 48, "Output"]

}, Open  ]]

}, Open  ]]

}, Open  ]],

Cell[CellGroupData[{

Cell[6932, 257, 25, 0, 90, "Title"],

Cell[6960, 259, 74, 1, 48, "Input"],

Cell[7037, 262, 41, 0, 34, "Text"],

Cell[7081, 264, 916, 27, 210, "Input"],

Cell[8000, 293, 93, 2, 34, "Text"],

Cell[8096, 297, 399, 12, 64, "Input"],

Cell[CellGroupData[{

Cell[8520, 313, 208, 6, 71, "Input"],

Cell[8731, 321, 242, 8, 51, "Output"],

Cell[8976, 331, 245, 8, 51, "Output"]

}, Open  ]],

Cell[9236, 342, 37, 0, 34, "Text"],

Cell[CellGroupData[{

Cell[9298, 346, 345, 10, 48, "Input"],

Cell[9646, 358, 561, 19, 61, "Output"]

}, Open  ]],

Cell[10222, 380, 37, 0, 34, "Text"],

Cell[CellGroupData[{

Cell[10284, 384, 347, 10, 48, "Input"],

Cell[10634, 396, 1072, 36, 64, "Output"]

}, Open  ]],

Cell[CellGroupData[{

Cell[11743, 437, 27, 0, 43, "Subtitle"],

Cell[11773, 439, 423, 9, 153, "Input"]

}, Open  ]],

Cell[CellGroupData[{

Cell[12233, 453, 29, 0, 43, "Subtitle"],

Cell[CellGroupData[{

Cell[12287, 457, 114, 3, 48, "Input"],

Cell[12404, 462, 275, 6, 48, "Output"]

}, Open  ]]

}, Open  ]]

}, Open  ]],

Cell[CellGroupData[{

Cell[12740, 475, 25, 0, 90, "Title"],

Cell[12768, 477, 74, 1, 48, "Input"],

Cell[12845, 480, 45, 0, 34, "Text"],

Cell[12893, 482, 162, 5, 48, "Input"],

Cell[13058, 489, 42, 0, 34, "Text"],

Cell[13103, 491, 390, 13, 64, "Input"],

Cell[13496, 506, 36, 0, 34, "Text"],

Cell[13535, 508, 452, 15, 64, "Input"],

Cell[13990, 525, 54, 0, 34, "Text"],

Cell[14047, 527, 345, 12, 102, "Input"],

Cell[14395, 541, 38, 0, 34, "Text"],

Cell[CellGroupData[{

Cell[14458, 545, 1051, 33, 71, "Input"],

Cell[15512, 580, 431, 12, 48, "Output"],

Cell[15946, 594, 409, 12, 48, "Output"]

}, Open  ]],

Cell[16370, 609, 24, 0, 34, "Text"],

Cell[16397, 611, 350, 10, 71, "Input"],

Cell[CellGroupData[{

Cell[16772, 625, 387, 12, 71, "Input"],

Cell[17162, 639, 296, 8, 48, "Output"],

Cell[17461, 649, 278, 8, 48, "Output"]

}, Open  ]],

Cell[17754, 660, 58, 0, 34, "Text"],

Cell[17815, 662, 781, 25, 122, "Input"],

Cell[18599, 689, 64, 0, 34, "Text"],

Cell[CellGroupData[{

Cell[18688, 693, 286, 8, 48, "Input"],

Cell[18977, 703, 1611, 57, 151, "Output"]

}, Open  ]],

Cell[20603, 763, 46, 0, 34, "Text"],

Cell[20652, 765, 349, 10, 71, "Input"],

Cell[CellGroupData[{

Cell[21026, 779, 75, 0, 71, "Input"],

Cell[21104, 781, 346, 13, 93, "Output"],

Cell[21453, 796, 294, 11, 78, "Output"]

}, Open  ]],

Cell[21762, 810, 72, 2, 34, "Text"],

Cell[21837, 814, 68, 2, 48, "Input"],

Cell[CellGroupData[{

Cell[21930, 820, 895, 28, 115, "Input"],

Cell[22828, 850, 291, 10, 64, "Output"],

Cell[23122, 862, 291, 10, 64, "Output"],

Cell[23416, 874, 195, 7, 64, "Output"],

Cell[23614, 883, 197, 7, 64, "Output"]

}, Open  ]],

Cell[23826, 893, 50, 0, 34, "Text"],

Cell[23879, 895, 205, 6, 71, "Input"],

Cell[CellGroupData[{

Cell[24109, 905, 772, 23, 115, "Input"],

Cell[24884, 930, 1214, 35, 69, "Output"],

Cell[26101, 967, 593, 18, 69, "Output"],

Cell[26697, 987, 444, 13, 66, "Output"]

}, Open  ]],

Cell[CellGroupData[{

Cell[27178, 1005, 27, 0, 43, "Subtitle"],

Cell[27208, 1007, 380, 8, 161, "Input"]

}, Open  ]],

Cell[CellGroupData[{

Cell[27625, 1020, 29, 0, 43, "Subtitle"],

Cell[CellGroupData[{

Cell[27679, 1024, 90, 2, 48, "Input"],

Cell[27772, 1028, 156, 4, 48, "Output"]

}, Open  ]],

Cell[CellGroupData[{

Cell[27965, 1037, 59, 0, 71, "Input"],

Cell[28027, 1039, 254, 9, 64, "Output"],

Cell[28284, 1050, 252, 9, 64, "Output"]

}, Open  ]],

Cell[CellGroupData[{

Cell[28573, 1064, 113, 2, 71, "Input"],

Cell[28689, 1068, 136, 3, 48, "Output"],

Cell[28828, 1073, 155, 4, 48, "Output"]

}, Open  ]],

Cell[CellGroupData[{

Cell[29020, 1082, 126, 4, 50, "Input"],

Cell[29149, 1088, 153, 4, 48, "Output"]

}, Open  ]]

}, Open  ]]

}, Open  ]]

}

]

*)
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Naloga 1 (30 točk) Povprečen
uspeh: 0%

Zadostuje
znanje: MT

Med počitnǐskim delom v Tovarni hitrih elektromotorjev d.d., vam predložijo
naslednjo nalogo: izračunajte kakšna je največja hitrost vrtenja elektromo-
torja, da bo ščetka elektromotorja še v stiku s kolektorjem. Na sliki je prika-
zana ščetka elektromotorja mase m, ki drsi po kolektorju polmera r; na ščetko
deluje vzmet togosti k. Kolektor je nasajen na gred z ekscentričnostjo e, ki pri
določeni hitrosti povzroči odskok ščetke elektromotorja.
Pri ϕ = 0 rad je vzmet stisnjena za p. Če upoštevamo, da velja: e� r potem
mora ščetka slediti podlagi oblike x(t) = e sin(ϕ̇ t).
Vpliv težnosti in trenje zanemarite.

m = 5 g

e = 20 · 10−6 m

k = 40 N/m

p = 80 mm

Rešitev

ϕ̇ = 5657,6 rad/s = 900 Hz.

Postopek

Kolektor s kontaktno silo Fk vsiljuje ščetki določeno gibanje, ki ga popǐse II. Newtonov zakon:

−k (x(t) + p) + Fk = mẍ(t).
Točk: 15

Ščetka odskoči takrat, ko je kontaktna sila enaka nič.

Ker se površina pod ščetko spreminja v skladu z zakonom:

x(t) = e sin(ϕ̇ t)
Točk: 5

sledi, da je sila Fk:

Fk = k p+ e k sin(ϕ̇ t)− em ϕ̇2 sin(ϕ̇ t).

Amplitudo sile pričakujemo takrat, ko velja sin(ϕ̇ t) = 1; sledi:

Fk = k p+ e k − em ϕ̇2.
Točk: 5

Kontaktna sila je torej enaka nič pri:

ϕ̇ =

√
k
p+ e

em
.

Točk: 5

Ker je e� p, bi lahko vpliv spremembe sile vzmeti zaradi pomika tudi zanemarili.

Naloga 2 (30 točk) Povprečen
uspeh: 0%

Zadostuje
znanje: Trkm = 20 g

ε = 0,95

ϕ = 10◦

l = 0,1 m

g = 9,81 m/s
2

Na sliki je prikazana igrača s tremi enakimi kro-
glami mase m, ki visijo na lahki, neraztegljivi vrvi
dolžine l. Krogli A in B izmaknemo iz ravnotežne
lege za kot ϕ. Koeficient trka med kroglami je ε.
Izračunajte hitrost krogel A in B potem, ko prvič
trčita ena v drugo. Izračunajte tudi hitrost krogel
B in C potem, ko prvič trčita ena v drugo. Trenje
zanemarite.
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Rešitev

vA = 0,1726 m/s

vA1 = 0,0085 m/s

vB = 0,1726 m/s

vB1 = 0,0043 m/s

vB2 = 0,1684 m/s

vC1 = 0,1683 m/s.

Postopek

Najprej se zgodi trk med kroglama B in C, nato pa med kroglama B in A. Preden se lotimo trkov,
izračunamo iz spremembe potencialne energije hitrosti krogel A in B pred prvim trkom:

vA = vB =
√

2 g l (1− cosϕ).
Točk: 5

Krogli B in C imata po trku hitrost (hitrost krogle C pred trkom: vC = 0):

vB1 = vB − (vB − vC) (1 + ε)
m

2m
= (1− ε)

√
g l sin

(ϕ
2

)
Točk: 5

vC1 = vC + (vB − vC) (1 + ε)
m

2m
= (1 + ε)

√
g l sin

(ϕ
2

)
Točk: 5

V naslednjem trenutku trči krogla A s hitrostjo vA v kroglo B, ki ima hitrost vB1:

vA1 = vA − (vA − vB1) (1 + ε)
m

2m
=

1− ε
2

(√
2 g l (1− cosϕ) +

√
g l (1 + ε) sin

(ϕ
2

))
Točk: 7,5

vB2 = vA + (vA − vB1) (1 + ε)
m

2m
=

1

2
(3 + ε2)

√
g l sin

(ϕ
2

)
Točk: 7,5

Naloga 3 (40 točk) Povprečen
uspeh: 0%

Zadostuje
zna-
nje: LVPSm = 3 kg

r = 0,15 m

k = 603 Nm/rad

Mv = 10 Nm

ωv = 100 rad/s

Na sliki sta prikazana dva zobnika, ki se nahajata
na isti gredi. Večji zobnik A ima maso 2m in pol-
mer 2 r, manǰsi B pa m in r. Kraǰsi del gredi je
dolg l in ima torzijsko togost k, dalǰsi del gredi pa
ima dolžino 2 l.
Za sistem na sliki določite: gibalne enačbe in lastne
frekvence.
Določite amplitude pomikov, če večjemu zobniku
vsiljujemo gibanje z momentom: M(t) = Mv sinωvt
Uporabite Lagrangeve enačbe II. vrste.

Rešitev

8mr2 α̈+ 3 k α− k β = M(t)

mr2 β̈ + k β − k α = 0

ω01 = 438 rad/s

ω02 = 1015 rad/s

{X}1 =

(
1

1,275

)
{X}2 =

(
1

−6,275

)
Av = 87,78 · 106 rad

Bv = 88,78 · 106 rad
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Postopek

Ko deluje moment je sistem je nekonservativen in ima dve prostostni stopnji (N = P = 2). Do gibalnih
enačb pridemo s pomočjo Lagrangevih enačb II. vrste:

d

dt

∂L

∂q̇j
− ∂L

∂qj
= QN

j ; j = 1, 2,

Kjer je QN
j posplošena sila ne-konservativnih aktivnih sil, saj potencialne sile vsebuje potencialna energija.

Uporabimo posplošene koordinate: q1 = α, q2 = β, kjer α popisuje rotacijo večjega zobnika in β rotacijo
manǰsega zobnika.
Lagrangeva energijska funkcija:

L = Ek − Ep.

Predpostavimo, da velja α < β. Kinetična in potencialna energija sta definirani kot:

Ek =
1

2
J1 α̇

2 +
1

2
J2 β̇

2.

Ep =
1

2
k α2

1 +
1

2

k

2
(β − α)2,

kjer je togost dalǰse gredi: k
2 . Točk: 5

Iz virtualnega dela:

δW = M(t) δα

razberemo posplošeni sili:

QN
α = M(t),

QN
β = 0.

Točk: 5

Izračunamo masne vztrajnostne momente okoli vrtǐsča:

J1 =
1

2
(2m) (2 r)2,

J2 =
1

2
mr2.

Točk: 5

Izračunamo odvode Lagrangevih enačb II.vrste in dobimo dve gibalni enačbi:

8mr2 α̈+ 3 k α− k β = M(t),

m r2 β̈ + k β − k α = 0.
Točk: 5

Najprej obravnavamo lastno nihanje (zunanjega momenta torej ne upoštevamo). Pričakujemo lastno
nihanje oblike α = A0 sin ω0t, β = B0 sin ω0t, zato uporabimo ta nastavek, da zgornji gibalni enačbi
zapǐsemo v matrično obliko:(

3 k − 8mr2ω2
0 −k

−k k −mr2 ω2
0

)(
A0

B0

)
=

(
0
0

)
.



POGLAVJE 3. IZPITI 73

Točk: 5

Poǐsčemo lastne frekvence:

∣∣∣∣ 3 k − 8mr2ω2
0 −k

−k k −mr2 ω2
0

∣∣∣∣ = 0 →
(
ω01

ω02

)
=

 √
(11−

√
57) k

16mr2√
(11+

√
57) k

16mr2

 .

Točk: 5

Preostane še določevanje lastnih vektorjev (tega naloga ne zahteva). Izberemo A0 = 1 in poǐsčemo lastne
vektorje:

(
3 k − 8mr2ω2

01 −k
−k k −mr2 ω2

01

)(
A01

B01

)
=

(
0
0

)
→ {X}1 =

(
+1

−5+
√
57

2

)
(

3 k − 8mr2ω2
02 −k

−k k −mr2 ω2
02

)(
A02

B02

)
=

(
0
0

)
→ {X}2 =

(
+1

−5−
√
57

2

)
.

Amplitude zasukov na vzbujanje večjega zobnika z momentom M(t) = Mv sin(ωv t) dobimo tako, da
rešimo sistem:(

3 k − 8mr2ω2
0 −k

−k k −mr2 ω2
0

)(
Av

Bv

)
=

(
Mv

0

)
.

Točk: 5

Do rešitve pridemo s pomočjo Cramerjevega pravila:

Av =

∣∣∣∣ Mv −k
0 k −mr2 ω2

0

∣∣∣∣∣∣∣∣ 3 k − 8mr2ω2
0 −k

−k k −mr2 ω2
0

∣∣∣∣ =
Mv (k −mr2 ω2

v)

2 k2 − 11 kmr2 ω2
v + 8m2 r4 ω4

v

Bv =

∣∣∣∣ 3 k − 8mr2ω2
0 Mv

−k 0

∣∣∣∣∣∣∣∣ 3 k − 8mr2ω2
0 −k

−k k −mr2 ω2
0

∣∣∣∣ =
kMv

2 k2 − 11 kmr2 ω2
v + 8m2 r4 ω4

v

.

Točk: 5

3.3 Datum: 29.6.2004
Povprečen uspeh 3 študentov: 43%

Naloga 1 (30 točk) Povprečen
uspeh: 78%

Zadostuje
znanje: TTKot strojnik/ca ste hčeri naredili na sliki prikazano

vozilo.
Izračunajte največjo hitrost vozila, če masa m2

lahko drsi brez trenja. Masni vztrajnostni moment
osi skupaj s kolesom je J , njena masa pa m. Karo-
serija ima maso 2m.
Opomba: bodite pozorni na absolutno gibanje
mase m2.
Podatki: m,m2 = m,J,R, ra, g.
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   RowBox[{"F", "[", "t", "]"}], " ", "a"}]}]], "Input"],



Cell["Gibalne ena\[CHacek]be", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"ge1", "=", 

  RowBox[{"Simplify", "[", 

   RowBox[{

    RowBox[{

     RowBox[{

      SubscriptBox["\[PartialD]", "t"], " ", 

      RowBox[{"(", 

       RowBox[{

        SubscriptBox["\[PartialD]", 

         RowBox[{

          RowBox[{"\[Alpha]", "'"}], "[", "t", "]"}]], 

        RowBox[{"L", "[", "t", "]"}]}], ")"}]}], "-", 

     RowBox[{

      SubscriptBox["\[PartialD]", 

       RowBox[{"\[Alpha]", "[", "t", "]"}]], 

      RowBox[{"L", "[", "t", "]"}]}]}], "\[Equal]", "Q\[Alpha]"}], 

   "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{"k1", " ", 

    RowBox[{"\[Alpha]", "[", "t", "]"}]}], "-", 

   RowBox[{"4", " ", "a", " ", "k2", " ", 

    RowBox[{"(", 

     RowBox[{

      RowBox[{"x", "[", "t", "]"}], "-", 

      RowBox[{"4", " ", "a", " ", 

       RowBox[{"\[Alpha]", "[", "t", "]"}]}]}], ")"}]}], "+", 

   RowBox[{

    FractionBox["64", "3"], " ", 

    SuperscriptBox["a", "2"], " ", "m", " ", 

    RowBox[{

     SuperscriptBox["\[Alpha]", "\[Prime]\[Prime]",

      MultilineFunction->None], "[", "t", "]"}]}]}], "\[Equal]", 

  RowBox[{"a", " ", 

   RowBox[{"F", "[", "t", "]"}]}]}]], "Output",

 CellChangeTimes->{3.392632855370906*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"ge2", "=", 

  RowBox[{"Simplify", "[", 

   RowBox[{

    RowBox[{

     RowBox[{

      SubscriptBox["\[PartialD]", "t"], " ", 

      RowBox[{"(", 

       RowBox[{

        SubscriptBox["\[PartialD]", 

         RowBox[{

          RowBox[{"x", "'"}], "[", "t", "]"}]], 

        RowBox[{"L", "[", "t", "]"}]}], ")"}]}], "-", 

     RowBox[{

      SubscriptBox["\[PartialD]", 

       RowBox[{"x", "[", "t", "]"}]], 

      RowBox[{"L", "[", "t", "]"}]}]}], "\[Equal]", "0"}], "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{"k2", " ", 

    RowBox[{"x", "[", "t", "]"}]}], "+", 

   RowBox[{"m", " ", 

    RowBox[{

     SuperscriptBox["x", "\[Prime]\[Prime]",

      MultilineFunction->None], "[", "t", "]"}]}]}], "\[Equal]", 

  RowBox[{"4", " ", "a", " ", "k2", " ", 

   RowBox[{"\[Alpha]", "[", "t", "]"}]}]}]], "Output",

 CellChangeTimes->{3.3926328554009485`*^9}]

}, Open  ]],



Cell["Podatek", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"F", "[", "t_", "]"}], ":=", 

  RowBox[{"F0", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"\[Omega]", " ", "t"}], "]"}]}]}]], "Input"],



Cell["Nastavek", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"\[Alpha]", "[", "t_", "]"}], ":=", 

  RowBox[{"A", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"\[Omega]", " ", "t"}], "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"x", "[", "t_", "]"}], ":=", 

  RowBox[{"X", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"\[Omega]", " ", "t"}], "]"}]}]}]}], "Input"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"ReplaceAll", "[", 

  RowBox[{"ge1", ",", " ", 

   RowBox[{

    RowBox[{"Sin", "[", 

     RowBox[{"t", " ", "\[Omega]"}], "]"}], "\[Rule]", "1"}]}], 

  "]"}], "\[IndentingNewLine]", 

 RowBox[{"ReplaceAll", "[", 

  RowBox[{"ge2", ",", " ", 

   RowBox[{

    RowBox[{"Sin", "[", 

     RowBox[{"t", " ", "\[Omega]"}], "]"}], "\[Rule]", "1"}]}], 

  "]"}]}], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{"A", " ", "k1"}], "-", 

   RowBox[{"4", " ", "a", " ", "k2", " ", 

    RowBox[{"(", 

     RowBox[{

      RowBox[{

       RowBox[{"-", "4"}], " ", "a", " ", "A"}], "+", "X"}], ")"}]}], "-", 

   RowBox[{

    FractionBox["64", "3"], " ", 

    SuperscriptBox["a", "2"], " ", "A", " ", "m", " ", 

    SuperscriptBox["\[Omega]", "2"]}]}], "\[Equal]", 

  RowBox[{"a", " ", "F0"}]}]], "Output",

 CellChangeTimes->{3.392632855430992*^9}],



Cell[BoxData[

 RowBox[{

  RowBox[{

   RowBox[{"k2", " ", "X"}], "-", 

   RowBox[{"m", " ", "X", " ", 

    SuperscriptBox["\[Omega]", "2"]}]}], "\[Equal]", 

  RowBox[{"4", " ", "a", " ", "A", " ", "k2"}]}]], "Output",

 CellChangeTimes->{3.392632855430992*^9}]

}, Open  ]],



Cell["Zapi\[SHacek]emo v matri\[CHacek]ni obliki", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{

   RowBox[{"A", "[", "\[Omega]_", "]"}], ":=", 

   RowBox[{"(", GridBox[{

      {

       RowBox[{"k1", "+", 

        RowBox[{"16", 

         SuperscriptBox["a", "2"], "k2"}], "-", 

        RowBox[{

         FractionBox["64", "3"], 

         SuperscriptBox["a", "2"], "m", " ", 

         SuperscriptBox["\[Omega]", "2"]}]}], 

       RowBox[{

        RowBox[{"-", "4"}], "a", " ", "k2"}]},

      {

       RowBox[{

        RowBox[{"-", "4"}], "a", " ", "k2"}], 

       RowBox[{"k2", "-", 

        RowBox[{"m", " ", 

         SuperscriptBox["\[Omega]", "2"]}]}]}

     }], ")"}]}], ";"}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"vec", ":=", 

   RowBox[{"{", 

    RowBox[{"A", ",", "X"}], "}"}]}], ";"}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"rig", ":=", 

   RowBox[{"{", 

    RowBox[{

     RowBox[{"F0", " ", "a"}], ",", "0"}], "}"}]}], ";"}]}], "Input"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"sol", "=", 

  RowBox[{"Solve", "[", 

   RowBox[{

    RowBox[{

     RowBox[{"Dot", "[", 

      RowBox[{

       RowBox[{"A", "[", "\[Omega]", "]"}], ",", "vec"}], "]"}], "\[Equal]", 

     "rig"}], ",", 

    RowBox[{"{", 

     RowBox[{"A", ",", "X"}], "}"}]}], "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"{", 

   RowBox[{

    RowBox[{"A", "\[Rule]", 

     RowBox[{"-", 

      FractionBox[

       RowBox[{"3", " ", "a", " ", "F0", " ", 

        RowBox[{"(", 

         RowBox[{"k2", "-", 

          RowBox[{"m", " ", 

           SuperscriptBox["\[Omega]", "2"]}]}], ")"}]}], 

       RowBox[{

        RowBox[{

         RowBox[{"-", "3"}], " ", "k1", " ", "k2"}], "+", 

        RowBox[{"3", " ", "k1", " ", "m", " ", 

         SuperscriptBox["\[Omega]", "2"]}], "+", 

        RowBox[{"112", " ", 

         SuperscriptBox["a", "2"], " ", "k2", " ", "m", " ", 

         SuperscriptBox["\[Omega]", "2"]}], "-", 

        RowBox[{"64", " ", 

         SuperscriptBox["a", "2"], " ", 

         SuperscriptBox["m", "2"], " ", 

         SuperscriptBox["\[Omega]", "4"]}]}]]}]}], ",", 

    RowBox[{"X", "\[Rule]", 

     RowBox[{"-", 

      FractionBox[

       RowBox[{"12", " ", 

        SuperscriptBox["a", "2"], " ", "F0", " ", "k2"}], 

       RowBox[{

        RowBox[{

         RowBox[{"-", "3"}], " ", "k1", " ", "k2"}], "+", 

        RowBox[{"3", " ", "k1", " ", "m", " ", 

         SuperscriptBox["\[Omega]", "2"]}], "+", 

        RowBox[{"112", " ", 

         SuperscriptBox["a", "2"], " ", "k2", " ", "m", " ", 

         SuperscriptBox["\[Omega]", "2"]}], "-", 

        RowBox[{"64", " ", 

         SuperscriptBox["a", "2"], " ", 

         SuperscriptBox["m", "2"], " ", 

         SuperscriptBox["\[Omega]", "4"]}]}]]}]}]}], "}"}], "}"}]], "Output",

 CellChangeTimes->{3.3926328554710493`*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"XSol", "=", 

  RowBox[{

   RowBox[{"ReplaceAll", "[", 

    RowBox[{"X", ",", "sol"}], "]"}], "[", 

   RowBox[{"[", "1", "]"}], "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{"-", 

  FractionBox[

   RowBox[{"12", " ", 

    SuperscriptBox["a", "2"], " ", "F0", " ", "k2"}], 

   RowBox[{

    RowBox[{

     RowBox[{"-", "3"}], " ", "k1", " ", "k2"}], "+", 

    RowBox[{"3", " ", "k1", " ", "m", " ", 

     SuperscriptBox["\[Omega]", "2"]}], "+", 

    RowBox[{"112", " ", 

     SuperscriptBox["a", "2"], " ", "k2", " ", "m", " ", 

     SuperscriptBox["\[Omega]", "2"]}], "-", 

    RowBox[{"64", " ", 

     SuperscriptBox["a", "2"], " ", 

     SuperscriptBox["m", "2"], " ", 

     SuperscriptBox["\[Omega]", "4"]}]}]]}]], "Output",

 CellChangeTimes->{3.3926328555111074`*^9}]

}, Open  ]],



Cell[CellGroupData[{



Cell["Podatki", "Subtitle"],



Cell[BoxData[{

 RowBox[{"k1", ":=", 

  RowBox[{"20", "\[Times]", 

   SuperscriptBox["10", "3"]}]}], "\[IndentingNewLine]", 

 RowBox[{"k2", ":=", 

  RowBox[{"20", "\[Times]", 

   SuperscriptBox["10", "3"]}]}], "\[IndentingNewLine]", 

 RowBox[{"m", ":=", "30"}], "\[IndentingNewLine]", 

 RowBox[{"F0", ":=", "800"}], "\[IndentingNewLine]", 

 RowBox[{"\[Omega]", ":=", 

  RowBox[{"2", "\[Pi]"}]}], "\[IndentingNewLine]", 

 RowBox[{"a", ":=", "2"}]}], "Input"]

}, Open  ]],



Cell[CellGroupData[{



Cell["Rezultati", "Subtitle"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"N", "[", "\[IndentingNewLine]", 

  RowBox[{"{", 

   RowBox[{"sol", ",", 

    RowBox[{

     RowBox[{"-", "XSol"}], " ", 

     SuperscriptBox["\[Omega]", "2"]}]}], "}"}], "\[IndentingNewLine]", 

  "]"}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

   RowBox[{"{", 

    RowBox[{"{", 

     RowBox[{

      RowBox[{"A", "\[Rule]", 

       RowBox[{"-", "0.009898879372623019`"}]}], ",", 

      RowBox[{"X", "\[Rule]", 

       RowBox[{"-", "0.08417572140356089`"}]}]}], "}"}], "}"}], ",", 

   "3.3231242817178246`"}], "}"}]], "Output",

 CellChangeTimes->{3.39263285554115*^9}]

}, Open  ]]

}, Open  ]]

}, Open  ]]

},

WindowToolbars->{"RulerBar", "EditBar"},

WindowSize->{999, 881},

WindowMargins->{{0, Automatic}, {Automatic, 0}},

Magnification->1.25,

FrontEndVersion->"6.0 for Microsoft Windows (32-bit) (April 28, 2007)",

StyleDefinitions->FrontEnd`FileName[{"Creative"}, "NaturalColor.nb", 

  CharacterEncoding -> "WindowsEastEurope"]

]
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Rešitev

ẋ =

√
2R2mg a

2 J +mr2 + 5mR2
.

Postopek

Sistem je konservativen in ima eno prostostno stopnjo. Ker se energija ne izgublja, je sprememba poten-
cialne energije enaka spremembi kinetične energije.
Sprememba potencialne energije:

Ep = mg a.
Točk: 5

Sprememba kinetične energije sistema pa:

Ek = Ek,k︸︷︷︸
karoserija

+ Ek2︸︷︷︸
masa m2

+ 2Ek,o︸︷︷︸
ena os

Kinetične energije so:

Ek,k =
1

2
(2m) ẋ2,

Točk: 5

Ek,o =
1

2
mẋ2 +

1

2
J ϕ̇2,

Točk: 5

Hitrost mase m2 je:

v2 =
√
ẋ2 + ẏ2.

Ek2 =
1

2
mv22 ,

Točk: 5

Ker nas zanima hitrost vozila ẋ, moramo vse odvisne spremenljivke zapisati kot:

ϕ =
x

R

in vertikalni pomik mase m2 ter njena hitrost:

y = r ϕ.
Točk: 5

Sledi, da je kinetična energija:

Ek =
ẋ2

2R2

(
2 J +mr2 + 5mR2

)
.

Največjo hitrost dosežemo takrat, ko se masa m2 spusti za a. Z izenačenjem potencialne in kinetične
energije dobimo:

ẋ =

√
2R2mg a

2 J +mr2 + 5mR2

Točk: 5
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Naloga 2 (35 točk) Povprečen
uspeh: 38%

Zadostuje
znanje: AD

Sistem na sliki se v tem trenutku uporablja za
preizkušanje študentskega znanja.
Prikazani so trije valji, ki so povezani z vrvjo
zanemarljive mase, ki ne drsi. Vsi valji imajo
isto maso m, vendar, kakor je prikazano na sliki,
različne polmere. Z uporabo označenih koordinat
ter Lagrangevih enačb II. vrste izpeljite gibalne
enačbe. Izgube zanemarite.

Podatki: m, r.

Rešitev

0 = 13 r α̈− 21 r β̈ − 8 g,

0 = 7 r α̈− 39 r β̈ − 8 g.

Postopek

Sistem je konservativen in ima dve prostostni stopnji: P = N = 2. Izberemo posplošeni koordinati:
q1 = α, q2 = β.

Gibalni enačbi bomo določili s pomočjo Lagrangevih enačb 2. vrste:

d

dt

∂L

∂q̇j
− ∂L

∂qj
= 0; j = 1, . . . , N.

Za obravnavani sistem torej zapǐsemo:

d

dt

∂L

∂α̇
− ∂L

∂α
= 0 in

d

dt

∂L

∂β̇
− ∂L

∂β
= 0.

Točk: 5

Kinetična energija je:

Ek = Ek1 + Ek2 + Ek3,

kinetične energije so:

Ek1 =
1

2
J1 α̇

2,

Ek2 =
1

2
(2m) ẏ +

1

2
J2 ϕ̇

2,

Ek3 =
1

2
J3 β̇

2.

Masni vztrajnostni momenti so:

J1 =
1

2
mr2.

J2 =
1

2
m (2 r)2.
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J3 =
1

2
m (3 r)2.

Točk: 5

Manjka še potencialna energija:

Ep = −mg y.
Točk: 5

Na sredinski valj v horizontalni smeri ne deluje nobena sila, zato se poleg vrtenja okoli težǐsča valj pomika
samo v vertikalni smeri.
Ob predpostavki r α̇ > 3 r β̇ lahko narǐsemo profil hitrosti (slika 3.1) in nato zapǐsemo odvisne koordinate.
Za hitrost težǐsča in torej koordinato y lahko to naredimo relativno preprosto:

Slika 3.1: Profil hitrosti za sredinski valj.

y = r α− 3 r β,
Točk: 5

za kotno hitrost ϕ pa je malo težje, saj je lega pola hitrosti P odvisna od razmerja r α in 3 r β; tako s
pomočjo podobnih trikotnikov pridemo do koordinate ϕ:

ϕ =
3 r β + r α

4 r
.

Točk: 5

Izračunamo odvode:

∂L

∂α
= gmr

d

dt

∂L

∂α̇
=

1

8
mr2

(
13 α̈− 21 β̈

)
∂L

∂β
= −3 gmr

d

dt

∂L

∂β̇
=

3

8
mr2

(
−7 α̈+ 39 β̈

)
Točk: 5

Urejeni gibalni enačbi torej sta:

13 r α̈− 21 r β̈ − 8 g = 0,

+7 r α̈− 39 r β̈ − 8 g = 0.
Točk: 5

Kje so imeli študentje težave?
Težave s kinematiko sredinskega valja.
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Naloga 3 (35 točk) Povprečen
uspeh: 19%

Zadostuje
znanje: VNk1 = 20 kNm/rad

k2 = 20 kN/m

m = 30 kg

a = 2 m

F (t) = F0 sin(ω t)

F0 = 800 N

ω = 2π rad

Kot konstukter podjetja Aktivna svetila d.d.
razmǐsljate o novi konstrukciji obcestne svetilke, ki
je prikazana na sliki.
Svetilko ste si zamislili tako: na steber mase 4m
in dolžine 4a preko vzmeti togosti k2 pritrdite luč
mase m. Sidrǐsče stebra aproksimirate z vzmetjo k1.
Uporabite narisane koordinate ter s pomočjo La-
grangevih enačb II. vrste izračunajte amplitudo ni-
hanja luči x ter amplitudo pospeška luči ẍ.
Luč smatrajte za masno točko ter predpostavite
majhne kote. Težo zanemarite.

Rešitev

X = −8,4 cm

Ẍ = 3,32 m/s

Postopek

Sistem je nekonservativen in ima dve prostostni stopnji (N = P = 2). Do gibalnih enačb pridemo s
pomočjo Lagrangevih enačb 2. vrste za nekonservativni sistem:

d

dt

∂L

∂q̇j
− ∂L

∂qj
= QN

j ; j = 1, 2.

Za posplošene koordinate izberemo: α, x.
Lagrangeva energijska funkcija:

L = Ek − Ep,

kjer sta kinetična in potencialna energija definirani kot (predpostavimo: x > 4 aα):

Ek =
1

2
J α̇2 +

1

2
mẋ2

Ep =
1

2
k1 α

2 +
1

2
k2 (x− 4 aα)

2
,

kjer je masni vztrajnostni moment stebra okoli vrtǐsča stebra:

J =
1

12
(4m) (4 a)

2
+ (4m)

(
4 a

2

)2

=
64 a2m

3

aϕA < x < a
2 ϕB.

Točk: 10

Virtualno delo nekonservativnih sil sistema:

δWN =

n∑
i

FN
i δri = F (t) δx1 = F (t) a δα

kjer smo uporabili x1 = aα; sledi:

QN
α = F (t) a.

Točk: 5
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Izračunamo odvode Lagrangeve energijske funkcije:

∂Lk
∂α

= − (k1 α) + 4 a k2 (x− 4 aα)

∂Lk
∂x

= − (k2 (x− 4 aα))

d

dt

∂L

∂α̇
=

64

3
a2mα̈

d

dt

∂L

∂ẋ
= mẍ

Glede na Lagrangeve enačbe 2. vrste zapǐsemo sedaj gibalni enačbi:

k1 α− 4 a k2 (x− 4 aα) +
64

3
a2mα̈ = aF (t)

k2 x+mẍ− 4 a k2 α = 0.

Točk: 5

Pričakujemo vsiljeno nihanje oblike α = A sin ωt, x = X sin ωt, zato uporabimo ta nastavek, da zgornje
gibalne enačbe zapǐsemo v matrično obliko (po kraǰsanju s sin(ω t)):(

k1 + 16 a2 k2 − 64
3 a

2mω2 −4 a k2
−4 a k2 k2 −mω2

)(
A
X

)
=

(
aF0

0

)
.

Točk: 5

Z uporabo Cramer-jevega pravila izračunamo amplitudo X:

X =
|A1|
|A|

=

∣∣∣∣ k1 + 16 a2 k2 − 64
3 a

2mω2 aF0

−4 a k2 0

∣∣∣∣∣∣∣∣ k1 + 16 a2 k2 − 64
3 a

2mω2 −4 a k2
−4 a k2 k2 −mω2

∣∣∣∣ .
Amplituda pospeškov je:

Ẍ = −ω2X.

Kje so imeli študentje težave?
Sistem ima dve prostostni stopnji!

3.4 Datum: 14.6.2005
Povprečen uspeh 4 študentov: 51%

Naloga 1 (30 točk) Povprečen
uspeh: 29%

Zadostuje
znanje: TTg = 9,81 m/s

2

k = 10 000 Nm/rad

m = 5 kg

l = 1 m

Na sliki je prikazana gugalnica z vzmetjo togo-
sti k. Če nanjo spustimo maso m iz vǐsine l,
se le-ta odbije na vǐsino l/2. Za gugalnico
dolžine 4 l in mase 4m poǐsčite kotno hitrost
neposredno po trku in tudi amplitudo odklona
gugalnice zaradi trka z maso m.

Rešitev

ω =
3
(
1 +
√

2
)

8

√
g

l
= 2,836 rad/s,

ϕ =

√
2
(

1 +
√

2
)√√g l3m2

k
= 0,08696 rad = 4,98◦.
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        Offset[0.27999999999999997`]}, "ColumnsIndexed" -> {}, "Rows" -> {

        Offset[0.2], {

         Offset[0.4]}, 

        Offset[0.2]}, "RowsIndexed" -> {}}], "\[NoBreak]", ")"}],

  Function[BoxForm`e$, 

   MatrixForm[

   SparseArray[

    Automatic, {2, 2}, 0, {

     1, {{0, 2, 4}, {{1}, {2}, {1}, {

       2}}}, {(-2) $CellContext`k + $CellContext`m $CellContext`\[Omega]0^2, 

       2 $CellContext`k, (-2) $CellContext`k, 4 $CellContext`k - 

       2 $CellContext`m $CellContext`\[Omega]0^2}}]]]]], "Output",

 CellChangeTimes->{3.392634773168563*^9}]

}, Open  ]],



Cell["Poi\[SHacek]\[CHacek]imo re\[SHacek]itev", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"sol\[Omega]0", "=", 

  RowBox[{"Solve", "[", 

   RowBox[{

    RowBox[{

     RowBox[{"Det", "[", "A", "]"}], "\[Equal]", "0"}], ",", "\[Omega]0"}], 

   "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     RowBox[{"-", 

      SqrtBox[

       FractionBox[

        RowBox[{

         RowBox[{"2", " ", "k"}], "-", 

         RowBox[{

          SqrtBox["2"], " ", "k"}]}], "m"]]}]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     SqrtBox[

      FractionBox[

       RowBox[{

        RowBox[{"2", " ", "k"}], "-", 

        RowBox[{

         SqrtBox["2"], " ", "k"}]}], "m"]]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     RowBox[{"-", 

      SqrtBox[

       FractionBox[

        RowBox[{

         RowBox[{"2", " ", "k"}], "+", 

         RowBox[{

          SqrtBox["2"], " ", "k"}]}], "m"]]}]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     SqrtBox[

      FractionBox[

       RowBox[{

        RowBox[{"2", " ", "k"}], "+", 

        RowBox[{

         SqrtBox["2"], " ", "k"}]}], "m"]]}], "}"}]}], "}"}]], "Output",

 CellChangeTimes->{3.392634775692192*^9}]

}, Open  ]],



Cell["Razberemo dve re\[SHacek]itvi:", "Text"],



Cell[BoxData[{

 RowBox[{"\[Omega]01", ":=", 

  RowBox[{"\[Omega]0", "/.", 

   RowBox[{"sol\[Omega]0", "[", 

    RowBox[{"[", 

     RowBox[{"2", ",", "1"}], "]"}], "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{"\[Omega]02", ":=", 

  RowBox[{"\[Omega]0", "/.", 

   RowBox[{"sol\[Omega]0", "[", 

    RowBox[{"[", 

     RowBox[{"4", ",", "1"}], "]"}], "]"}]}]}]}], "Input"]

}, Open  ]],



Cell[CellGroupData[{



Cell["Vsiljeno nihanje - ustaljeno stanje", "Subsubtitle"],



Cell["Definiramo vzbujanje sinusne oblike", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"F", "[", "t_", "]"}], ":=", 

  RowBox[{"F0", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"\[Omega]", " ", "t"}], "]"}]}]}]], "Input"],



Cell["Predpostavimo harmoni\[CHacek]ni odziv", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"x", "[", "t_", "]"}], ":=", 

  RowBox[{"X", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"\[Omega]", " ", "t"}], "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"y", "[", "t_", "]"}], ":=", 

  RowBox[{"Y", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"\[Omega]", " ", "t"}], "]"}]}]}]}], "Input"],



Cell["Sin[] ne predstavlja re\[SHacek]itve", "Text"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"ge111", "=", 

  RowBox[{"ge1", "/.", 

   RowBox[{

    RowBox[{"Sin", "[", "_", "]"}], "\[Rule]", 

    "1"}]}]}], "\[IndentingNewLine]", 

 RowBox[{"ge222", "=", 

  RowBox[{"ge2", "/.", 

   RowBox[{

    RowBox[{"Sin", "[", "_", "]"}], "\[Rule]", "1"}]}]}]}], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{"F0", "+", 

   RowBox[{"2", " ", "k", " ", "Y"}]}], "\[Equal]", 

  RowBox[{

   RowBox[{"2", " ", "k", " ", "X"}], "-", 

   RowBox[{"m", " ", "X", " ", 

    SuperscriptBox["\[Omega]", "2"]}]}]}]], "Output",

 CellChangeTimes->{3.3926347838138704`*^9}],



Cell[BoxData[

 RowBox[{

  RowBox[{"F0", "+", 

   RowBox[{"4", " ", "k", " ", "Y"}], "-", 

   RowBox[{"2", " ", "m", " ", "Y", " ", 

    SuperscriptBox["\[Omega]", "2"]}]}], "\[Equal]", 

  RowBox[{"2", " ", "k", " ", "X"}]}]], "Output",

 CellChangeTimes->{3.3926347838338995`*^9}]

}, Open  ]],



Cell["\<\

Poi\[SHacek]\[CHacek]imo amplitude nihanja v ustaljenem stanju\

\>", "Text"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{

  RowBox[{"solXY", "=", 

   RowBox[{"Solve", "[", 

    RowBox[{

     RowBox[{"{", 

      RowBox[{"ge111", ",", "ge222"}], "}"}], ",", 

     RowBox[{"{", 

      RowBox[{"X", ",", "Y"}], "}"}]}], "]"}]}], 

  ";"}], "\[IndentingNewLine]", 

 RowBox[{"XSol", "=", 

  RowBox[{"First", "[", 

   RowBox[{"X", "/.", "solXY"}], "]"}]}], "\[IndentingNewLine]", 

 RowBox[{"YSol", "=", 

  RowBox[{"First", "[", 

   RowBox[{"Y", "/.", "solXY"}], "]"}]}]}], "Input"],



Cell[BoxData[

 RowBox[{"-", 

  FractionBox[

   RowBox[{

    RowBox[{

     RowBox[{"-", "F0"}], " ", "k"}], "+", 

    RowBox[{"F0", " ", "m", " ", 

     SuperscriptBox["\[Omega]", "2"]}]}], 

   RowBox[{

    RowBox[{"2", " ", 

     SuperscriptBox["k", "2"]}], "-", 

    RowBox[{"4", " ", "k", " ", "m", " ", 

     SuperscriptBox["\[Omega]", "2"]}], "+", 

    RowBox[{

     SuperscriptBox["m", "2"], " ", 

     SuperscriptBox["\[Omega]", "4"]}]}]]}]], "Output",

 CellChangeTimes->{3.392634785956952*^9}],



Cell[BoxData[

 FractionBox[

  RowBox[{"F0", " ", "m", " ", 

   SuperscriptBox["\[Omega]", "2"]}], 

  RowBox[{"2", " ", 

   RowBox[{"(", 

    RowBox[{

     RowBox[{"2", " ", 

      SuperscriptBox["k", "2"]}], "-", 

     RowBox[{"4", " ", "k", " ", "m", " ", 

      SuperscriptBox["\[Omega]", "2"]}], "+", 

     RowBox[{

      SuperscriptBox["m", "2"], " ", 

      SuperscriptBox["\[Omega]", "4"]}]}], ")"}]}]]], "Output",

 CellChangeTimes->{3.3926347859970093`*^9}]

}, Open  ]]

}, Open  ]],



Cell[CellGroupData[{



Cell["Podatki", "Subtitle"],



Cell[BoxData[{

 RowBox[{"F0", ":=", "50"}], "\[IndentingNewLine]", 

 RowBox[{"\[Omega]", ":=", 

  RowBox[{"50", " ", "2", " ", "\[Pi]"}]}], "\[IndentingNewLine]", 

 RowBox[{"m", ":=", "1"}], "\[IndentingNewLine]", 

 RowBox[{"k", ":=", 

  RowBox[{"30", " ", 

   SuperscriptBox["10", "3"]}]}]}], "Input"]

}, Open  ]],



Cell[CellGroupData[{



Cell["Rezultati", "Subtitle"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"N", "[", 

  RowBox[{"{", 

   RowBox[{"\[Omega]01", ",", "\[Omega]02"}], "}"}], 

  "]"}], "\[IndentingNewLine]", 

 RowBox[{"N", "[", 

  RowBox[{"{", 

   RowBox[{"XSol", ",", "YSol"}], "}"}], "]"}]}], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"132.5654296142367`", ",", "320.0412580765062`"}], "}"}]], "Output",\



 CellChangeTimes->{3.392634789512064*^9}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"0.011350358808643723`", ",", 

   RowBox[{"-", "0.008153566399978515`"}]}], "}"}]], "Output",

 CellChangeTimes->{3.392634789542107*^9}]

}, Open  ]],



Cell[TextData[{

 "Poglejmo kako se spreminjata amplitudi ",

 StyleBox["X",

  FontColor->RGBColor[1, 0, 0]],

 " in ",

 StyleBox["Y",

  FontColor->RGBColor[0, 0, 1]],

 " v odvisnosti od vzbujanja:"

}], "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"Plot", "[", 

  RowBox[{

   RowBox[{"{", 

    RowBox[{"XSol", ",", "YSol"}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]", ",", 

     RowBox[{"5", " ", "2", " ", "\[Pi]"}], ",", 

     RowBox[{"70", " ", "2", " ", "\[Pi]"}]}], "}"}], ",", 

   RowBox[{"Frame", "\[Rule]", "True"}], ",", 

   RowBox[{"PlotRange", "\[Rule]", 

    RowBox[{"{", 

     RowBox[{"All", ",", 

      RowBox[{"{", 

       RowBox[{

        RowBox[{"-", "0.01`"}], ",", "0.01`"}], "}"}]}], "}"}]}], ",", 

   RowBox[{"AxesOrigin", "\[Rule]", 

    RowBox[{"{", 

     RowBox[{

      RowBox[{"50", " ", "2", " ", "\[Pi]"}], ",", "0"}], "}"}]}], ",", 

   RowBox[{"PlotStyle", "\[Rule]", 

    RowBox[{"{", 

     RowBox[{

      RowBox[{"RGBColor", "[", 

       RowBox[{"1", ",", "0", ",", "0"}], "]"}], ",", 

      RowBox[{"RGBColor", "[", 

       RowBox[{"0", ",", "0", ",", "1"}], "]"}]}], "}"}]}], ",", 

   RowBox[{"FrameLabel", "\[Rule]", 

    RowBox[{"{", 

     RowBox[{"\"\<\[Omega]\>\"", ",", "\"\<X, Y [m]\>\""}], "}"}]}]}], 

  "]"}]], "Input"],



Cell[BoxData[

 GraphicsBox[{{}, {}, 

   {RGBColor[1, 0, 0], LineBox[CompressedData["

1:eJwVjmk4FAobhi2VXQopqVD2Tikh6/ta0jRmxixmMTtZSmRfQkQlW0IUobLU

KZJ0slVCVIq0kJwkisoplFJaqK/vx3M91/3nuR8dryC6j5SEhMS9P/l/E1RN

amP8AdfyAynxSAKnN3K56WmAOcsfxR1yJIF941hoUQVgXlj4+qPOJDATnTW9

8Q7QTHTI4DKBBEeeqPTtM0dM6m8/rEwjQYxOBq29FnE06Vu2oxcJ3BqTCK51

Dihj+vJHaTIJunQ/1TNuO2CD3J4Hv1NIQMzwNOD3OeCE32mBKJ0EziJcEPjV

AVuMflXpZ5HAev6vtkwLR3zHtGX0FZBgDW0PPK5zxDs19bxrVST4MRZk4VHv

hCfVDH0rnpLg3DWl0asdTvi29NaromckYGZWZms9c8KEnvqhnEESXDJ7Oz40

64Qbv8j7po6QwDdeWObr6IyTJrlfTn8gwSNVskr4fWdsanrWGCdLhnP2xu8y

R7bg3875dbO2ZGAt6jj+cXoL2jbpGvkgGaRHfbbQF7igvmts4iMnMghTS06r

G7kgr+rGVC2RDGq9S9lFu13wTufcposcMiTslGk//90FYyZ2xYsi/uzljha3

LySg1SDXYriGDC8YKwJ+ryJgR3uNdFotGXxVWdbWpgQMZonKLRvJEJlzp6+a

SsCNIwq7T7aQ4VhWxcLCbALef6GacuIBGZ5mBCeGqG7DAxdll1AnycA5OOu9

UoOIeiW3hzrXUWDY2dzMw4CIn3uvxsxspMCOebslcy2J2C5I9jOwpED0/qFi

OQ4Rqw4CIRcoUJB4s286n4iFj1aXlVIp8GxvCqFT0xWX1Lg254VRgBeptjZ6

JQmb3e7Yz1yngClpWYznOhJa8vdTT7ZSYJ7uyg6iPQl9fB1WEW9T4OJ9A+8V

QhJ+MmXLXnpAAQk9m6KbxST0MPzvRO0rCpT3eCoqrSBjxHhH0AU5Nxg3rR4v

WU5Bu/t6W4J5btCy4Ip1ugkFG6jLShrFbpD3vCEl3IaCxp1LQ2R93cA+5eaa

rTwKZq0aTq4LdoOsoSf88RMUDPlYBMxkNzDPnO2y0HTDvKzDTaWX3aD5S3mf

jyIVpRLen34qQwXHvBtaMupUlOTdqV6uQIX2Tf1e51ZQUefwttjtylToCFP4

8G4dFW8aj/B/qVHh8VSITDCNioYEs0FPXSqMTthvjjlGxcFv/RmjdlSQe9Nf

kKlNQ9n5+95KRFMh4+CnofVGNOzZpeJ1J5YKynqK+o820PBWR7d7TgIVFnvD

ZVUnGu7GuibzQ1TQenXmXr4PDSsK8vj/HKPCuhehP0sraPiSZDR7pI4KjD5F

Qf0mOhrmPT4s/ePP//Ews1u2dNzE8NbQ+kWFjVIDcj3OdLTqz+ZZSdFg8brz

dZPudPSmVpkmydPg4cEtKvoRdKTMDA6Ql9OAbB7flltLx5Lw3wM9djTYmvvB

KNSCgUtGJKg9yTSwqGBJ7LNn4PXeudCcdBrotzT1HXZh4GhHsQc7iwYLxtP3

n2cxUDNBI/9TAQ3anQwHhyMZuOrBsvdBVTRw+CzOcqtnYIXJkebMJzSwoT/+

unazO5Z1qUqcN6bDzSJqwFt0R3GWmuEFUzoQ33a/LNnmjhu4o3X1FnTgxnV2

LeG540zMT+KYIx2iz7aXSsS7o5Krq14Njw51P+oovW3uWG94R2Iqkw4bygrP

xrox8bhE7NjFWTo0TCzTsuAwcdtB02OvpBmAm/OzP4qZKPVwZoWOAgOo93Pj

fEKZSNAcXda8jAG7Zw7T3fKY6Cj93CfRkgEXXPf90h1gYnPvKo55BAMMpr1Z

93xZ+D4q4cbyHwzo3XZXgR/EQmkdi4W1Uu6QdOqv1okoFn7yPO3AV3CHF8Sv

JotSWXjK+Ht3r5Y7HCs5JMmpZGFbvY5NKLrDAreKC68/sHBY4dLWvWnuMHr+

g5TkHjY6z7x0f23MhJzfjIacRDaGhtdz9pszAZkNgWvS2Mhf2k7YhEwokkjs

31rIRvPMeXUPmExgsBdfzGxi49rnZTs+JTLh5jxzDy0pDioofmhf8oIJJaKY

ast0DvbWRiUc+JsF103WfjE/ysHj/3QWyV5hQf/MoPWmQg6qFx6RLW9hgXKW

w23TSg4uWjX1QOcZC2JaZAeNOjmoHBEQjspscNc5Lq+l4IH7JiNMCLFsCJog

UDVVPXCgtKbXM5UNaY0/8pYu98B2jWWc48fZ0EoT6qibeGBV24fN7CtsWJek

t1nZ1QO1aeubzD6wQXbkHx+JdA9s1WuDan8OrK72qfyV44HSH7lOl2I4YB+r

MTV7wgObUlOmH6dxIEI1Nu57hQfaXVZSTKjkwCsnx6Of7v3xn9y3Nn6SA9fL

H7aMynNRnC2zNyHWA4J8J5bfTePiY9OH7+xquaDrVycRfpSLT2YEpZZdXOjz

S3i9soiLuqd+dgaOcMF256Lq8CouhrXY2R5dzAP5AHNH7YdcVJ9m6b4I40F5

yN4dUeo8HDn7TXG7Ex/YoS5k3ZU83PHY4MxpIR/kwxZuvK/PQ9fq8z5rY/gQ

El7yU3czD1s03taaXeaDfdStzG4uDwPPl1001BdAf5xSrd5pHuYuajwnuUoI

6Xv7Ch6e4+G9dKVLPSAE+/hT8bE1PJz4ZwlRyVMIZxI2EB7d5OFnI6Jkc7kQ

QpOYA3GveWjnJXjG3CACxZRiyV5jPjYaWiaeMRVDc4rvm3gzPgZsTQvvdhZD

aOr6TiNbPtoMXVhq7yGGf9NacxPIfCRNPxXOJInh7OHXBibBfLyy4m3t3L9i

wKN/UZJq+SjceZc+fNwTxPLObQVNfIyOX66UUe0JiYnczTW3+OjXODqYeccT

bgYd0h1+8oeV3/iXfPOELaSXX+2+8tHq+3tZM5EX+LbN7GL+4mMycqce7PGC

ZGvllwELBLiicupxb64XdBjadBYuEaDxR//N2l1eQJyfd+q7hQA7fVZOzMft

4B9XqbYIBJjvJzhgLNwO6Z9bUw23CnC7VEVZV9x26Ho5GcZmC3BfX/xc3rXt

QLlBINRGCfDfqLtXT4A3MKJmPwY3CHC3jLVCq7cPhE8u9k1pESBdQU8/IsMH

cn2MBk51CNCh83LN2ys+0Mdg3eruF2D6sUiplbK+wDG9VLD2uwCvaU+tiGjw

hei/bys7SwrR3urJvNY3vlCwcnA/T06IJwNXb5hT94NnivK705YJkal+iegd

5Qf8/7Y7jlkJ8X3hOudHLjsgThxT/9tBiFvapzcm7t0BxU+z1moQhXigaO8W

39od8OJW0xIXrhDrjnAHvhvuBM9SjfdlMUL8dm1sOEXbH5KWrRNfSxKipFGq

gY6XP5RmOT95nCZEck9IEvWMP4zGhzRLFgqxO9mTVmO6C3x5nUdF14Ro4W+7

kC4IgKrBOwRKmxAlyjf4Pa8MgGlR+5xtpxCzrqJy9GwAJHo3+WkOCNEhsE5k

VR4IHW8ateRGhPhFni9/+GcgKO+sezTzToib7R6sozB3Q1Fgtc2TH0IsGzlx

a79KEIx8qPzYJiXCsf/m0jaEBoFx6Lkzl+VFyM+eq2juC4KGyJKFWZoirLbU

PZ/oHgw9CUdHiNYi3POJamVgEwKaUln5Vo4iTGueGs3YEwLiAxlkQ6IIWTUn

DGSvhsBkysH6+VwRPnFw3nbRIRTMFZICpj1FSJ6oi1BPDYW4w/E6IztFuPHW

jb8UekJBPicqvWWPCCWtZNibgsKAphaO1YkidGutbK5vDYP8Y8FfilNFqCFT

auKvEQ56hTtFsQUiNOWL87TvhwOW88wsGkXYllr7fvWOSDikzxlb0yrC77e3

VvGeRUL3Ofdi1bsiVJZW4d+jRQGviiwz1S/C+brXNLpo0VC6nnh9aFiE1Abl

KIuBaBircQnpHhNh5Hj47ZRdeyCyDgYqv4lQYdxVUaMsBoRaKwlkCTG+e8NY

k+MaC0mColLneWKUGhmsjZqLhTMnNedsZMW4XMmu83hjHHQM5bPNFMXYLE1W

H9i3F8a1NS4bq4jx49myiy7u8bDQK09RV02M5vLXcyXME4A1mt2qoiVG67TA

nS+y90GMnoqWrLYYCVaLL4RqJkKxb2bk79ViPHm1+fnzC4nQ8rfio68GYlSd

92uLJTEJRsfSTCZNxFghOiLb8TkJZI3lkl+vF6Po2L0vcpX7wWTXoeHnZmKc

+Uw5Wx9yAAbt3r2X2STGWLWLW1/GHID/Acrvjpg=

     "]], LineBox[CompressedData["

1:eJwtmHc41f/7x60+koakKNnaKjMJvW6zZO8Rcs5xzDjnvN9GRnbKSImsipSE

0pCijJfsVIrIjCg0KMRJiF/f6/r9dV/P63rc9/N+3n/eUlSGBZ2Lg4NjPScH

x/+qyq13O+gjLhAidO/IUHAM/oYqrOK+ukA+a+FQDxGNHUQblt5PuIDKT7X+

A8FR+AW7tUB22gVeTyXP9qRH4oPt3RYE2wVizS1XjTRH4ILi4UU87wIJrP+0

f62KwMJx4/lrll1AeVxwD2d5GGYjjoUCXgrcOLuC4DEIxW6iq26x+Slws34w

IEIxBHeyN5jqClCAofJoYG5fMNZtF/uTLEQBg+svKxI1gnBp8Y6bgyIUeDwS

nZhhfwrLxikY7xWjgFTEvWd3YwJxiqv672ApCoTvXdV2pjIAE6Kmhpt2U0DA

xH+VvIk/HmbbzdL2UeDrAVFD6Xw/bN5OzXmoSIEIXrfTG3j9sHxcwC8jdQoM

aM11Kg0R+LprxLUsRIFsgweS++0JvA7ij3zRocCqlgGfqi4W/sG+diXaiAIb

yMU3NaNM7Nx+W6/N7B8/vbjePYCJXxc//CluTYEzx62cOfiZ+K5rg84zJwp8

flgYdDnaF3u2j3+f9KXA7EzrxduV3ljAU2xghqDAd7Oea4zt3vjJsvHbuQAK

fKJPXgy67IW59t4v5QingN3aZWetKE9cUDeYzxNNAZe0w1WRyx7YxEEgc+VZ

CiRPZR5dGemBs86yTgtcoMDHrEmm8EV3DOI3GEIpFGiWKviNxNzxaGk7RSSd

Aluv3VmaKHbDisNK+pI5FDipIb5arYeOWzTYa+XvU4DX4/ZijqUrZr7bzqn8

iAJGkwqS7Dka3uRl+0u1jAKe3bpmDddpmJpe3oUwBZ47UqI8f1PxwlTwddM3

FNhI2pQbVlPwjXN3Llm+o8D25/mSw34UfFSiP8a2iwJN/S1TenspONVI0/PE

4L99xkrXKd10wXK3lxUYP//l60menNU5gds15WXJXxRo1Co8eLXFGZ/qcNkU

+JsCTk/FHvy2dMb1nLXzYcsUWOQiHhG+TtjJMaYuaR0V1o4W39xXcxzz/Cp9

fGkDFd7bxCrJORzHRXEjt9OEqVCjnnYRsR0w+4l+YrYEFS6P+P9wU3bASev5

rO/tp0KGX8WGTU12WLlA7UiJEhWWVTMHtjDtcO9hL7UnqlQYKlhBr9tih7ef

fClWjagQPTYZ9dbPFlc3nh99bUqFvbSEgYJDNvhniOCpCQYVcJpI7iyPFR6+

2/r0iB8VvCkzPbzVlrjjQ/xC7ikqKFtMqDqcssTliDvcJpIKq34FJl2btMAR

3DNn8CUqjP4e/fr8hzkmlB80bU6ngrrCsiH7gTl2pZ/k87tCBS2ZI/r7/Mzx

0abPiTvzqFAnXOB84a8ZFkjoTEl+TAVJ7qu8vqJmmKsyufP7UypwM47+3t1i

imfGjYX1q6lwc2TpquwJU9xt0pg130iF1yqdiZPnTXCuYFkurZsKtOH8sNG/

RlgxK+O+ygIVVBRTRbglj2HZl1ZTF5apcEv3NP+3FwZ406KA0jduGngKc9ku
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HLV5RUWwD5e7FHfBH028668J5iFIbrckrXvsj7avZPcckHeA6ujkbfFKLFwY

aPtdY0gCZoyLh5YGCzV4YQ4cTxJIxspufKTHwrkRLfO0WBJEx1UtaG1mYQ09

P0/tDgmI8fdy+/xZKDtALuhhOcJg0opG3ZMsjDPMSP1a7wQ5yQNlj2tZaPJW

7vzeF05ATDmRsreBhUIs47Djos5Qs8+c/KSDhStHxo+XBDpDTBpjKOkDC0UE

rcTea7qAdGalwPP1bJSYDf2c2uYKdzJDP6ZYsLGLEZ9f/ssVYrJMew3t/+va

KUgyJcOL7PbCfR5sJAmNBp+uIsOZIx/0jaLYWNqr1yac5wZYsMEzrZGNZ3Sa

qoLLtgBf0ulu2S02DroJq+17uQVSU/03N9xjo1okVfGomjt0RGZove1nYxvX

X7fmtDs4u7+b/d8sG63GlNIotz0g9O6vCMYSG/Mb3Ksui3nCIVuZd9tFOXjz

q8WSnZcndBvY9Zav4uC1Q7GfX497AkWk6MScFQelxPhlR5So8FfSeUU54KDn

HRuyHVAh50d7loErB+NEIuSOh1Ph4buvsUwmBynDP04ntVHB8zaZ3BjPwSir

F/r+8TSgxy9+i2rm4INfl4OMZegQ91U+NLONgzO6Wcm+znQoDDEcOtHNQYE7

9onHkukwQPe51zfIwV1fxFa5TdPB1+xymfEcB6kZTfPNH70h4WyXjJMAF9vl

nyZs0mdAmcbrAywJLjpFq9KEwhnwUlpyZ/YaLsp3z4fe+8YA9ucg0pgNF8cz

z9mryzMhiZ94fdmBi2kZmdMxXCZU/ptnrEzh4iBJOzi5nglv7t1a5eLPxaKQ

jVNfPHwh4JTyl9OJXPROfqD866wfpK0x4d9M46LqsI5hk5A/nMpz6n+azcW+

R4UJ1wL8YTQl+o5AORcTpm+979RhQSirt4B3878WEi3ue8CGC6/vkz3vclGv

7CbhjTUHZnidf+x7ueiysDPzRS0HUoNvhakMcVEqL6deppAL3R9b1CRGuChA

uOaTJcMDmfCmJ7/GuWhKkdwVc5gHFTsu2fXPczFxa0ZZgRsfRqbOf7sryEO5

bcvTmrl8WB9TW3NFkocUA+ad5ud8aN5dJZunwsM1Py42cbcFwLN9BSMUWx5+

0ZPfsLc+EFQE80ptSDwcL2zV3SQcBPz0wx4GFB5G2obsH+YGwdfMg9dF/Hno

3DajWqceDJZSadtnAnhopp1arZEWDElHUjRHwnm4SlW70mw8GCTz43Pa9vDw

mP2l+IV7IUBTjMNLqTxslqFF6dqGQmlx1M/KLB66r9Xv/udKKOiWh/P2lvEw

16At/eaVMMBqloVVCw+vFWe/e/UzHDL0fMd02nl4s+ADcaj4L+ir9a5UeMBD

B/0ksIEIYF3wEJse5GFMSe7pjbXb4ZQppXX4LQ8D01uzlsJ3wFiDS3TfGA9n

nx+KzrXcCbubYOj8bx5ukxPtV5yMBK6aBtmDwMd5DxNa2I4oSONUnHIS5mNo

umTexHgU1Pyt8sdOnI9SD9mkC5HR0D1cyrSQ5iO2nJr2WIyGiXXKV9av5CPF

+Cwx41gMyAYWSWsp8lH2maOUoVks+Iwea1+pxsegVnZA9JE4SNRdqSa+jo/h

fO/fNM9dUBmau3tZm48s9wPequq7oe2s9JNZfT4m1q2/yF7YDaNj2UZfjfjY

Km9sPzIeD+LrJQ59MOUj+bJOS9dkAhhFZLx9ZcFHieKfcntEE8GzXsTuuTUf

z3RcsnppvRdiJg8U9drxUfpLUCDtYBIUmwh+6wA+ylQcbZj8ngwtkfspNxz5

GHv2bWXewX3w6vJSdYMrH63cGOIFVfuB8D1puXYLH4UUaq7Gl6WCtsWC38mt

fFQKqjk3czENXOL2XCuh8/H4TTdS/acDUN3YWGHP4ONexYuu7xLT4f8AqBfP
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WmhXiEK2Q1FkTyUJFUoklaTtU9/7++f3131ez5373PO8z3mfc9/PqDEC7Lwk

xMTEnoiLif3ftfVCkmZEEw3Cl1wmdYUdwfujCRJzmmlQI11upjFzGDc0nS63

ayNsd25bzctYzK4475TXQYMC5RflQQ9jUDqhWGygkwYW5z/7Zb2JxnBWZdmu

bzRQO8fs1/kbhT+M7zgk9NHAba9zfaTgEO5XfDzd+osGH8Py/myWj8Snoy9L

1g7TQGXmL82rKRwNmtrshKM0aAu/h/Mvh2FJRfcUTtDg+pSRB+YfxGUJ/UUL

Z2hw1vNIcGlZKI4ai02WSNLhrWKQ4YvhYGQrzi8cXUCH2zLP52zeGIwto4ut

TWTpoKHNbBAPCUKTJqXx1CV0mK01HPDzWSBWVWhc/LycDvrxDW6PtQNxbcJm

yw1KdCjmXs5POiPC06xd/8LU6LAq7HSc6zwRChWtKQrr6ZDoVfF2Yo4Qu0dd

/jI30uGrU3V2eIoAbZsYuZVb6HBCX27KRUWAugnBf6i76JDmFxJuYMPHPFb0

+SxjOgSzxlofdgbgIkgkfd9HB4Pza3Q81wfgwOj5c4epdNhOO9b6s9UPPZqK

Td/Y0MHR5U3FDQM/fFFR+VvZkQ7btv+rjsn3xXLW43233ekwN/zvV9s4H+Q2

9f8c9KeD6QmLg+6nuCjLVfo0IqTDrbubup9qcvHGjOXrsWDCa3zMBmo5KLHh

SpVYFB2+7dLgnBfnYEnd56LZh+lADXfkvSr0Rqv9spnzjtHhEvkZV9LSG7OO

CSJlU+iwKL1z/O9FNoLyhYAlp+nwaaduJseejT1VTfTl6XRIVhCOucxh45bu

rWaquXTYkXqzDvhe2Gg4KqN7hQ61pmU7vT1ZyH+rLq53nQ4zMYv6R1RYqMBz

/qN/kw5vHsYn7e1mIiP91jtjpEPlL/3fLT5MnBwKy7N+RYdBg87jK1MZeCH+

0in7t3QYjSJxProzkKzSccT5HbHeId+ae7QZmEbdzfX8TAf3D+q6Oc/oqFM8

szngNx1KlG1HhMvp2LRbd63oDx1UlDb92jFAw9BmmkLIPzqoWrHJo49o+Ei8

duLQDB0kf694tTGIhu5uR+qSFzHAL3Q6Oxc9cfafqupTixkwo+h9+nOoJ5Yl

fCs+u4wB5T+Szmdu9cTRG2bHc1QYwCo5sdqqwgOT5aQcL29igE99CyX1qjvq

lewgXdvKgIbVXeXBge7YbsTbcUOfAeYOieFHd7ijuu8zpfvGDDDe6bpout4N

79ef6HlhTdwf3J8XO3AAf4fLh/4KYMCv+1Lag9z92F3+soYUyAD9+yYXXHbs

x+aPiZP5oQzgVwuNCqT24y3jWVFOMQwYP2w/+bzcFaNnjRzFUwwIKNpx6MmU

Cwr1rjasSGfAN/ndYeVNLsjy8pUKPMcAxe6+F+RSFyQ3fD2uWcCAXHtZtwwX

F5RNajmdWs0Ay+xzJqvQGSXuprb8rGFAIl1RhpLljCP9lsvM7jOgftr/sFyw

M7ZZ1WdN1DNAdGpWkPMmZ8yXv5nPbGOA7rxd3j4lTrglK+PKtkkGrNYNklO7

5ohrnzkMpcww4IrJ2seuZxxRYUp2649ZTBC56jdMhTrihHvCjRxpJhz7wZoJ

3eOIdWph9ySVmfBRIjha9p0DOpQeePYemHDK5dadFYsd0Kx92UI9UybYzm9j

yUzZo8GCZqtkcyawkmcdtPlmj6v8qE177ZgAM+Ibbt6yx2+6u99fYjKh1snq

zneGPQbfUu6NjGOCt1FNSH2dHU4OvHhSl8gEk1tlS6wr7TB6XWSZVAoTFie5

1C3KtcOkUx/8zqQz4WXWpqJt4XaY55sxUl7ChJ0vat5MbLPDRlV5iY5GJqjq

GudUVdmitfPDL2qvmHDr4poy10JbbD7Bf+z9lgnzsntV15+1xc8TL+P/fGBC

oVhRpUWoLY40Jy1a8IsJ+zdPPQ81skXlhDlKOxexYPSpUcDcJhu8iFXTUYtZ

wMpr27HysQ1qjjI7Hy9jwb67mfttbtngVmbtRVtVFjxY/uKGWq4NkndHredu

ZgEj4LU41d8GhUNj+hn2LGimvpzxkLfBx679dqPpLDDa6l54/6MVRlNqI4bP

sSApZuC47nMrNNydUTSQSzg/ru3pbSusUjWZ6ClmwY5V7HZ+hhUW9J7Lf3eT

BewcxZwjjlZ4JIgyeOsdCxTHVizktloieKutrP7Aghecnh6VBkuccvm3r/Iz

Cw7+SW/9d9MSAw0vppf2sqCxeN9ZqSxLZM6aNMr6x4Jau6StlzwtcW9q2Ynw

ZV4g+LG9OneQitOx0TdDFL3A4c2vWXu+UPF2oFOXSMUL3AtafKZbqLjFRWKb

r4YXXNEs83t+h4pqKvs73PSJ5zf03KmIp6JYhZS2kbMXnGvKOUHVoOL9J5wn

YuleMM/0G3gEU7DeoXGP/Tkv6PYs/6ztQ8GXndp3CnO9oC/YWVKeRsFPYwMV

FiVeYLtUYa6GBQX/0ww6nVbjBatcKYf8VChomBDjodnhBRUKjdcNX1qgydIv

78I6vWDZ5qefQh9ZIDXfxPbFVy9IXbJzV+NtC3SrkTQR/vKCI2tIjZeKLTCi

74TW3WkviM5o2+QVa4F3zLNGrNXYcIZcLUrcZYG1LZN+F9axYd5Tvwuzt1pg

I929d0SLDVsSSdTU9RbYflC1PXMLG1TaDIO7VljgRGkRftnHBjnO2xmXcXPc

Of96YgibDV2U1ZSjd8zxVuMz1dxLbPAukkj+STHHUTmH7uIrbCjeabyu09Qc

t7l2XLx6nQ1B8+bbdBmb47XefvXaO2xYwreYL6VnjuWzZTZ8e8YGyjGbRz9X

mWO+kc0O7X42xLaF5fQPkrHzaNvE1kE2XEoofJ33k4zKL2h3DUfY0Df+yJnW

Q8bsAwJjqyk2NFRzVol3kPFs6ClTgbQ3dFyNSm5oIGPitWbbmzreoHRym6Zr

PhmfjLstfqDrDQYL4o7fziaj5J5vzU/0vEEn64WBegYZj7z669xu6A0H5X9r

r0oh46F+BY//qN6gzxp9Fx1JRpG6K2+fnzfUKwTnq7qR0S3rY+yrCm+4/Jm9

yU2VjD3hQ6c3XvOGAyo6PhdWkVHgPqfwxA1v+DtH+enwcjLGqW5ooKA3rFOw

uF4pR8bKoogFT157g6XOCSyaRca51xXTHvzxhqkK1GT0kfBk2qZClTFv2Dpr

o5FJDwkVg/fdODTlDQF2JYWbvpBQd4dPm+EcDuyWPrxr9UcS7sfbq2oUOLC6

09A46A0JrzxzLazcwQGevvnQkzsk3Fnhd0PWiAM/e99/3llDwkfJMQ0Bezlg

vrdEUH2DhO22pX0bKBxYtsnR+VElCWe3jW0oc+NAaZKrIrmEhMk10sZSdA7w

T4ctni4k4YpzqjYcLw5Ei1MZdy+ScKMHWajuzwHngMrPtrkkdPmafuNCFAd0

Fw3TPp8lYffjSw3iRzhg4GOx9F0aCf2KsY0Wz4GJMpP21lMkjOX1TiinciDp

a1/gQDIJKwa3G5+7wIGsGxVSkcdIKPFfS8Ppxxz4/mqkSzaMhKpfO0I/PeWA

sU/ighOhJDR69kVL6yURjw71qGwICQ9mDiXdb+XAp/trrTcEknBw20Kbvl4O

fJianXDPn4QySkvE9fo5MCmyihb5kVB7tuK1Q4McCH1neUbXl4TsJs0lS8Y5

kEI9KfaAS8KP/iZtRvO5IPNr2GCrFwknHCkJCTJccDm+K0yNRcLlu+12Nstz

oXXY7JICk4QOC2jZXEUurLD/U7+UTkLhMNuySoUL1je+FqnQSJjy3m96eg0X

jvJ30HU9SdhYHE5L0+HC4tcMG7Y7Cb8nx8p91uUC48f88CQ3Es4NTqjV2sYF

zbn3fG4eIOEek/S1uJsL7ngmac1+Et7qvPa9z4oLI++7jajOJGxtqMnUs+dC

brne4mInEo5cfmAR5cwFt9bXx+YR3hT5snwJjQvSTlrw2YGEVFaLuyeLC2Sq

drgDYR6lQ6aMwwVKgYTpa3sSFq34wTcWcKEj0j3wgx1RP2JDaolBXFCfe+4N

j3B377+m5oNcqG5UqxAjLPZq+rDKIS7E0YclztuSUOnGnG28WC6k+Cu+Mia8

87x0T1UcF+KTahb22RD1cmRx+kwiF8Y3/budQTjYZyXZIoWIP1P6rRXhNDu1

8bTTXFhXbWy3gPC1HZpln9OJeCW/6r20JuFr1U0H1mdzQfns/pB0wgOS26WD

8rjwoUlOwZvwgt+G97CAC42Hjy7cTVizdZ///FIu3L5stH8FYbN7FiqOFVwI

P/x2bNKKhKwC29e5lVyYMOv99pVwbJJLzI9qLpgbrVduJpwn9Nyy7TYX2Fmu

OU8J33Nlf4m6z4XvTGPmY8Lt4JfWWMuFjd7XuA2ExzQCTZc2cOG56tnLrwgr

LAof9XzGha1l7Rs/EdYbjSkue8WFu0URvcOE7T7Gu/x9y4Vu3aMtC4n4Ah6l

SEEbF+obpEY3En7Eviexp4MLu9LZAnvCy6V+Tu7p5EIPpZoaSdj30vK/e78S

+S2uOlpO+IGl2cC+78T6Zuis7CK8ZFDUa9JP1KvegKQisZ7cU/mdpoNcKCh4

S91PWP7dVBNpjAuk5ty33wmzD65/Tp7iQtCQt5wBkb/bii6PzcV4kB6nkHOc

MJN2/SZlHg/qiinZpkT+b0l0XaVK82B31IRUGWHpQpkyS1keaNh03l9M1FNV

HzfbejkPrPzE/40Snnc8/YzNKh4szS4L5hP1577xcbKtKg8WBbG3/yY8V6Qa

Y6/Jg8OrbQKmHIl+t9QqzEGHB4kbdL8lEvV8+Wa4yFGXB98Nj6UpE/XvPNXq

5WzAA3HOgUxHFxKW58z2dDHkwZ1PL36OERbbs8XFFXgw9F++IN+VhCVHT1gc

IPPAcrhKToLYXxMyJps8XXgQ52QQKe5BQqtKgSbNjQe8Gl2Tl4Qv2ueq0Wk8

mKP5Y2sesX+pGROLmRweTKv0xdsT+/28WuUYO5SIT/Ft3z+iPwzXfRryjuBB

NsX53S+if5ixpX9yonlwXWfq63c2Ua9l3h958TwYbOh3G+CQEPSUa/0zePCh

fbJoO9Gf0lopdwKyeaDN7YpwJPpXX+jBKn4eD5yTd/geDCDhqXvNRcISHjx4

Fp72WkDCL2ZJScG3eBDiFDd+J5iEca5jDofaeDD1a0deXAwJ1c9Wnm/p4IHS

L585CodJ2NDE69Hp4oGJ4krapSNEPqgfQz708cCu6fFIL9F/E4xqswwmedDI

TzhTQvTn42uOdw4r+cCPsNnFpPMk1KGZalms9gHTTGen7UT/f5E9LchX94Hn

1csn1+cT/VZBMMtmkw/MSBiqqxPzI2Wek3oF+MD3g8kyrAoi/l8qvt5MH0i8

9+Di9H0Sbln/vuq+tw+c8hX2UB+S8C371H9LfX2Aoe2hmV9H1G/n7JRHgT7g

cKS84sATEp5p6qtUi/OBk/J17cubSJhx8/q/DyU+YF7+tK6KmJ+5MaTDNgM+

sOCRw0TEEjIGH9RY4jHsA16830LXZWS0EkgW+oz6QMQpT5tdK8k4RWuoj5v2

gWehTbCImO8uQJp/T8YXdodu0B7TJqPsjFmq1iZf6LawbXtlQsboCLNcCb4v

nLB6X1sYRkbnQHVd2UBf2DDMa9lyiIwbfec+VAr1BYPvJmmPY8jYcaC+2yDa

F06/e682FU9Gg11m6gEnfQFnUp9VpJNxaNy04sNVX/D8p/Fr3Q0yMkJM71QN

+UJUJTyP+kfG54HL+yv++kK01PiTa5Nk3C78uap43Be+hMzO+TlDxvl+qYcy

xf2g2C3ns/88c7zO+LjnkJwfPLU9rnl3hTnOtgp6QtrsB0/GO7WDdptj8drC

lna+H8Qv3FkRmWCO8qtD5zYH+sG+skiuKNkcI1Qo+i9C/eC6T9PhgNPmaLNy

KAOj/SDDZuBb2HlzHFu0263gpB+YMPu+f6o0R4vJ5m6/q34wfkDbofODOfa/

mT0oNugHBowQywE9C7zAZfJtRvwg4VGxsgHxfeoiXjuYO+YHS72OGibuscDH

ulFDRuL+0DC09BDJygJzUsaHI+T94ff3sQl1jgVaWw78HdPzh4Q3yVox5y3w

2pN3k4MH/WHwhmdWpwwFObTtEXDIH7RN6A9NFCioPJY2lRLrD/82TztdU6Jg

kobdfxuT/EFu/OS/Uh0KsuKeT/tm+8PVdRe3SVMouNTkoXjffX9YNJ+nU5RA

wVAsk+yaFQCrpVrXxchQ0Ute93WPZACRjw1ZaQpUtPOqzuhfEAAaHWknKpWp

qLPggdbY4gAgfYpQmreJip+dWiiL1gbAhwdDK7RsqGg2MJOy2yQA1O8eSzVJ

o+ISJcflWUcCQLF4MW5fa4ni/PbO3PgAcI9Ilk/dYIkDtZ6lhccD4EXKe8Ho

dkt8wuHtrEwLgB8brI53m1tieFWU25OCAHjqIVW7h2+J3ZSyvNFHAXDkUoSS

Flqiy72otFIJPiiyaoKk2FY4sjU+791sPoiap4yeC6wwtexk+RxJPqyHp245

kVbYmJ7/iL6AT8wfrT/8M8R5Tlg3smIJH+rkZNY0PbZCFQ1Jx8R1fKj4py+Z

pWWNPSeTl/qQ+eAUovL133/WGCuZrpZpwQf5ob/2P+fYoMqh3A0NVD7ki7cu

/Cptgy4+V03X2PLhC3Puk6GVNtho2hT0wZVPfN+oLInWt8GKiaWtFB8+3LeP

jAwW2mAg6/xZnWQ+3H79Z8Bs0Abb3XOFNif5oJ3XKus2ZoPgnG8VeIoPt+YF

siLEbFHaonDu3bN8WBZ4eeiTrC0WbKoIpuTyYeuPLd82bCHO0xN3nXhX+bBF

9uKPOSG2qJfaoVDSxAe5E+EA8+0wK/HT8LNmPoQ3HuvrWWyHYkc6X/5u5YPx

Adbtc0p2+Dz4a5z+Bz5YSbfv091shyy3/tH6L3wonX6/fJ6rHaZpTLV+G+HD

jGPg7+OX7HDknmL6mmUCsHnzPPelmz3+XbI5ffUKAbBP9GdUeNvjqI9Zupqi

ALSNZsVkC+1xfIUgXUVFAImsWXll8fY4HVSfrqghgCfDbbeTqu1RaqMgY7G+

AKa/KJZFyTugck595ixnAcz/z1Jye7sDqv79kCnhKoB1G3nbXXsdUI06lCl+

QABUK3Ht1BEHXDuhmDXjIQBrrW0qsMgRtZwEWZNsAYzmGPjlmjqinsyqc3+C

BbBx97P9KTcc0fyQIPvLWQGM30pxqypzQv4F6qOFmQKo32vI1rvrhBn1Gv36

5wSg0LZLr+WFE/bIfNp1PFcAlWMNUWFDTngk1+KDXokAJDI/vnTf6Yz3H6xZ

GVcjANlDrikfmpyx5+v0nqt3BKCx9eTmtB5nXCjVzm2/J4DXx788FE04o5vt

yZqNtQJ4auTmW7raBce7plzeNQrAPlX86GSgC+rNak3X7BDAVPy7i4VqrnhA

oxLtPgngvhfbdo6BK8ZSjvdGdAqI8yvv4WkrV3xzeq/+m68CqNhZsM44whX9

115pPfiL+P3jY9qd712x1DR+6bNpATRqvnzYnLMfleN3nvZTE8I6s5PSPAc3

7JLS+ixcI4S4WM+HQwFuWJC0TDt0nRDcvytF3UhyQ62UkdpYLSHU9f/cPlHn

hnpnLw+nbxaCoTzTLEbfHc0LVtvV7hFC2+iHUmttD5RWl8tp2CcEzQJWzEKK

B74snul7bioEW1vSBQUfD3S41BHzzlwINdI+PTLlHuhx7Wxlv60QbGinzlVv

9sTAB/PlljGEwDiTsStAnYbb9467rWIJYVVRiVa/AQ3H63pL1NhC8LA3MMug

0PBQwyPQ4Qnh4/vx99ECGia8PMTfIxRCjLNVdzHSMKdj+JVPrBCiHaPWTnvR

ke7RpSg4IgSlf63UxnA6ru185R0cJ4R7WQpVTal0LP1SPhOdKIQzMex12ffp

WPWDvensKSE8q0uS36jIwKdj7ckPLgghoCv+jWkXA53+qy27UyAEfWPbn00T

DOwWv1R/o0gItHsfTlxawsSJ+eHT5WVCaNzbecnEnInrlRT9M68JYU6r7gPD

G0w8vueApbBWCJtVFUrT8li43Gwf1+8REb/+ECcBWVhgoX2UUy+EkQjOne5P

LLxnP3nXo1EIPlrLnzUqe+GA1zkdSpMQjlKXW5Ze9EKbxA8L1nYLQXZVZHFa

HRs7kus0VL4KIWhmfmprHxs5py/tW9kjBGPrRUcuyHpjTHZ4uOwPIZyonkv9
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FrCVp5kAXId0o2d9IWC4YmiRUbm3Qxp97mzyTt/fmxzg582h+Lni5MdYparz

ioibYq9Ydu+IS+PYoeziLN7oF79ocbj7roZYQ56BggWeDA+81uh1lw/NR++i

l+EvYUQl15HAgNK+uzvQ+3jNau8n8L7X0fYDEryooubCvQUok0CQECn4QrqJ

z2jHFQiFcc85hjidiHskWZIQRCJY/CtiRZwAsePaTxaQbKdXyOaRokt4elB8

gCSgZJAMYlfJvCUwloQKgfUqQ2Iux1oEBROJIXqE2YESovaAv2GO8B1Mk0jN

LZAOEBsVCCpG2MmbC/0Av+QSmXK8JBGvymkid1cEnC/aKzk+cjvkeeAD/FEi

t8IQ9vvpfTFsPIQIYUKoEK4IPOKkFZ8R/Eniioju5kB5u2C8Iuoh+aMzZ7T1

SaSN7IcSoYqROrVIUykh6vZ6JH1pcXrcs4HeqToIOiJNmFxAXm4I0WWpiyXE

hdmUTFWyfnGcGPv4TqJyRNU3BArxw65NElLartU1U4KUe9ONFTFUkkayvFEt

8WW30hOdlRW4o2mp2oZCEp4EkcBEom2ZIRInxSUYlGATHgNsS7iPeQdLLJJ1

UTqwJVAuzvYsFLmAO9/2iGOUegdNhHbNlARY8WsHpCY9+Ms6DY5PcwZReFep

Ly81ZHGVU4+kLCSNg3cVVyBjTOIryGFjoBguYrvZUFypa0F5pSwj7ENVfKdF

puGiJN8J01M32i4xcF3VlApMD6QCPEsMqbgEt0cSXNk17EvEL0jAFVD+GCgN

59YXyDCGMogkYBilKgXjiCGQVbkNFYCr8Fb8tB2vy92lqH0BBc2VLjaE4grX

C/2iBQQAoYiKiN/DYymptMqErecr6jAbUnvC0BA3AX2AJD6cYQyYQ6mjyKs7

mllKKbt3v6YkNQzx2uJIXHU9nuqm0bnIENBQU77iq6iCRVtCKzJ8MMQwdELL

jC7mrcvcFywERIN/pQAFZBs80XSzMCzHbs3qcC1M1XPK7t0vT4l8xAGLD+Ea

D+ymNOMSd3VZzAU9j07LJvvWYwiQtsyW5kNzkiG+pPPwTRTeXxQoPhf3dmPU

Q1z+hBq0jSzMFZ7syO3WYkkRAZ7BhT8UTtDBzKBYBlehI1l0i6pJMV3Klc0y

IwlhoSEEt+C3DiGACLySzOdAGAjE8d37Avl/t9MF8Cq+ESOMZtmujDmcOQXt

PU+1WZMi79PmUqrhMgwRFYszhbDAFmTJ089qAeN8QyK/5roQPgpylKlb6Bv8

FKnDBYHicCVemnaFGmAUwbhck9SABNfWfLYLTxeI64S2QkMBS/IAwANkXMNp

NBQRSkgRu8Wty1trEBAiDvS9TFSD0zWBjK7SjCJEhAnZlmS0qeqJh7qOrkv0

DSzoUHQkMKEjgYcDLLU5uG6w5VZS1KC6GMN4BMY1pIa20JlOPhNXFvYIW9dm

9F+oJrt+roExIBOU6Ed0CBtKa4myYtadL1KFmYecxHiRCTw3kFOXEdH6H3Ap

y4Kuz+DU0tRLm3DQjdBQWcMhnt5aA65Y4uVIGLti7MiTBXLD639kUTCdiOov

cCSS1Va6eDn3Oi/cQJcAPDthtbulZmD/PXc7xC/1DfwduphieVNEsgpLLRpN

zh23Ui4XLNM0F7hANwAG367WZ1pcjLjboZuSlkAnVwdywfZHllyQ48takusW

yJLjE28GU8ZmC4+AP6GlChbiP3C3Q0/EZMCcrAxEzAv24CjjhdH+4uZ2YmH+

mRdoEYYC+RBmC50Qn9hbNdhyUwkVsAIjAcl47iyTLbKY5P5v6hAzLrMpSzfR

eia+V62utZjh1a4YWugjsgl9gZwsbapU3EEzeGpmqfTAq909UCNoMGHtbupT

vNvQwspTVBA8VJEOrwxdhcemG+FyvI42a4fIlia9JFb/TBrZBaGw8oSerL6i

wG95IFZOSTGukKVSqJC15+eaJtZ4JwCPSVlg0RLrZ1lXGvzFq/VD15kyVhXE

ZWHd2tTXmB73t9o1YmHlqV0YzliuoSt72dcpS5u142xbsx/jw1Irhr5aWD/X

lCv0h7CGrpFeZOjAzgysH2Hd9I92k4N7Gxl1fFB22cDKc/9qjeLSfFjV7tdA

rGq3pBy/6502ZWLlHUZqwVXomnjOOyFPxMXUd0MZWK9l/vzTMRiXsn0WVt6l

pVZHhu4m6DHkGohVybVsjK0UrGpXWCjWhcaYyNqzz+tI1M7Urqbex0dIWVh5

t6BafBi6e4SxKrsYiFXtVmVc1pkQCusBY1yG7sBZaNDIwnq9a1PHavGzld9K

wYogFQEq6U8oVl7nrGKOW5NY6TGMUFnVLmP0WwgfNkZj6D4rRohMNf6ZhKEY

Vao01eFu/Gy1TzwFqxqNoVi9KDseUbszet5N19RUz0fu7BmaYzEgfsEQZ+h2

OjlGx0/+gyBS6YyfCLeU/AUfC6ESYk6EqsMDhag2E0duVwVchiXERwwhhu7h

rBv9fFsGRPd7P/GeFWmn56bgUyLMiU91Uxi+mrLsjZfsgLd6mY+qULeEbs9l

iGrrZSBEdUpd5M5tBqspENXu0ZwQVekoEKI6uD5yp9TBxloQ+UAZpRihm8K9

NIwWDeNT1imWDFH97kfkTpdDmJ0CUY2VnBCVLmZB/KhrU4e3UfqdAk6N/Vzg

6MlZx/s6SFV/VXwcSFqo/tS1qaNYQo9G4OtUAjBDZPQYRuWPiDhVSkGlDtTJ

iQoGL/5dmd0xklSp+cMvLlum4FPDJxQfp87qcLnAXvWP04oVNQUfxg7GK6XB

OfGpsm0WPhckV+ScWPFnFjQ+7UxFrKEnltTiYbAnDJCMTIn5UwApa50LUKJE

ESgr/+AOPDMFmsoMckJTB1GGQav79tM/WUawPcYjzD8JO/TIIL5OeYKwzqz7

IX0KLOXmc8JSeawPq4MHHTM3vq3xOynBjVLLnNyo4NnnZi4PUWX2fVPmO5AE

+8rC5mRfxWynmv3QlYvMvn++rZ84J9iHMcVlFFXnZF9NNswZ+9Wm++8Wg+Ej

i+2dO5VcVxZCz5NjjlUgsjumPrcd/jH3fPFEfg0iybsKd3Lyrk4AO13GOvMu

vj5e0GrwruxcKO9etTx2JsOnnPeSbdeZWYm805hVOUBOZlXc2Hlmww9SJn7d

QqWqP++RZFYd5Z2TWVXv85lt5xRl7igJJ0zs/DMo6ld0rNGdgl3V77N+JI0x

Sc05DZOKb3JiUi4xEJO4YD+aSGKy5i9CMSk/FYhJBpCfrScxqQpwTkzKkwRi

kogmDZMa+DkxKQufhcmtqK1h+PoGQ/AwHFV4zgkHBpcKijngwAxcOPHtl+RA

T4HDP+ylEoquQDgMW83q2D9yzCDQR+snjp5oAcKa2ggFoWzznphwqkzkcCZx

YAk46nzHnHBULSvr5z89OBjx8jwFh6x9qJ7wdSoJCQQhJs4EkZiZyykTNUMf

CEdcusyUJeCoQZ0LDpUysn6BnEHIlLSYgQQIddJ6TpmoWeAgmfBy7SQW93OP

VVid+Poooo/mb0MwfeUBAvtEVhO0gGBMX6RCUAa/MxCSM2VZEFT9PicEWaeY

gJCcJMmCoFxMIAQJD0SCCQgqMgiAoNxKZyAk52GyIKi2VFcig64FYWWn0gjz

2FRnXQ/HxFJ5FwhSgkxASE7wZEFQBbBAyyQzNDKMExCUZQqAoLxWFoSbmhYn

SZ5/fLaanEDKoq8K34H0Ebl8ZWjHSUXf/dB8xY9qonTSyjkFkoZocXA60o0k

aX9WJ4O0Wm+Qg/TDI3dNwYslSftzYqmkyQd+sn2C/oRCBq9qHUggr+DnsZE9

kxZpf7Itg7RydYGkMX7/YmTnhEXaX6iWQVqtz+kAad+sZpBW3nUGaaLMBGEu

/2rkuu9YBP0FhBkE1br9LEvKpPHor41sPWaR9s1oBmnlQwPFDNIgCe1Ikvaj

ywzSaiVXIGko0FdHr/9bi7RvuTNIq7ZA0oghvza69bBF2jfas0X6Sb6eo1fP

T9QUjcj9kCmk/ath5FCK+PropU9Z5MRGp5GTwCCQHAbKM4cvewReLElOKlod

JndkbNNnMcqT5Lx0cjbIeYljS3ISX3SAnBj+DpIDepyxbpETY59GTiqmM8j5

VhY9cmxsYO9MIrzx1MgcZ1CSYOUT8dNTGQNN/OgM0py2aQYKEzTxs2HQrqQw

xZukCVOW8QaSw7j63sR5GwLJVZLkKBQKpAWTgR+LtWiJt5ojWjPEKPWFDpAT

l5RGTmKsQHJwNa9PdK/pJLlcywWaf1lrOy4z2ngDZzRR6vdRW0ci3Gi0ybJQ

9rFpzMnqVusMwrUew9mTT/Z3aZNOoTOs1mZLa2+B1dZCkta0Uegjra0Cofda

bf1GmywNpe7i9nLcg0qUEntba8OtR4fCOvM06X2Lr3bEbXVf7fTXktDnsebQ

CVdtaM5swK++o2FvYw2L3WaKhknJ+/+ThtGz6Pvfwds8d/FsUaf3kbcfTVcq

zKJOf7mjAcwVIhUDXXOxJn2+391Nfx9N/7s0738BGTCQKg==\

\>"]]

}, Open  ]]

}, Open  ]]

}, Open  ]]

},

WindowToolbars->{"RulerBar", "EditBar"},

WindowSize->{968, 681},

WindowMargins->{{0, Automatic}, {Automatic, 0}},

Magnification->1.25,

FrontEndVersion->"6.0 for Microsoft Windows (32-bit) (April 28, 2007)",

StyleDefinitions->FrontEnd`FileName[{"Creative"}, "NaturalColor.nb", 

  CharacterEncoding -> "WindowsEastEurope"]

]

(* End of Notebook Content *)
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Cell[8335, 349, 137, 3, 48, "Input"],
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Cell[8792, 368, 145, 3, 71, "Input"],

Cell[8940, 373, 38, 0, 34, "Text"],

Cell[CellGroupData[{

Cell[9003, 377, 1063, 34, 71, "Input"],

Cell[10069, 413, 416, 11, 48, "Output"],

Cell[10488, 426, 514, 14, 48, "Output"]

}, Open  ]]

}, Open  ]],

Cell[CellGroupData[{

Cell[11051, 446, 25, 0, 90, "Title"],

Cell[11079, 448, 74, 1, 48, "Input"],

Cell[11156, 451, 38, 0, 34, "Text"],

Cell[CellGroupData[{

Cell[11219, 455, 919, 30, 71, "Input"],

Cell[12141, 487, 431, 13, 48, "Output"],

Cell[12575, 502, 426, 12, 48, "Output"]
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Cell[CellGroupData[{

Cell[13038, 519, 37, 0, 36, "Subsubtitle"],

Cell[13078, 521, 95, 2, 34, "Text"],

Cell[13176, 525, 79, 2, 48, "Input"],

Cell[13258, 529, 54, 0, 34, "Text"],

Cell[13315, 531, 335, 10, 71, "Input"],

Cell[13653, 543, 52, 0, 34, "Text"],

Cell[CellGroupData[{

Cell[13730, 547, 288, 9, 71, "Input"],

Cell[14021, 558, 259, 7, 48, "Output"],

Cell[14283, 567, 267, 7, 48, "Output"]

}, Open  ]],

Cell[14565, 577, 66, 2, 34, "Text"],

Cell[14634, 581, 435, 14, 71, "Input"],

Cell[CellGroupData[{

Cell[15094, 599, 63, 1, 48, "Input"],

Cell[15160, 602, 1246, 36, 85, "Output"]

}, Open  ]],

Cell[16421, 641, 56, 0, 34, "Text"],

Cell[CellGroupData[{

Cell[16502, 645, 193, 6, 48, "Input"],

Cell[16698, 653, 1021, 37, 78, "Output"]

}, Open  ]],

Cell[17734, 693, 46, 0, 34, "Text"],

Cell[17783, 695, 367, 10, 71, "Input"]

}, Open  ]],

Cell[CellGroupData[{

Cell[18187, 710, 58, 0, 36, "Subsubtitle"],

Cell[18248, 712, 51, 0, 34, "Text"],

Cell[18302, 714, 166, 5, 48, "Input"],

Cell[18471, 721, 54, 0, 34, "Text"],

Cell[18528, 723, 333, 10, 71, "Input"],

Cell[18864, 735, 52, 0, 34, "Text"],

Cell[CellGroupData[{

Cell[18941, 739, 290, 9, 71, "Input"],

Cell[19234, 750, 283, 8, 48, "Output"],

Cell[19520, 760, 279, 7, 48, "Output"]

}, Open  ]],

Cell[19814, 770, 86, 2, 34, "Text"],

Cell[CellGroupData[{

Cell[19925, 776, 476, 15, 93, "Input"],

Cell[20404, 793, 500, 16, 69, "Output"],

Cell[20907, 811, 464, 14, 71, "Output"]

}, Open  ]]

}, Open  ]],

Cell[CellGroupData[{

Cell[21420, 831, 27, 0, 43, "Subtitle"],

Cell[21450, 833, 302, 7, 115, "Input"]

}, Open  ]],

Cell[CellGroupData[{

Cell[21789, 845, 29, 0, 43, "Subtitle"],

Cell[CellGroupData[{

Cell[21843, 849, 232, 7, 71, "Input"],

Cell[22078, 858, 151, 4, 48, "Output"],

Cell[22232, 864, 174, 4, 48, "Output"]

}, Open  ]],

Cell[22421, 871, 207, 8, 34, "Text"],

Cell[CellGroupData[{

Cell[22653, 883, 1045, 30, 93, "Input"],

Cell[23701, 915, 41868, 697, 318, 32203, 537, "CachedBoxData", "BoxData", \

"Output"]

}, Open  ]]

}, Open  ]]

}, Open  ]]

}

]
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Postopek

Med trkom se ohranja vrtilna količina sistema. V začetku je vrtilna količina sistema okoli vrtǐsča gugal-
nice:

L0 = 2 l m v0,

kjer je hitrost:

v0 =
√

2 g l.
Točk: 5

Po trku je vrtilna količina sistema:

L1 = 2 l m v1 + J ω,

kjer je hitrost mase m po trku:

v1 =

√
2 g

l

2
.

Točk: 5

Potrebujemo še masni vztrajnostni moment vrtljivega dela gugalnice:

J =
1

12
(4m) (4 l)2

in iz L0 = L1 izpeljemo kotno hitrost gugalnice po trku:

ω =
3
(
1 +
√

2
)

8

√
g

l
.

Točk: 5

Za izračun največjega odklona izrabimo dejstvo, da se po trku ohranja mehanska energija gugalnice.
Mehanska energija je v začetku samo v kinetični energiji:

Em0 =
1

2
J ω2,

Točk: 5

pri največjem odklonu pa samo v potencialni energiji vzmeti:

Em1 =
1

2
k ϕ2.

Točk: 5

Sledi:

Em0 = Em1 → ϕ =

√
2
(

1 +
√

2
)√√g l3m2

k
.

Točk: 5

Naloga 2 (35 točk) Povprečen
uspeh: 70%

Zadostuje
znanje: AD

Na sliki je prikazan dinamski sistem, ki ga sestavlja telo mase 4m, valj
mase 2m in polmera r ter telo mase m. Valj nakotaljuje brez podrsava-
nja in je z vrvjo (zanemarljive mase) preko škripca (zanemarljive mase)
povezan z maso m. Na valj je navita vrv, ki jo vlečemo s silo F . Sistem
drsi po podlagi brez trenja (µ = 0).
Z uporabo Lagrangevih enačb II. vrste in označenih koordinat izpeljite
gibalno/e enačbo/e.
Podatki: m, g, r, F, µ.
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Rešitev

7mẍ+ 2mr ϕ̈ = F,

mr (g + 2 ẍ+ 4 r ϕ̈) = 2F r.

Postopek

Sistem je nekonservativen in ima dve prostostni stopnji (P=2); izberemo posplošeni koordinati (N=P=2):
q1 = x, q2 = ϕ. Do gibalnih enačb pridemo z uporabo Lagrangevih enačb 2. vrste:

d

dt

∂L

∂q̇j
− ∂L

∂qj
= QN

j ; j = 1, . . . , N.

QN
j je j-ta nekonservativna posplošena sila.

Za obravnavani primer:

d

dt

∂L

∂ẋ
− ∂L

∂x
= QN

x ,
d

dt

∂L

∂ϕ̇
− ∂L

∂ϕ
= QN

ϕ .

Točk: 5

Določimo torej Lagrangevo energijsko funkcijo L = Ek − Ep; najprej določimo kinetično energijo:

Ek =

(
1

2
(4m) ẋ2

)
+

(
1

2
(2m) v21 +

1

2
J ϕ̇2

)
+

(
1

2
mv22

)
,

Točk: 5

kjer sta hitrosti translacije (težǐsča) valja in telesa mase m:

v1 = ẋ+ r ϕ̇ in v2 =
√
ẋ2 + (r ϕ̇)2.

Težǐsčni masni vztrajnostni moment valja je J = 1
2 (2m) r2. Točk: 5

Nadaljujemo s potencialno energijo; ker se potencialna energija spreminja samo telesu z maso m, ostalih
potencialnih energij ni potrebno vključiti:

Ep = mg (r ϕ).
Točk: 5

Potrebujemo še nekonservativne posplošene sile, ki jih določimo s pomočjo virtualnega dela nekonserva-
tivnih sil:

δWN =
∑
i

FN
i δri = F δxF ,

kjer je xF definiran z:

xF = x+ 2 r ϕ → δxF =
∑
j

∂xF
∂qj

δqj = δx+ 2 r δϕ.

Točk: 5

Sledi, da je virtualno delo nekonservativnih sil definirano z:

δWN = F︸︷︷︸
QN

x

δx+ 2F r︸ ︷︷ ︸
QN

ϕ

δϕ.

Kakor je prikazano zgoraj, razberemo nekonservativne posplošene sile. Točk: 5

Izračunamo odvode:
∂L

∂ϕ
= −gmr,

d

dt

∂L

∂ϕ̇
= 2mr (ẍ+ 2 r ϕ̈) .

∂L

∂x
= 0,

d

dt

∂L

∂ϕ̇
= m (7 ẍ+ 2 r ϕ̈) .

Gibalni enačbi torej sta:

7mẍ+ 2mr ϕ̈ = F,

mr (g + 2 ẍ+ 4 r ϕ̈) = 2F r.
Točk: 5
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Naloga 3 (35 točk) Povprečen
uspeh: 50%

Zadostuje
zna-
nje: VVPS

Zaposleni ste v podjetju Lama d.d., kjer proizvajate tudi vibracijske podajalnike. Na sliki je prikazan
poenostavljen model take naprave, ki ga sestavljata dve masi. Vzbujanje sistema zagotavlja magnetna
sila F (t), ki je posledica izmeničnega toka skozi tuljavo in deluje med telesoma A in B.

F (t) = F0 sin(ω t)

F0 = 50 N

ω = 50 · 2π rad/s

m = 1 kg

k = 30 kN/m

Določite a) lastno/e frekvenco/e
sistema in b) amplitudo nihanja
mas v ustaljenem stanju.
Predpostavite, da se mase lahko
gibljejo samo v navpični smeri (ni
rotacije) in da so amplitude nihanja
dovolj majhne, da ne pride do
dotika mas.

Rešitev

ω01 =

√
2 k −

√
2 k

m
= 132,5 rad/s,

ω02 =

√√
2 k + 2 k

m
= 320,0 rad/s,

X = − F0mω2 − F0 k

m2 ω4 − 4 kmω2 + 2 k2
= 11,5 mm,

Y
F0mω2

2 (m2 ω4 − 4 kmω2 + 2 k2)
= −8,2 mm.

Postopek

Najprej je potrebno spoznati, da na vsako telo deluje isto velika, vendar nasprotno usmerjena sila
(slika 3.2). Sistem ima dve prostostni stopnji (x, y) in do gibalnih enačb pridemo najhitreje s pomočjo

Slika 3.2: Nadomestni model brez tuljave.

II. Newtonovega zakona. Za telo A velja:∑
i

Fi = mẍ.

Ob predpostavki x > 0 in x > y sledi:

F (t)− 2 k (x− y) = mẍ.

Podobno izpeljemo za telo B:

−F (t) + 2 k (x− y)− 2 k y = (2m) ÿ.
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Gibalni enačbi zapǐsemo v matrični obliki:(
m 0
0 2m

)(
ẍ
ÿ

)
+

(
2 k −2 k
−2 k 4 k

)(
x
y

)
=

(
F (t)
−F (t)

)
.

a)

Lastno nihanje. Pri lastnem nihanju vsiljene sile ni (F (t) = 0). Ob predpostavki harmonskega odziva
(x = X sin(ω0 t), y = Y sin(ω0 t)) in ob upoštevanju, da sin(ω0 t) ne predstavlja rešitve, izpeljemo:(

2 k −mω2
0 −2 k

−2 k 4 k − 2mω2
0

)(
X
Y

)
= Ax =

(
0
0

)
.

Netrivialno rešitev predstavlja rešitev izraza:

det(A) = 0

iz česar izpeljemo dve lastni frekvenci:

ω01 =

√
2 k −

√
2 k

m
ω02 =

√√
2 k + 2 k

m
.

b)

Vsiljeno nihanje. Pri vsiljenem nihanju uporabimo podatek F (t) = F0 sin(ω t). Ob predpostavki
harmonskega odziva (x = X sin(ω0 t), y = Y sin(ω0 t)) in ob upoštevanju, da sin(ω0 t) ne predstavlja
rešitve, izpeljemo:(

2 k −mω2
0 −2 k

−2 k 4 k − 2mω2
0

)(
X
Y

)
= Ax =

(
F0

−F0

)
.

S pomočjo Cramer -jevega pravila izpeljemo:

X =
det(A1)

det(A)
= − F0mω2 − F0 k

m2 ω4 − 4 kmω2 + 2 k2
,

kjer je:

A1 =

(
F0 −2 k
−F0 4 k − 2mω2

0

)
.

Na podoben način izpeljemo amplitudo Y :

Y =
det(A2)

det(A)
=

F0mω2

2 (m2 ω4 − 4 kmω2 + 2 k2)
,

kjer je:

A2 =

(
2 k −mω2

0 F0

−2 k −F0

)
.
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3.5 Datum: 27.6.2006
Povprečen uspeh 4 študentov: 36%

Naloga 1 (35 točk) Povprečen
uspeh: 43%

Zadostuje
znanje: TT

m = 5 g r = 5 mm
R2 = 20 mm h = 1 m

g = 9,81 kg m/s
2

v1 = 1 m/s
n = 10%

Na sliki je prikazan parabolično obliko-
van lijak, ki ga v muzejih predstavljajo
kot “črno luknjo” za kovance. Kovanec
polmera r, mase m spustimo s transla-
torno hitrostjo v1, kakor je prikazano na
sliki. V prvem trenutku kovanec drsi
(ω1 = 0 rad/s), potem pa se zaradi tre-
nja kmalu začne kotaliti brez podrsava-
nja. Zaradi teže in oblike krivine, se začne
kovanec spuščati in pridobivati na hitro-
sti. Izračunajte hitrost v2 tik preden ko-
vanec zapusti lijak in se nahaja na pol-
meru R2 za vǐsino h nižje od izhodǐsčne
lege. Predpostavite, da delež potencialne
energije n predstavlja izgube (drsenje, ko-
talno trenje, zračni upor). Namig: bo-
dite pozorni na absolutno kotno hitrost
kovanca ω2 ob izstopu, ko kovanec nako-
taljuje brez podrsavanja.

Rešitev

v2 =

√√√√2 v21 − 2 g h (n− 1)
r2

R2
2
− 2 r

R2
+ 3

= 3,81606 m/s

Postopek

Kinetična energija kovanca na začetku in koncu je:

Ek1 =
1

2
mv21 +

1

2
J ω2

1 , Ek2 =
1

2
mv22 +

1

2
J ω2

2 ,

Točk: 10

kjer je masni vztrajnostni moment J = 1/2mr2 in glede na besedilo naloge ω1 = 0 rad/s. Kotna hitrost

ω2 = α̇− β̇ =
v2
r
− v2
R2

.

Točk: 10

Opomba glede absolutnega zasuka kovanca v točki 2, ko nakotaljuje brez podrsavanja: α zasuk zaradi
kotaljenja, β je absolutni zasuk težǐsča kovanca.
S pomočjo spremembe potencialne energije

Ep = mg h
Točk: 5

izpeljemo enakost

Ek1 + (1− n)Ep = Ek2
Točk: 5

in končno hitrost

v2 =

√√√√2 v21 − 2 g h (n− 1)
r2

R2
2
− 2 r

R2
+ 3

Točk: 5

Mimogrede: frekvenco kroženja težǐsča kovanca v lijaku določimo iz izraza v2/(2π R2) = 30,4 Hz!
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  RowBox[{

   RowBox[{"{", 

    RowBox[{"v", ",", "A"}], "}"}], "=", 

   RowBox[{"CoefficientArrays", "[", 

    RowBox[{

     RowBox[{"{", 

      RowBox[{"ge11", ",", "ge22"}], "}"}], ",", "b"}], "]"}]}], 

  ";"}]}], "Input",

 CellChangeTimes->{{3.39263622188171*^9, 3.392636228461171*^9}}],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"MatrixForm", "[", "A", "]"}]], "Input"],



Cell[BoxData[

 TagBox[

  RowBox[{"(", "\[NoBreak]", GridBox[{

     {

      RowBox[{

       RowBox[{

        RowBox[{"-", "3"}], " ", "k"}], "+", 

       RowBox[{"m", " ", 

        SuperscriptBox["\[Omega]0", "2"]}]}], 

      RowBox[{"3", " ", "k", " ", "r"}]},

     {

      RowBox[{

       RowBox[{"-", "6"}], " ", "k", " ", "r"}], 

      RowBox[{

       RowBox[{"7", " ", "k", " ", 

        SuperscriptBox["r", "2"]}], "-", 

       RowBox[{"3", " ", "m", " ", 

        SuperscriptBox["r", "2"], " ", 

        SuperscriptBox["\[Omega]0", "2"]}]}]}

    },

    GridBoxAlignment->{

     "Columns" -> {{Left}}, "ColumnsIndexed" -> {}, "Rows" -> {{Baseline}}, 

      "RowsIndexed" -> {}},

    GridBoxSpacings->{"Columns" -> {

        Offset[0.27999999999999997`], {

         Offset[0.7]}, 

        Offset[0.27999999999999997`]}, "ColumnsIndexed" -> {}, "Rows" -> {

        Offset[0.2], {

         Offset[0.4]}, 

        Offset[0.2]}, "RowsIndexed" -> {}}], "\[NoBreak]", ")"}],

  Function[BoxForm`e$, 

   MatrixForm[

   SparseArray[

    Automatic, {2, 2}, 0, {

     1, {{0, 2, 4}, {{1}, {2}, {1}, {

       2}}}, {(-3) $CellContext`k + $CellContext`m $CellContext`\[Omega]0^2, 

       3 $CellContext`k $CellContext`r, (-6) $CellContext`k $CellContext`r, 

       7 $CellContext`k $CellContext`r^2 - 

       3 $CellContext`m $CellContext`r^2 $CellContext`\[Omega]0^2}}]]]]], \

"Output",

 CellChangeTimes->{

  3.3926360755212545`*^9, {3.392636232406845*^9, 3.392636278322869*^9}, 

   3.3926363117309074`*^9}]

}, Open  ]],



Cell["Poi\[SHacek]\[CHacek]imo re\[SHacek]itev", "Text"],



Cell[CellGroupData[{



Cell[BoxData[

 RowBox[{"sol\[Omega]0", "=", 

  RowBox[{"Solve", "[", 

   RowBox[{

    RowBox[{

     RowBox[{"Det", "[", "A", "]"}], "\[Equal]", "0"}], ",", "\[Omega]0"}], 

   "]"}]}]], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     RowBox[{"-", 

      FractionBox[

       SqrtBox[

        FractionBox[

         RowBox[{

          RowBox[{"8", " ", "k"}], "-", 

          RowBox[{

           SqrtBox["55"], " ", "k"}]}], "m"]], 

       SqrtBox["3"]]}]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     FractionBox[

      SqrtBox[

       FractionBox[

        RowBox[{

         RowBox[{"8", " ", "k"}], "-", 

         RowBox[{

          SqrtBox["55"], " ", "k"}]}], "m"]], 

      SqrtBox["3"]]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     RowBox[{"-", 

      FractionBox[

       SqrtBox[

        FractionBox[

         RowBox[{

          RowBox[{"8", " ", "k"}], "+", 

          RowBox[{

           SqrtBox["55"], " ", "k"}]}], "m"]], 

       SqrtBox["3"]]}]}], "}"}], ",", 

   RowBox[{"{", 

    RowBox[{"\[Omega]0", "\[Rule]", 

     FractionBox[

      SqrtBox[

       FractionBox[

        RowBox[{

         RowBox[{"8", " ", "k"}], "+", 

         RowBox[{

          SqrtBox["55"], " ", "k"}]}], "m"]], 

      SqrtBox["3"]]}], "}"}]}], "}"}]], "Output",

 CellChangeTimes->{

  3.3926360755613117`*^9, {3.392636232456917*^9, 3.392636278352912*^9}, 

   3.3926363135334992`*^9}]

}, Open  ]],



Cell["Razberemo dve re\[SHacek]itvi:", "Text"],



Cell[BoxData[{

 RowBox[{"\[Omega]01", ":=", 

  RowBox[{"\[Omega]0", "/.", 

   RowBox[{"sol\[Omega]0", "[", 

    RowBox[{"[", 

     RowBox[{"2", ",", "1"}], "]"}], "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{"\[Omega]02", ":=", 

  RowBox[{"\[Omega]0", "/.", 

   RowBox[{"sol\[Omega]0", "[", 

    RowBox[{"[", 

     RowBox[{"4", ",", "1"}], "]"}], "]"}]}]}]}], "Input"]

}, Open  ]],



Cell[CellGroupData[{



Cell["Vsiljeno nihanje - ustaljeno stanje", "Subsubtitle"],



Cell["Definiramo vzbujanje sinusne oblike", "Text"],



Cell[BoxData[

 RowBox[{

  RowBox[{"F", "[", "t_", "]"}], ":=", 

  RowBox[{"F0", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"\[Omega]", " ", "t"}], "]"}]}]}]], "Input"],



Cell["Predpostavimo harmoni\[CHacek]ni odziv", "Text"],



Cell[BoxData[{

 RowBox[{

  RowBox[{"x", "[", "t_", "]"}], ":=", 

  RowBox[{"X", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"\[Omega]", " ", "t"}], "]"}]}]}], "\[IndentingNewLine]", 

 RowBox[{

  RowBox[{"\[CurlyPhi]", "[", "t_", "]"}], ":=", 

  RowBox[{"\[CapitalPhi]", " ", 

   RowBox[{"Sin", "[", 

    RowBox[{"\[Omega]", " ", "t"}], "]"}]}]}]}], "Input"],



Cell["Sin[] ne predstavlja re\[SHacek]itve", "Text"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"ge111", "=", 

  RowBox[{"ge1", "/.", 

   RowBox[{

    RowBox[{"Sin", "[", "_", "]"}], "\[Rule]", 

    "1"}]}]}], "\[IndentingNewLine]", 

 RowBox[{"ge222", "=", 

  RowBox[{"ge2", "/.", 

   RowBox[{

    RowBox[{"Sin", "[", "_", "]"}], "\[Rule]", "1"}]}]}]}], "Input"],



Cell[BoxData[

 RowBox[{

  RowBox[{"F0", "+", 

   RowBox[{"3", " ", "k", " ", "r", " ", "\[CapitalPhi]"}]}], "\[Equal]", 

  RowBox[{

   RowBox[{"3", " ", "k", " ", "X"}], "-", 

   RowBox[{"m", " ", "X", " ", 

    SuperscriptBox["\[Omega]", "2"]}]}]}]], "Output",

 CellChangeTimes->{

  3.3926360755913553`*^9, {3.392636239867573*^9, 3.3926362784230127`*^9}, 

   3.3926363196222544`*^9}],



Cell[BoxData[

 RowBox[{

  RowBox[{"r", " ", 

   RowBox[{"(", 

    RowBox[{

     RowBox[{

      RowBox[{"-", "6"}], " ", "k", " ", "X"}], "+", 

     RowBox[{"7", " ", "k", " ", "r", " ", "\[CapitalPhi]"}], "-", 

     RowBox[{"3", " ", "m", " ", "r", " ", "\[CapitalPhi]", " ", 

      SuperscriptBox["\[Omega]", "2"]}]}], ")"}]}], "\[Equal]", 

  "0"}]], "Output",

 CellChangeTimes->{

  3.3926360755913553`*^9, {3.392636239867573*^9, 3.3926362784230127`*^9}, 

   3.3926363196422834`*^9}]

}, Open  ]],



Cell["\<\

Poi\[SHacek]\[CHacek]imo amplitude nihanja v ustaljenem stanju\

\>", "Text"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{

  RowBox[{"solXY", "=", 

   RowBox[{"Solve", "[", 

    RowBox[{

     RowBox[{"{", 

      RowBox[{"ge111", ",", "ge222"}], "}"}], ",", 

     RowBox[{"{", 

      RowBox[{"X", ",", "\[CapitalPhi]"}], "}"}]}], "]"}]}], 

  ";"}], "\[IndentingNewLine]", 

 RowBox[{"XSol", "=", 

  RowBox[{"First", "[", 

   RowBox[{"X", "/.", "solXY"}], "]"}]}], "\[IndentingNewLine]", 

 RowBox[{"\[CapitalPhi]Sol", "=", 

  RowBox[{"First", "[", 

   RowBox[{"\[CapitalPhi]", "/.", "solXY"}], "]"}]}]}], "Input"],



Cell[BoxData[

 FractionBox[

  RowBox[{"F0", " ", 

   RowBox[{"(", 

    RowBox[{

     RowBox[{"7", " ", "k"}], "-", 

     RowBox[{"3", " ", "m", " ", 

      SuperscriptBox["\[Omega]", "2"]}]}], ")"}]}], 

  RowBox[{

   RowBox[{"3", " ", 

    SuperscriptBox["k", "2"]}], "-", 

   RowBox[{"16", " ", "k", " ", "m", " ", 

    SuperscriptBox["\[Omega]", "2"]}], "+", 

   RowBox[{"3", " ", 

    SuperscriptBox["m", "2"], " ", 

    SuperscriptBox["\[Omega]", "4"]}]}]]], "Output",

 CellChangeTimes->{

  3.3926360756314125`*^9, {3.3926362402881775`*^9, 3.3926362784730844`*^9}, 

   3.3926363211144*^9}],



Cell[BoxData[

 FractionBox[

  RowBox[{"6", " ", "F0", " ", "k"}], 

  RowBox[{"r", " ", 

   RowBox[{"(", 

    RowBox[{

     RowBox[{"3", " ", 

      SuperscriptBox["k", "2"]}], "-", 

     RowBox[{"16", " ", "k", " ", "m", " ", 

      SuperscriptBox["\[Omega]", "2"]}], "+", 

     RowBox[{"3", " ", 

      SuperscriptBox["m", "2"], " ", 

      SuperscriptBox["\[Omega]", "4"]}]}], ")"}]}]]], "Output",

 CellChangeTimes->{

  3.3926360756314125`*^9, {3.3926362402881775`*^9, 3.3926362784730844`*^9}, 

   3.3926363211444435`*^9}]

}, Open  ]]

}, Open  ]],



Cell[CellGroupData[{



Cell["Podatki", "Subtitle"],



Cell[BoxData[{

 RowBox[{"F0", ":=", "1"}], "\[IndentingNewLine]", 

 RowBox[{"\[Omega]", ":=", 

  RowBox[{"50", " ", "2", " ", "\[Pi]"}]}], "\[IndentingNewLine]", 

 RowBox[{"r", ":=", "0.1"}], "\[IndentingNewLine]", 

 RowBox[{"m", ":=", "1"}], "\[IndentingNewLine]", 

 RowBox[{"k", ":=", "1000"}]}], "Input"]

}, Open  ]],



Cell[CellGroupData[{



Cell["Rezultati", "Subtitle"],



Cell[CellGroupData[{



Cell[BoxData[{

 RowBox[{"N", "[", 

  RowBox[{"{", 

   RowBox[{"\[Omega]01", ",", "\[Omega]02"}], "}"}], 

  "]"}], "\[IndentingNewLine]", 

 RowBox[{"N", "[", 

  RowBox[{

   SuperscriptBox["10", "6"], 

   RowBox[{"{", 

    RowBox[{"XSol", ",", "\[CapitalPhi]Sol"}], "}"}]}], "]"}]}], "Input"],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{"13.949928469402474`", ",", "71.68495538836505`"}], "}"}]], "Output",\



 CellChangeTimes->{

  3.3926360756814847`*^9, {3.3926362403582783`*^9, 3.3926362785632143`*^9}, 

   3.3926363242789507`*^9}],



Cell[BoxData[

 RowBox[{"{", 

  RowBox[{

   RowBox[{"-", "10.456556331024233`"}], ",", "2.170249520276151`"}], 

  "}"}]], "Output",

 CellChangeTimes->{

  3.3926360756814847`*^9, {3.3926362403582783`*^9, 3.3926362785632143`*^9}, 

   3.3926363242989793`*^9}]

}, Open  ]]

}, Open  ]]

}, Open  ]]

},

WindowToolbars->{"RulerBar", "EditBar"},

WindowSize->{968, 681},

WindowMargins->{{0, Automatic}, {Automatic, 3}},

Magnification->1.25,

FrontEndVersion->"6.0 for Microsoft Windows (32-bit) (April 28, 2007)",

StyleDefinitions->FrontEnd`FileName[{"Creative"}, "NaturalColor.nb", 

  CharacterEncoding -> "WindowsEastEurope"]

]

(* End of Notebook Content *)
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Naloga 2 (35 točk) Povprečen
uspeh: 52%

Zadostuje
znanje: AD

aaaaaaaaaaaaaaaaaaaaaa
aaaaaaaaaaaaaaaaaaaaaa
aaaaaaaaaaaaaaaaaaaaaa

Drsnik mase m drsi po podlagi brez trenja
in je preko treh vzmeti (vsaka togosti k)
pritrjen na valj mase m in polmera r,
ki brez drsenja nakotaljuje po podlagi.
Določite, če sistem je ali ni konservativen,
število prostostnih stopenj in ob predpo-
stavki majhnih zasukov ϕ s pomočjo La-
grangevih enačb II. vrste izpeljite gibalne
enačbe.
Podatki: m, g, r, k, a = r/2.

Rešitev

mẍ+ 3 k x− 3 k r ϕ = 0

3mr2 ϕ̈− 6 k r x+ 7 k r2 ϕ = 0.

Postopek

Sistem je konservativen in ima dve prostostni stopnji (P=2); izberemo posplošeni koordinati (N=P=2):
q1 = x, q2 = ϕ. Do gibalnih enačb pridemo z uporabo Lagrangevih enačb 2. vrste:

d

dt

∂L

∂q̇j
− ∂L

∂qj
= 0; j = 1, . . . , N.

Za obravnavani primer:

d

dt

∂L

∂ẋ
− ∂L

∂x
= 0,

d

dt

∂L

∂ϕ̇
− ∂L

∂ϕ
= 0.

Točk: 10

Določimo torej Lagrangevo energijsko funkcijo L = Ek − Ep; najprej določimo kinetično energijo:

Ek =

(
1

2
mẋ2

)
+

(
1

2
mv21 +

1

2
J ϕ̇2

)
,

kjer sta hitrosti translacije težǐsča valja:

v1 = r ϕ̇.
Točk: 5

Težǐsčni masni vztrajnostni moment valja je J = 1
2 mr2. Točk: 5

Ob predpostavki majhnih zasukov je potencialna energija

Ep =
1

2
k p21 +

1

2
k p22 +

1

2
k p23,

kjer je deformacija posamezne vzmeti (predpostavka x > (r + a)ϕ):

p1 = x− (r − a)ϕ, p2 = x− (r)ϕ, p3 = x− (r + a)ϕ.
Točk: 5

Izračunamo odvode:

∂L

∂x
= −3 k (x− r ϕ),

d

dt

∂L

∂ϕ̇
= mẍ.

∂L

∂ϕ
=

1

2
k r (6x− 7 r ϕ),

d

dt

∂L

∂ϕ̇
=

3

2
mr2ϕ̈.

Točk: 5

Gibalni enačbi torej sta:

mẍ+ 3 k x− 3 k r ϕ = 0

3mr2 ϕ̈− 6 k r x+ 7 k r2 ϕ = 0.
Točk: 5
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Naloga 3 (30 točk) Povprečen
uspeh: 8%

Zadostuje
znanje: VN

aaaaaaaaaaaaaaaaaaaaaa
aaaaaaaaaaaaaaaaaaaaaa
aaaaaaaaaaaaaaaaaaaaaa

F0 = 1 N
ω = 50 · 2π rad/s
r = 0.1 m
m = 1 kg
k = 1000 N/m

Določite lastne frekvence sistema na sliki.
Določite tudi amplitude nihanja v primeru
vsiljenega nihanja s F (t) = F0 sin ω t.
Privzamite, da poznate gibalni enačbi sistema
v primeru F (t) = 0 N:

mẍ+ 3 k x− 3 k r ϕ = 0

3mr2 ϕ̈− 6 k r x+ 7 k r2 ϕ = 0.
Rešitev

ω01 = 13,950 rad/s

ω02 = 71,685 rad/s

X = −10.5 · 106 m

Φ = 2.17 · 106 rad

Postopek

Gibalnim enačbam za primer lastnega nedušenega nihanja dodamo vzbujanje F (t). Z razmislekom (vir-
tualno delo ali II. Newtonov zakon) ugotovimo, da moramo v gibalni enačbi, ki vsebuje 1mẍ na desno
stran dodati F (t). Gibalne enačbe v matrični obliki:(

m 0
0 3mr2

)(
ẍ
ϕ̈

)
+

(
3 k −3 k r
−6 k r 7 k r2

)(
x
ϕ

)
=

(
F (t)

0

)
.

Opazimo, da togostna matrika ni simetrična. Ne simetričnost je zgolj navidezna, saj lahko drugo gi-
balno enačbo pomnožimo z 2 in togostna matrika bo simetrična. Lastno frekvence določimo s pomočjo
determinante, na katero pa množenje vrstic s poljubno konstanto ne vpliva. Točk: 5

a) Lastno nihanje. Pri lastnem nihanju vsiljene sile ni (F (t) = 0). Ob predpostavki harmonskega
odziva (x = X sin(ω0 t), ϕ = Φ sin(ω0 t)) in ob upoštevanju, da sin(ω0 t) ne predstavlja rešitve, izpeljemo:(

3 k −mω2
0 −3 k r

−6 k r 7 k r2 − 3mr2 ω2
0

)(
X
Φ

)
= Ax =

(
0
0

)
.

Netrivialno rešitev predstavlja rešitev izraza:

det(A) = 0

iz česar izpeljemo dve lastni frekvenci:

ω01 =

√
8 k −

√
55 k

3m
, ω02 =

√
8 k +

√
55 k

3m
.

Točk: 10

b) Vsiljeno nihanje. Pri vsiljenem nihanju uporabimo podatek F (t) = F0 sin(ω t). Ob predpostavki
harmonskega odziva (x = X sin(ω0 t), ϕ = Φ sin(ω0 t)) in ob upoštevanju, da sin(ω0 t) ne predstavlja
rešitve, izpeljemo:(

3 k −mω2
0 −3 k r

−6 k r 7 k r2 − 3mr2 ω2
0

)(
X
Φ

)
= Ax =

(
F0

0

)
.

Točk: 5
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S pomočjo Cramer -jevega pravila izpeljemo:

X =
det(A1)

det(A)
=

F0 (7 k − 3mω2)

3 k2 − 16 kmω2 + 3m2 ω4
,

kjer je:

A1 =

(
F0 −3 k r
0 7 k r2 − 3mr2 ω2

0

)
.

Točk: 5

Na podoben način izpeljemo amplitudo Φ:

Φ =
det(A2)

det(A)
=

6F0 k

r (3 k2 − 16 kmω2 + 3m2 ω4)
,

kjer je:

A2 =

(
3 k −mω2

0 F0

−6 k r 0

)
.

Točk: 5

3.6 Datum: 12.9.2006
Povprečen uspeh 5 študentov: 49%

Naloga 1 (35 točk) Povprečen
uspeh: 26%

Zadostuje
znanje: TT

Delovno dvigalo na sliki sestavljajo: kabina in tovor mase 15m,
jeklena vrv mase m, pogon, navijalni boben masnega vztraj-
nostnega momenta J in protiutež mase 10m. V eni od možnih
nesreč, se pri hitrosti vrtenja ω zlomi gred pogonskega motorja
in sistem: kabina, pletenica, boben in protiutež se začne prosto
gibati, po času ∆T1 se vklopi varnostna zavora, ki deluje na
kabino in protiutež v nasprotni smeri gibanja s konstantno
silo F . Izračunajte čas delovanja zavore ∆T2, preden se sistem
ustavi.
Opomba: pletenica ne podrsava, njeno maso pa zanemarite.

J = 20mr2

F = 30mg

g = 9,81 m/s
2

m = 100 kg
r = 0,25 m
ω = 4 rad/s

∆T1 = 0,2 s
Rešitev

∆T2 = 0,102 s

Postopek

V nalogi nastopajo samo konstantne sile (momenti) in nas sprašuje po času. Ohranitev oziroma spre-
memba gibalne ali vrtilne količine je prva možnost, na katero pomislimo.
Začetna vrtilna količina sistema je

L1 = 10mv r + J ω + 15mv r,
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kjer je hitrost

v = r ω.
Točk: 10

Ko se zlomi pogonska gred, na sistem deluje moment

M1 = −10mg r + 15mg r
Točk: 5

Zunanji moment povzroči spremembo vrtilne količine (M = L̇), sledi:

∆L1 = M1 ∆T1.

Preden začne delovati zavora, je vrtilna količina

L2 = L1 + ∆L1.
Točk: 5

Zunanji moment na sistem, ko deluje zavora:

M2 = (−10mg − F ) r + (15mg − F ) r.
Točk: 5

Sistem se ustavi, ko se vrtilna količina L2 porabi (L2 + ∆L2 = 0), kjer je:

∆L2 = M2 ∆T2.

Sledi:

∆T2 =
9 r ω + g∆T1

11 g
.

Točk: 10

Kje so imeli študentje težave?
Z II. Newtonovim zakonom se nalogo lahko reši, vendar je postopek dalǰsi.

Naloga 2 (35 točk) Povprečen
uspeh: 60%

Zadostuje
znanje: AD

Na sliki je sistem treh enakih mas. Med masami so zaradi
različnih maziv različni koeficienti trenja µ1, µ2, µ3. Predpo-
stavite, da se zaradi sile F vse mase gibljejo v desno smer in s
pomočjo Lagrangevih enačb II. vrste izpeljite gibalne enačbe.
Določite koeficiente trenja, da se bodo vse mase res gibale v
desno smer.
Podatki: m, g, F .

Rešitev

ẍ = g (−3µ1 + 2µ2)

ÿ = g (−2µ2 + µ3)

z̈ =
F

m
− g µ3

µ1 =
F

3 gm

µ2 =
F

2 gm

µ3 =
F

gm
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Postopek

Sistem je nekonservativen in ima tri prostostne stopnje (P=3); izberemo posplošene koordinate (N=P=3):
q1 = x, q2 = y, q3 = z. Gibalne enačbe izpeljemo z uporabo Lagrangevih enačb 2. vrste:

d

dt

∂L

∂q̇j
− ∂L

∂qj
= QN

j , j = 1,2,3.

Točk: 5

Začnemo z Lagrangevo energijsko funkcijo L = Ek − Ep; najprej določimo kinetično energijo:

Ek =
1

2
mẋ2 +

1

2
mẏ2 +

1

2
m ż2.

Točk: 5

Potencialna energija je nič: Ep = 0 J. Točk: 5

Izračunamo še nekonservativno posplošeno silo:

δWN =
∑
i

FN
i δri = −F1 δx+ F2 δx− F2 δy + F3 δy − F3 δz + F δz,

kjer so sile trenja:

F1 = µ1 g (m+m+m) F2 = µ2 g (m+m) F3 = µ3 g (m)
Točk: 5

Sledi, da je virtualno delo nekonservativnih sil:

QN
x = gm (−3µ1 + 2µ2) QN

y = gm (−2µ2 + µ3) QN
z = F − gmµ3

Točk: 5

Z odvajanjem Lagrangeve energijske funkcije in vstavitvijo v Lagrangeve enačbe II. vrste izpeljemo gibalne
enačbe:

ẍ = g (−3µ1 + 2µ2) ÿ = g (−2µ2 + µ3) z̈ =
F

m
− g µ3

Točk: 5

Vse mase se bodo gibale v isto smer, če bodo pospeški nenegativni. Skrajna meja je nepospešeno gibanje:
ẍ = ÿ = z̈ = 0 m/s

2
, ki nam iz treh enačb omogoča določitev mejnih koeficientov trenja:

µ1 =
F

3 gm
µ2 =

F

2 gm
µ3 =

F

gm
.

Točk: 5

Opazimo, da mora koeficient trenja nujno padati.

Naloga 3 (30 točk) Povprečen
uspeh: 63%

Zadostuje
znanje: LN

Kvader mase m in stranice 2 a ima en rob
vrtljivo vpet. Gibanje omejuje vzmet togo-
sti k, ki je pritrjena na razdalji b. Upoštevajte
majhne zasuke ϕ in poǐsčite gibalno enačbo
ter lastno frekvenco sistema. Določite b, da bo
sistem imel lastno frekvenco enako ωz.

m = 1 kg
a = 0,1 m
k = 10 kN/m
ωz = 50 rad/s

Rešitev

ϕ̈+
3 b2 k

26a2m
ϕ = 0

ω0 =
b

a

√
3 k

26m

b =
a

ω0

√
26m

3 k
= 0,1472 m
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Postopek

Gibalno enačbo preprosto najdemo s pomočjo Lagrangevih enačb II. vrste za konservativni sistem:

d

dt

∂L

∂ϕ̇
− ∂L

∂ϕ
= 0.

Lagrangeva energijska funkcija:

L = Ek − Ep,

kjer je kinetična energija definirana kot:

Ek =
1

2
J ϕ̇2 +

1

2
mv2,

Točk: 5

kjer je masni vztrajnostni moment kvadra okoli težǐsčne osi

J =
1

12
m
(
(2 a)2 + (2 a)2

)
in (krivočrtna) translatorna hitrost težǐsča

v =
√

2 a ϕ̇.
Točk: 5

Potencialna energija

Ep =
1

2
k (b ϕ)2.

Točk: 5

Izračunamo odvode Lagrangevih enačb II.vrste in izpeljemo gibalno enačbo:

ϕ̈+
3 b2 k

8a2m
ϕ = 0.

Točk: 5

Sledi lastna frekvenca sistema

ω0 =
b

2 a

√
3 k

2m
Točk: 5

Iz izraza ωz = ω0 sledi

b = aω0

√
8m

3 k
.

Točk: 5



Univerza v Ljubljani Fakulteta za strojnǐstvo

LADISK – Laboratorij za dinamiko strojev in konstrukcij

Dinamika togih teles Izpit 19.9.2012

Naloga 1 (35 točk) Povprečen
uspeh: 26%Delovno dvigalo na sliki sestavljajo: kabina in tovor mase 15m,

jeklena vrv mase m, pogon, navijalni boben masnega vztraj-
nostnega momenta J in protiutež mase 10m. V eni od možnih
nesreč, se pri hitrosti vrtenja ω zlomi gred pogonskega motorja
in sistem: kabina, pletenica, boben in protiutež se začne prosto
gibati, po času ∆T1 se vklopi varnostna zavora, ki deluje na
kabino in protiutež v nasprotni smeri gibanja s konstantno
silo F . Izračunajte čas delovanja zavore ∆T2, preden se sistem
ustavi.
Opomba: pletenica ne podrsava, njeno maso pa zanemarite.

J = 20mr2

F = 30mg

g = 9,81 m/s
2

m = 100 kg
r = 0,25 m
ω = 4 rad/s

∆T1 = 0,2 s
Rešitev

∆T2 = 0,102 s

Postopek

V nalogi nastopajo samo konstantne sile (momenti) in nas sprašuje po času. Ohranitev oziroma spre-
memba gibalne ali vrtilne količine je prva možnost, na katero pomislimo.
Začetna vrtilna količina sistema je

L1 = 10mv r + J ω + 15mv r,

kjer je hitrost

v = r ω.
Točk: 10

Ko se zlomi pogonska gred, na sistem deluje moment

M1 = −10mg r + 15mg r
Točk: 5

Zunanji moment povzroči spremembo vrtilne količine (M = L̇), sledi:

∆L1 = M1 ∆T1.

Preden začne delovati zavora, je vrtilna količina

L2 = L1 + ∆L1.
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Točk: 5

Zunanji moment na sistem, ko deluje zavora:

M2 = (−10mg − F ) r + (15mg − F ) r.
Točk: 5

Sistem se ustavi, ko se vrtilna količina L2 porabi (L2 + ∆L2 = 0), kjer je:

∆L2 = M2 ∆T2.

Sledi:

∆T2 =
9 r ω + g∆T1

11 g
.

Točk: 10

Kje so imeli študentje težave?
Z II. Newtonovim zakonom se nalogo lahko reši, vendar je postopek dalǰsi.

Naloga 1 (30 točk) Povprečen
uspeh: 83%

Na sliki je prikazan Newtonov ojačevalnik (zakaj,
boste izvedeli, ko boste nalogo rešili); sestavljen je
iz 4 krogel (mA,mB,mC,mD). Koeficient trka med
kroglami ter kroglo D in podlago je ε. Izračunajte
hitrost, s katero se odbije krogla A in kakšen je ta-
krat njen delež energije glede na začetno energijo
sistema. Sistem krogel spustimo iz vǐsine h.
Podatki: h = 1 m, g = 9.81 m/s

2
, ε = 0,95,mA =

m,mB = 3m,mC = 9m,mD = 27m.

Rešitev

vD0 = −4.43 m/s

vD1 = 4,21 m/s

vC1 = 8,20 m/s

vB1 = 14,05 m/s

vA1 = 22,59 m/s

n = 0,65

Postopek

Pred prvim trkom imajo vse krogle enako hitrost:

vA0 = vB0 = vC0 = vD0 = −
√

2 g h.
Točk: 5

Najprej trči krogla D s podlago; njena hitrost po trku je:

vD1 = −ε vD0,
Točk: 5
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nato trči krogla C v kroglo D; njena hitrost po trku je:

vC1 = vC0 − (vC0 − vD1) (1 + ε)
mD

mC +mD
=

√
g h

(
3 ε2 + 6 ε− 1

)
2
√

2
.

Točk: 5

Sledi trk krogle B v kroglo C; njena hitrost po trku je:

vB1 = vB0 − (vB0 − vC1) (1 + ε)
mC

mB +mC
=

√
g h

(
9 ε3 + 27 ε2 + 27 ε− 7

)
8
√

2
.

Točk: 5

In končno trk krogle A v kroglo B:

vA1 = vA0 − (vA0 − vB1) (1 + ε)
mB

mA +mB
=

√
g h

(
27 ε4 + 108 ε3 + 162ε2 + 108ε− 37

)
32
√

2
.

Točk: 5

Delež energije krogle A glede na celoten sistem je:

n =
EkA

Ep
=

1
2 mA v

2
A1

(mA +mB +mC +mD) g h
=

(
27 ε4 + 108 ε3 + 162 ε2 + 108 ε− 37

)2
163840

Točk: 5

Kje so imeli študentje težave?
Pri predznakih hitrosti. Najbolje je, da izberemo koordinatni sistem, potem pa dosledno sledimo enačbam.

Naloga 3 (35 točk) Povprečen
uspeh: 71%

k = 100 kN/m

d = 10 Ns/m

JA = 0,003 kg m2

a = 6 cm

ω = 2500 · 2π

60
rad/s

M(t) = M sin(ω t)

M = 1 Nm

Fz = 5 N

Na sliki je prikazan model podsestava pretičnega
mehanizma. Iz menjalnika se na element oblike T
prenaša vzbujanje v obliki momenta M(t).
a) Določite, ali je sistem vzbujan nad- ali pod-
resonančno ter za frekvenco vzbujanja izračunajte
prenosnost preko dušilke in vzmeti na podlago ft/f0.
b) Izračunajte amplitudo sile na podlago pri fre-
kvenci vzbujanja.
c) Določite potrebno lastno krožno frekvenco, da bo
amplituda sile na podlago pri nedušenem sistemu
δ = 0 enaka Fz.
Predpostavite majhne kote.

Rešitev

ω0 = 346,41 rad/s

δ = 0,01732

ω = 261,8 rad/s

A = 2,328

f0 = 333,3 rad/s
2

ft = 776,1 rad/s
2

Mt = 2,328 Nm

Ft = 38,8 N

Mt,z = 0,3 Nm

ft,z = 100 rad/s
2

ω0,z = 125,7 rad/s

Postopek

a) S pomočjo II.Newtonovega zakona najprej napǐsemo gibalno enačbo (JA ϕ̈ =
∑
iMA,i):

JA ϕ̈+ d a2 ϕ̇+ k a2 ϕ = M sin(ω t).
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Izraz normiramo:

ϕ̈+
d a2

JA︸︷︷︸
2 δ ω0

ϕ̇+
k a2

JA︸︷︷︸
ω2

0

ϕ =
M

JA︸︷︷︸
f0

sin(ω t).

Izračunamo še lastno krožno frekvenco in razmernik dušenja:

ω0 =

√
k a2

JA
,

δ =

d a2

JA

2ω0
.

Točk: 5

Ker je lastna frekvenca večja od vzbujevalne frekvence sledi, da je vzbujanje pod-resonančno. Točk: 5

Prenosnost vibroizolacije je:

Tr =
ft
f0

=

√√√√√√√
1 +

(
2 δ ω

ω0

)2
(

1−
(
ω
ω0

)2)2

+
(

2 δ ωω0

)2 .
Točk: 5

b) Amplituda pospeška na podlago:

ft = f0A

in pripadajoči moment ter sila:

Mt = ft JA Ft =
Mt

a
.

Točk: 10

c) Za določitev potrebne lastne frekvence določimo najprej potrebni pospešek na podlago:

ft,z =
Fz a

JA
.

Točk: 5

Sledi, da je prenosnost:

Az =
ft,z
f0

.

Ker ni dušenja, moramo rešiti sistem:

Az =

√√√√√ 1(
1−

(
ω
ω0

)2)2 ,

Kot edino fizikalno ustrezno rešitev izpeljemo:

ω0,z =

√
a2 F 2

z ω
2 − aFzM ω2

a2 F 2
z −M2

Točk: 5
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Uporabljene okraǰsave (vsebine se nadgrajujejo v zapisanem vrstnem redu):

• dinamika masne točke (MT),

• dinamika sistema masnih točk (SMT),

• masni vztrajnostni momenti teles (MVM),

• dinamika togega telesa (TT),

• rotacija togega telesa okoli stalne osi (Bal).

• trk togih teles (Trk),

• analitična statika (AS)∗,

• analitična dinamika (AM)∗.

• lastna nihanja (LN),

• lastna dušena nihanja (LDN),

• vsiljena nihanja (VN),

• prenosnost vibroizolacije (PV),

• pasivna vibroizolacija (PaV),

• merilniki vibracij (MV),

• lastna nihanja sistemov z več prostostnimi stopnjami (LVPS),

• vsiljena nihanja sistemov z več prostostnimi stopnjami (VVPS).

∗ Po Bolonski prenovi je analitična mehanika obravnavana v okviru predmeta Vǐsja dinamika; naloge, ki
obravnavajo izključno analitično mehaniko pri predmetu DTT ne obravnavamo; naloge iz AM se ponavadi
lahko rešijo s pomočjo energijskih zakonov v okviru klasične mehanike. Naloge iz nihanj, pri katerih je
uporabljena analitična mehanika rešite s pomočjo klasične mehanike.
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