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For fatigue-life estimation under stationary excitation, the multiaxial stress cross-PSD
is reduced to an equivalent uniaxial stress PSD compatible with established spectral
damage models. Several criteria have been proposed for this reduction, each differing
in the assumptions made about phase relations, the required material parameters, and
computational cost. This paper provides an implementation-oriented review of ten such
criteria: three critical-plane variants (maximum normal, maximum shear, and combined
normal-and-shear stress), the equivalent von Mises stress and its adaptation for out-of-
phase stress components, the Carpinteri—-Spagnoli frequency-domain reformulation, the
frequency-based multiaxial rainflow, a thermoelasticity-based criterion, the Niestony
hydrostatic—deviatoric combination, and the equivalent Lemaitre stress with multiaxial
S—N interpolation. As a result of this research, all ten methods are also implemented in
FLife (version 2.2.0), an open-source Python package that extends the uniaxial spectral
framework to multiaxial inputs. Previously these implementations were distributed across
separate source papers; here they share a single input format and a single workflow, so that
any subset can be compared on the same dataset without reimplementation. A comparative
overview highlights trade-offs between simplicity, sensitivity to non-proportional loading,
material-parameter requirements, and computational cost, supporting method selection in
multiaxial vibration-fatigue practice. The criteria are also applied to a common dataset,
where the equivalent stress varies by up to about a factor of 1.7 across the ten criteria.
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1. Introduction

High-cycle fatigue under random vibration loading remains a fundamental durability concern for many engineering
structures and components [1,2]. Traditional fatigue-life assessment is often performed in the time domain, where long
stress histories are processed by cycle counting and cumulative damage rules [3]. For large numerical models, multiple
load cases, or long-duration recordings, this workflow can become computationally demanding. Multiaxial fatigue has a
longer history than the spectral methods reviewed here. Garud’s 1981 survey already listed dozens of constant-amplitude
criteria [4]. Frequency-domain (spectral) methods address the cost of time-domain processing by working directly
with response power spectral densities (PSDs) and well-established random-process theory [5,6], enabling efficient life
estimation [2]; comparative assessments of such methods can be found in [7]. In multiaxial vibration settings, spectral
methods are especially attractive because the random-response finite-element method (FEM) readily provides stress
PSDs at many points, which can be mapped to fatigue-relevant scalar measures [8,9]; for a broader overview see [10].
This is particularly relevant for modern qualification and durability workflows where multi-axis excitations and correlated
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inputs are routinely prescribed or measured, motivating multiaxial spectral formulations [! 1] and multiaxial
extensions of damage-spectrum concepts [12, 13].

These spectral methods began as uniaxial damage estimators. They predict fatigue damage directly from the
stress PSD, with no reconstructed time history. Rychlik [14] gave a precise definition of the rainflow counting
that these estimators approximate. Wirsching and Light [15] gave an early wide-band estimator, relating damage
to the spectral moments of the PSD through an empirical correction. Dirlik [16] fitted an empirical closed-form
expression for the rainflow-amplitude distribution that holds for a range of spectral shapes. Bishop and Sherratt
[17] took a different route and derived the distribution of rainflow ranges from the PSD analytically. Tovo and
Benasciutti [ 18] combined the narrow-band and range-counting limits into one wide-band estimator. Braccesi and
Cianetti [19] extended the approach to bimodal stress processes. Book-length treatments of vibration fatigue and
the fatigue-damage spectrum are given by Lalanne [1]. These uniaxial models are reviewed by Zanardi et al. [20];
Slavi¢ et al. cover them in a monograph [21].

When the stress state is multiaxial, the key additional step is to reduce the tensor-valued stress process to a
scalar equivalent process compatible with uniaxial spectral damage models. A seminal milestone is the equivalent
von Mises stress (EVMS) formulation by Preumont and Piéfort [22], which combines stress (cross-)PSDs through a
quadratic von Mises operator. Subsequent developments clarified accuracy and limits of EVMS-type reductions
and motivated extensions that account for correlation and phase relations between tensor components [23,24];
see also [10]. More general frequency-domain multiaxial formulations (e.g., based on critical-plane ideas and
invariant criteria) were shown to achieve accuracy comparable to time-domain multiaxial analyses while preserving
the computational advantages of spectral evaluation [8,25], including stress-invariant [26] and comparative [7]
approaches. Niestony [27] later compared several of these spectral multiaxial criteria. Lagoda et al. [28] developed
an energy-based critical-plane approach for multiaxial random loading. These approaches differ primarily in how
the stress cross-PSD matrix (including coherence and phase) is used to build an equivalent scalar process that
remains compatible with uniaxial random-fatigue models [24,26]; a detailed discussion is given in [10].

Recent comparative studies and reviews emphasise that multiaxial spectral criteria can yield different life
predictions under non-proportional loading and correlated stress components, so assumptions and applicability must
be stated clearly [9,25], as highlighted in dedicated reviews [3,29] and recent comparative studies [10]. In parallel,
vibration-test tailoring and spectrum-based durability metrics continue to evolve for accelerated qualification and
environment comparison. For example, sine-on-random profile design has been studied through fatigue-damage-
spectrum (FDS) equivalence [30], while recent studies extend these ideas to explicitly multiaxial formulations
[11, 13], including multi-axis versus single-axis comparisons [12]. Spectral evaluation relies on linear-system
response and stationary Gaussian assumptions [5]; deviations from these conditions may require additional validation
[2,3]. Wolfsteiner and Breuer [31] studied non-Gaussian random-vibration fatigue from power spectral densities.
Recent work has begun addressing these limitations: higher-order and modal-domain spectral characterisations have
been proposed for non-Gaussian loads [32,33], efficient methods for computing non-Gaussian response statistics
have been developed [34,35], and mean-stress corrections have been integrated into non-Gaussian spectral damage
models [36,37]. Beyond non-Gaussian extensions, spectral fatigue methods are being applied to increasingly
complex structural contexts, including notched components [38], welded joints [39], and superalloy components
and marine structures under bimodal random loading [40,41]. At the same time, reproducibility and transparent
implementations are increasingly important: open-source packages enable consistent comparisons across criteria
and facilitate adoption in both research and industrial workflows [42,43].

This article focuses on multiaxial spectral criteria relevant to vibration fatigue and provides a concise,
implementation-oriented description of principal approaches (EVMS and phase-aware variants, critical-plane
methods in the frequency domain, Carpinteri—-Spagnoli, frequency-based multiaxial rainflow, thermoelasticity-based
criteria, hydrostatic—deviatoric combinations, Lemaitre-based equivalents). To support reproducible vibration-
fatigue analysis, the open-source Python package FL1ife was established in 2020 and introduced in the review and
open-source comparison framework by Zorman et al. [42]. This paper is a continuation of that effort and focuses
specifically on the multiaxial upgrade of FLi fe: the new multiaxial workflow is documented and it is shown how
multiaxial stress PSDs are converted to an equivalent uniaxial PSD and then evaluated with uniaxial spectral damage
models in a single consistent pipeline [43].

There are already review-style contributions on multiaxial spectral fatigue: Mufiiz-Calvente et al. compared
time- and frequency-domain methods [3], Benasciutti et al. surveyed developments through the mid-2010s [10], and
Carpinteri et al. reviewed criteria for random variable-amplitude loading [29]. None of these reviews provides an
implementation. Applying several criteria to the same dataset still requires re-implementing each from its source
paper. The main contribution of this paper is therefore the implementation: ten criteria written in consistent notation,
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including recent additions [44—48], released as a single open-source workflow [43]. Building on it, the paper also
compares the ten criteria on a common dataset, to show how much the criterion choice changes the result and to
make the capabilities of the package reproducible, while a full experimental accuracy benchmark across materials
and loading types is left to future work.

2. Critical Plane Criteria

2.1. Maximum-Stress Criteria on a Critical Plane (Spectral Form)

A widely used class of multiaxial critical-plane approaches assumes that fatigue is governed by stress
components acting on a material plane whose orientation must be identified. Findley proposed the first normal-
and-shear critical-plane criterion in 1959 [49], and Brown and Miller introduced the strain-based critical-plane
framework in 1973 [50]. In the spectral formulation of Niestony and Macha [25], the equivalent stress PSD on a
candidate plane is obtained as the scalar output of a six-input linear system driven by the stress cross-PSD matrix
Sss(w) [25]:

Seq(w) = aS,s(w) al. )

Different choices of the coefficient vector a yield the three variants commonly reported in the spectral critical-
plane literature: maximum normal stress, maximum shear stress, and a combined maximum normal-and-shear stress
criterion [25]. The coefficients are functions of the plane orientation and are typically expressed through directional
cosines of the principal stress axes (e.g., [;, m;, n;). The combined form introduces a material coefficient [51]:

K =29l _q 2
Oaf
defined from the fully reversed torsion and bending fatigue limits. For each plane orientation, Equation (1) provides
a scalar equivalent PSD, which can be evaluated with a uniaxial spectral damage model (e.g., via spectral moments
and a chosen bandwidth correction).

Critical Plane Selection in a Spectral Workflow

(i) Damage Accumulation Scan (Plane-by-Plane).

A discrete set of plane orientations is sampled; for each plane, the equivalent stress PSD is obtained from the
stress cross-PSD matrix via
Seq(w) = a8 (w)a, 3)

and a uniaxial spectral damage model is applied to compute the fatigue life. The critical plane is then defined as
the orientation that maximises the predicted damage. This procedure is consistent with the original critical-plane
philosophy (damage governed by the most damaging plane), but can be computationally demanding when many
orientations and many spatial points must be evaluated [25].

(i) Maximum-Variance Plane (Computationally Efficient).

A numerically cheaper alternative to the full-scan approach replaces the frequency-by-frequency scan by
searching for the plane that maximises the variance of the equivalent stress associated with the selected critical-plane
mapping [25]. Introducing the 6 x 6 covariance matrix C of the stress components (obtained by integrating S (w)),
the variance becomes [25]:

agq = Var[seq] = aCa’, ()

and the critical plane is obtained by maximising agq over all orientations. This removes the explicit frequency
dependence from the critical-plane search (only scalar covariances are required), substantially accelerating large-
scale random-response FEM applications [25]. A commonly used special case is to identify the critical plane from
the maximum shear-stress variance, consistent with Matake’s concept [52]. As noted by Niestony and Macha
[25], the variance-based approach is most reliable when the stress components exhibit consistent probabilistic
characteristics (e.g., Gaussian assumptions typical for linear random vibration).

3. EVMS (Equivalent von Mises Stress)

The frequency-domain formulation of the von Mises criterion, commonly known as the EVMS criterion,
reduces a multiaxial stress response to an equivalent uniaxial power spectral density (PSD), without introducing
a critical-plane search. The frequency-domain formulation was proposed by Preumont and Piéfort [22]. The
equivalent PSD is obtained by a quadratic combination of the tensor components directly in the spectral domain,
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yielding a single scalar spectrum that preserves the mean-square equivalent from the time domain to the frequency
domain [9,22]:

Se(w) = Trace[Q S (w)] . Q)
where Q is the coefficient matrix:
1 —1/2 —1/2 0 0 0]
—1/2 1 -1/2 0 0 0
| 12 —1)2 1 0 0 0
Q= 0 0 0 300 ©
0 0 0 0 3 0
| O 0 0 0 0 3 |

Equation (5) is widely used due to its simplicity and straightforward integration with random-response FEM
workflows [9]. A known limitation is that the classical EVMS formulation can overestimate the equivalent von
Mises level when stress components are out of phase, which motivated subsequent corrections by Bonte et al. [24]
and analytical investigations by Benasciutti [23]; see also [27].

4. Carpinteri-Spagnoli Criterion

The Carpinteri—-Spagnoli (C-S) approach is a critical-plane multiaxial criterion originally proposed for high-
cycle fatigue [53], where the fatigue-relevant plane is not obtained by maximizing an instantaneous stress component,
but is correlated with averaged principal stress directions [54]. For random multiaxial loading, Carpinteri et al. later
reformulated the criterion directly in the frequency domain by determining the critical-plane orientation from the
stress-tensor PSD matrix, avoiding explicit time-history processing [53]. After the critical plane is identified, the
multiaxial stress state on that plane is reduced to a scalar equivalent PSD by combining the PSD of the normal stress
and the PSD of a suitably projected shear stress acting on the plane (projected along the direction of maximum
variance) [53]. In the notation commonly adopted in spectral implementations, with x, y lying in the critical plane
and z normal to it, and with .S}, denoting the PSD of the projected shear stress (projected along the direction of
maximum variance on the plane), the equivalent spectrum is defined as [9]:

i

Seq(t) = Sex(w) + ( JERE) @

Ttr
where of,. and 7y, are the fully reversed bending- and torsion-fatigue limits, respectively. The resulting scalar PSD is
then processed by a uniaxial spectral damage model (e.g., Tovo—Benasciutti) to estimate fatigue life [53].

5. Frequency-Based Multiaxial Rainflow Criterion

Rainflow cycle counting originates with Matsuishi and Endo [55,56]. The multiaxial extensions below adapt
this scalar-process counting idea to non-proportional stress histories. Pitoiset and Preumont [8] showed that the
multiaxial rainflow concept can be implemented efficiently in the frequency domain in a form closely analogous to
EVMS. The method is based on constructing a family of scalar stress processes as linear combinations of the local
stress tensor components,

sm(t)=<"s(t),  le| =1, (8)

where c is a unit direction vector in the stress-component space and s(t) is the stress vector, and evaluating fatigue
damage for each combination; the most damaging direction c is then taken as the governing direction [57,58], as
formalised by Pitoiset and Preumont [8]. For a stationary process, the scalar PSD associated with a given ¢ can
be obtained directly from the stress cross-PSD matrix (here denoted F4(w) following Pitoiset and Preumont’s
notation, equivalent to S,4(w) used in the preceding sections):

Fp(w) = Trace(Q* Fys(w)), Q" =cc’, )

so that the multiaxial rainflow search becomes a scan over unit direction vectors c in the spectral domain [8]. In prac-
tical spectral fatigue workflows, F,,,(w) is passed to a chosen uniaxial spectral damage model (e.g. moment-based
methods) and the maximum predicted damage over the set of c is retained [8]. In its current spectral formulation,
the method has been developed for biaxial (plane-stress) states. Compared to time-domain implementations that
require explicit multichannel cycle counting, the frequency-domain formulation offers large computational savings
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while preserving the core “most damaging combination” idea of the original multiaxial rainflow approach [8].

6. Thermoelasticity-Based Criterion

While the preceding criteria rely on numerical stress fields from finite-element models, experimental full-field
stress data can also serve as input for spectral fatigue analysis. Infrared thermography offers a non-contact way
to obtain such data in real time, motivating a fatigue criterion built directly on the measured thermoelastic signal.
Thermoelastic stress analysis (TSA) uses the reversible thermoelastic effect: under (approximately) adiabatic elastic
conditions, the measured temperature variation is proportional to the first invariant of the stress tensor [59,60]. The
scalar thermoelastic response can be written as

AT
K,

=O0zz + Oyy + 02z, (10)

so an infrared (IR) camera provides a full-field measurement of the sum of normal stresses on the observed surface,
including their sign (via the complex frequency-domain representation) [46].

For multiaxial random vibration, Sonc et al. [46] propose treating the thermoelastic scalar as an equivalent uniaxial
stress process in the frequency domain, analogous to equivalent-stress spectral methods. Let Sss(w) be the 6 X 6
cross-PSD matrix of o (t) = [0, Oys Oz Tay, Tazs TyZ]T. The equivalent thermoelastic stress PSD is defined as

Sthermo (w) = Trace[chermo - Sss (W)] y (11)

with the coefficient matrix

chermo = ( 12)

O O = =
o O O O O

SO O O~ = =
O O O = ==
o O O O o o
O O O O O O

0 0

The resulting scalar PSD can be directly passed to standard uniaxial spectral damage models. Since only
normal stresses enter Equation (11), the criterion is insensitive to pure shear on the surface (e.g., 01 = —o2) and
may underestimate damage when shear contributions are significant; conversely, it is effective when normal stresses
dominate (e.g., bending) [46].

7. EVMS Adaptation for Out-of-Phase Components

In random vibration driven by multiple correlated excitations, stress cross-PSDs are generally complex numbers
and phase differences between tensor components may occur [24]. Bonte et al. revisit the EVMS procedure of
Preumont and Piéfort [22] and show that the classical von Mises PSD combination (based on the real part of cross
terms) is exact for in-phase components but can overestimate the equivalent von Mises level for out-of-phase
in-plane (plane-stress) stresses [24]. They derive an alternative frequency-bin expression that explicitly incorporates
phase angles obtained from the stress cross-PSDs, yielding (for each discrete frequency band f,,) an equivalent von
Mises PSD consistent with the maximum of the corresponding time-dependent von Mises stress [24]:

1, . . JN .
G‘TVM(fm) = 5 (O—Z’I' + Jiy — OzaOyy COS(¢$?E - ¢yy) + 37—3@;)
Ll | 22 2i(6y—0e) _ g5 5 oi(byy—bua) 4 352 o2i(bay—buo)
+ 5|0zx + G, e Py — Oy Oyy €727V +37,, € v , (13)

with amplitudes obtained from the auto-PSDs and phase differences from the cross-PSD arguments:

é—gz = GU:L’:L'U:L':E (fm)7 &Zy = GUyyUyy (fm)7 7212y = GT:L'yT:L'y (fm)7 (14)

a'zza'yy = \/Gawmamw (fm) Goyyayy (fm)v ¢yy - ¢a:z =/ Goxwayy (fm)v ¢zy - ¢zz =/ Gal.mn_vy (fm) (15)

8. Niestony Criterion, Combining EVMS and Hydrostatic Stresses

Niestony et al. [44] propose a frequency-domain multiaxial criterion that combines a deviatoric measure
(the equivalent von Mises stress, termed EMS by the original authors) with the hydrostatic stress, while explicitly
accounting for their statistical dependence. The equivalent uniaxial fatigue process is defined as a weighted sum of
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two stochastic processes,
Oeq(t) = Ap(t) + Borms(t), (16)

where p(t) is the hydrostatic stress, ogpms(t) is the equivalent von Mises stress, and A, B are weights derived from
fatigue-limit conditions [44]. Following Niestony et al.’s notation (where G, (f) denotes the stress cross-PSD
matrix, equivalent to S, (w) with w = 27 f), yields an equivalent PSD according to stochastic summation [5,44]:

Geq(f) = A’Gy(f) + B*Grus(f) + 2AB R[Gy pus ()] (17

Here, p(t) = §(04a + 0yy + 0-2) and both G, (f) and Gens(f) are obtained directly from the 6 x 6 stress
PSD matrix G, (f) via trace operators,

1 1 1 0 0 0]
11100 0
11 110 0 0
Gp(f)_Trace{QpGU(f)}> Qp—§ 0 0 0 O 0 0 ) (18)
00 0O0O0O
00 0 0 0 0]
(1 -4 —3 0 0 0]
-3 1 -1 000
-+ -1 1 000
Gewms(f) = Trace{Qgms G+ (f)}, Qems = 0 o 0 30 0 (19)
0 0 0 030
0 0 0 0 0 3

Since Gp ems(f) cannot be formed directly as a trace of G, (f), the real part is reconstructed using a
frequency-dependent correlation coefficient,

R(Gp pms ()] = rpems ()4 Gp(f) Gems(f), (20

where 7, mms(f) is obtained by recovering phase relations between stress components from the PSD matrix for
each frequency line (via a “reference component” with zero phase) and computing the phase difference between
complex p and complex EMS [44]. At each frequency line f;,,, one stress component is taken as the reference and
given zero phase. Each remaining stress component is assigned a magnitude (from its auto-PSD) and a phase (from
the cross-PSD argument with the reference). Complex p( f,,,) and ogms(fon) follow from these stress components,
and r, pvs () 18 the cosine of their phase difference. The full procedure is described by Niestony et al. [44] and
implemented in the Nieslony method of FLife [43]. The weights (A, B) are then derived from axial-tension
and pure-torsion limit states in two variants: (i) an equivalent PSD intended for use with the axial SN curve, and
(i1) an equivalent PSD intended for use with the torsional SN curve, thereby incorporating the axial-to-torsional
fatigue-strength ratio directly into the frequency-domain criterion [44].

9. Equivalent Lemaitre Stress and Multiaxial S-N Curve (Ge et al.)

Ge et al. [45] extend EVMS-type spectral criteria by adopting the equivalent Lemaitre stress from damage
mechanics, which explicitly includes the hydrostatic-stress contribution [61]. For a multiaxial stationary stress
process described by the 6 x 6 stress PSD matrix G, (f), the PSD of the equivalent Lemaitre stress is obtained
directly by a trace operation

Ga;‘q (f) = Trace{Q* Go(f)} y (21)
with the coefficient matrix (Poisson ratio /)
(1 v —v 0 0 0
-v 1 —v 0 0 0
—-v —v 1 0 0 0
Y= 22
Q 0 0 0 2(1+v) 0 0 ’ (22)
0 0 0 0 2(1+v) 0
L 0 0 0 0 0 2(1+v)|
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which reduces to the EVMS matrix for v = 0.5 [45]. As noted by the original authors, cross-correlations between
normal and shear stresses are ignored in this formulation, analogous to the classical EVMS limitation [45]. The
corresponding hydrostatic-stress PSD is formed analogously,

Gp(f) = Trace{Q, G, ()}, Q= (23)

O =
S O O O O O
O O O O o O
O O O O o o

O O O ===
O O O ==
SO O O = =

To avoid the common limitation of EVMS-based approaches that use only the axial S-N curve, Ge et al.
construct a multiaxial S—N curve by blending axial (tension—compression) and torsion S—N parameters through a
scalar hydrostatic participation factor computed from spectral moments [45]. Defining:

g= 20 _ 3 VMop (24)

)
opss VMo, o+

30eq

the multiaxial S—N parameters are obtained as a modified Wohler-type interpolation [62]:
kapp = ktor + ¢ (kaxi — Ktor) , (25)

1ogcapp=1og(( 2(1+u>)k”‘"cm)+q[log<caxi>—1og(( 2(1+v>)kt“cm)}, 26)

so the final life estimate follows any chosen uniaxial spectral damage model, but evaluated using G o (f) together
with the multiaxial S—N curve (Capp, kapp) [45]1.

10. Discussion and Open-Source Implementation

The open-source package FLife [42,43] extends the uniaxial spectral framework with a multiaxial module
implementing the ten criteria reviewed in this article. The workflow reduces the multiaxial stress cross-PSD matrix
S;s(w) to an equivalent scalar PSD, which is then passed to any uniaxial spectral damage model already available
in the package (e.g. Dirlik, Tovo—-Benasciutti, narrowband; see [21]). Multi-point input is supported, enabling
full-field fatigue-life maps over finite-element meshes. The criteria differ in how this mapping is constructed and
can be grouped into three families: (i) quadratic trace-based reductions that combine PSD components through a
fixed coefficient matrix (EVMS, thermoelastic, Lemaitre), (ii) critical-plane projections that search for the most
damaging material-plane orientation (maximum normal/shear/combined, Carpinteri—Spagnoli), and (iii) hybrid or
dedicated approaches that incorporate additional physical information such as phase angles or hydrostatic—deviatoric
decomposition (Bonte out-of-phase correction, Niestony criterion, frequency-based multiaxial rainflow) [9, 10].
Table 1 summarises the ten criteria with their input requirements, phase sensitivity, and relative computational cost.

For proportional (in-phase) multiaxial loading, the phase-based corrections add little, because the cross-PSD
matrix is close to rank-one; the criteria then differ mainly in how they weight the normal and shear contributions
rather than through phase [9, 10]. Differences emerge primarily under non-proportional loading, where phase
relations between stress components carry information that simpler reductions discard. Bonte et al. [24] introduced
an explicit phase correction for the plane-stress case, and Benasciutti [23] later investigated analytically the accuracy
of the classical EVMS for out-of-phase components (see also Equation (5)). The Lemaitre formulation [45],
while incorporating hydrostatic effects through the Poisson ratio, shares the EVMS limitation of discarding cross-
correlations between normal and shear stress components. The Niestony criterion [44] addresses non-proportionality
differently, by explicitly reconstructing the frequency-dependent correlation between hydrostatic and deviatoric
measures, although the criterion has so far been validated on constant-amplitude multiaxial specimens and FEM
simulations, not yet under broadband random-vibration loading. Zhang et al. [48] recently proposed a damage
correction factor that maps uniaxial spectral estimates to multiaxial conditions using the Lemaitre equivalent stress,
offering an alternative route to account for load correlation.

7 of 12



Sonc and Slavi¢ Appl. Nonlinear Dyn. Vib. 2026, 1(1), 3

Table 1. Overview of multiaxial spectral criteria implemented in FLife.

Criterion Stress Input  Extra Params Phase Cost FLife Method
Max. normal stress 3D/2D - partial High max_normal
Max. shear stress 3D/2D - partial High max_shear
Max. normal & shear 3D/2D Oafy Taf partial High max-normal_and_shear
EVMS 3D/2D - no Low EVMS
Carpinteri—Spagnoli 3D/2D Oaf, Taf partial Med-High cs
Multiaxial rainflow 2D only - partial High multiaxial_rainflow
Thermoelastic 3D/2D - no Low thermoelastic
EVMS out-of-phase 2D only - yes Medium EVMS_out_of_phase
Niestony (hydro.+EMS) 3D/2D Oaf, Taf yes Med-High Nieslony
Lemaitre 3D /2D v, axi.+tor. S—-N no Low Lemaitre

Phase column: no = uses only auto-PSDs; partial = implicitly accounts for cross-PSD structure (e.g. through covariance or projection); yes =
explicitly reconstructs phase angles or correlation from cross-PSDs. Cost is relative: Low & single matrix operation per frequency; High ~
orientation optimisation at each spatial point.

The criteria also differ in the number of material parameters required beyond a uniaxial S—N curve (see
Table 1). Several criteria operate without extra material data, while the critical-plane and Carpinteri—Spagnoli
formulations require fully reversed bending and torsion fatigue limits (o,¢, Taf), and the Lemaitre criterion [45]
requires both axial and torsional S—N curve parameters together with the Poisson ratio v. In industrial practice,
these additional parameters are not always readily available, which may favour the simpler criteria as a first
estimate. Computational cost ranges from negligible for trace-based methods (a single matrix multiplication per
frequency) to significant for critical-plane methods that must optimise over plane orientations at each spatial point;
the variance-based shortcut [25] mitigates this by working with the covariance matrix rather than scanning individual
frequencies. The frequency-based multiaxial rainflow is the most expensive, as it requires a damage evaluation for
each candidate direction c [8]. For large finite-element models with many evaluation points, these cost differences
become practically relevant. Data-driven approaches that directly learn the mapping from PSD features to fatigue
damage have also been explored as an alternative to closed-form criteria [47].

Two criteria currently accept only biaxial (plane-stress) input: the Bonte out-of-phase formulation and the
frequency-based multiaxial rainflow. Closed-form three-dimensional generalisations remain an open problem. For
critical-plane methods, the plane-orientation search in FLi fe supports both a local gradient-based optimiser and a
global differential-evolution strategy [43].

10.1. Numerical Comparison

To compare the criteria quantitatively, all ten were applied to two stress cross-PSD datasets taken from the
finite-element vibration-fatigue study of Mrs$nik et al. [9] on an AlSi7Cu3 component: a normal-stress-dominated
state, and a combined bending and torsion state built from two independent modal sources. Each criterion reduces
the same cross-PSD to a scalar equivalent stress, evaluated here with the Tovo—Benasciutti damage model. Because
the stress amplitudes in this reused dataset are not tied to a specific service load, the loading of each case is
scaled to a common reference level so the predicted lives are comparable: the scale factor is set so the EVMS
root-mean-square (RMS) equivalent stress equals 60 MPa, safely below the axial fatigue limit o,y = 161 MPa. The
scaling is applied after the criteria are evaluated, so it shifts the absolute lives but leaves the relative spread between
criteria unchanged. Figure 1 and Table 2 report the RMS equivalent stress returned by each criterion.

Across the ten criteria the equivalent stress varies by about a factor of 1.6 for the combined bending and torsion
state and 1.7 for the normal-dominated state. The three critical-plane criteria coincide for the normal-dominated state
and separate once shear is present, where the maximum-shear criterion returns the largest value. The thermoelastic
criterion, which combines the normal stress components, is highest for the normal-dominated state and lower when
shear dominates. The out-of-phase correction matches the EVMS value here because both datasets are in phase
at each frequency. Since fatigue life scales with roughly the inverse fifth to sixth power of stress, this spread in
equivalent stress becomes a life spread of about 16 to 18. The comparison uses the same input for every criterion
and is produced by changing a single method call. Both datasets and a notebook that reproduces this comparison
end to end are distributed with FL1i fe [43], so the full example, from the stress cross-PSDs to the figure and table
shown here, can be rerun and extended without re-implementing any criterion.

Further progress here is mostly an experimental problem. Without controlled multiaxial random-vibration
benchmark datasets, the relative accuracy of phase-sensitive and phase-insensitive criteria cannot be decided [3,29].
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The open-source consolidation we provide is meant to remove the coding effort, so that an experimental campaign
does not also have to carry out ten reimplementations before a comparison can begin. Smaller open issues remain:
the assumption of stationary linear Gaussian response [2], and the need to track modal fatigue response spectra [63]
and bimodal PSD parameterisations [64].

(a) Normal-stress-dominated (b) Bending and torsion

EVMS = 60 MPa EVMS = 60 MPa

Max. shear
EVMS
EVMS out-of-phase

Thermoelastic
Multiaxial rainflow
Max. shear

Max. normal & shear Niestony

5
b
57

Max. normal Lemaitre

Lemaitre Max. normal & shear
Niestony
EVMS

EVMS out-of-phase

Carpinteri-Spagnoli
Max. normal
Multiaxial rainflow

Carpinteri-Spagnoli Thermoelastic

0 50 100 0 20 40 60
RMS equivalent stress [MPal] RMS equivalent stress [MPa]

Figure 1. RMS equivalent stress returned by each criterion on the same input, for (a) a normal-stress-dominated state
and (b) a combined bending and torsion state. The loading is scaled so the EVMS value equals 60 MPa (dashed line).

Table 2. RMS equivalent stress and estimated fatigue life per criterion for the two demonstration cases (loading
scaled to an EVMS RMS of 60 MPa; Tovo—Benasciutti damage model).

(a) Normal-Dominated (b) Bending + Torsion
Criterion

RMS [MPa] Life RMS [MPa] Life

Max. normal 68.6 1.4h 44.6 2.1h
Max. shear 68.6 1.4h 65.1 13 min
Max. normal & shear 68.6 1.4h 57.0 29 min
EVMS 60.0 29h 60.0 22 min

Carpinteri—Spagnoli 55.9 44h 46.4 1.6h

Multiaxial rainflow 73.2 59 min 433 2.5h

Thermoelastic 94 .4 14 min 41.2 3.6h
EVMS out-of-phase 60.0 29h 60.0 22 min
Niestony 61.4 2.6h 58.4 26 min
Lemaitre 64.8 1.9h 58.2 26 min

11. Conclusions

An implementation-oriented review of ten multiaxial spectral criteria for vibration-fatigue life estimation is
presented. All ten criteria follow the same two-step pipeline: the stress cross-PSD matrix is reduced to a scalar
equivalent PSD, which is then evaluated with a uniaxial spectral damage model. They differ in their treatment of
phase information, material-parameter requirements, and computational cost (see Table 1). For proportional loading,
simpler criteria such as EVMS provide adequate equivalent-stress estimates; under non-proportional conditions,
phase-sensitive formulations can be expected to offer improved accuracy at the cost of added complexity or restricted
dimensionality.

All ten criteria are implemented in the open-source package FLife [43], which extends the uniaxial spectral-
method framework established by Zorman et al. [42]. Within this package, each multiaxial criterion can be paired
with any of the more than twenty uniaxial spectral damage models already available [21], enabling reproducible
side-by-side comparison of criteria on identical input data within a single consistent workflow. To the authors’
knowledge, such a combinatorial evaluation environment has not previously been available in a single open-source
package. Using this workflow, the ten criteria were applied to two common datasets: the RMS equivalent stress
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spanned a factor of about 1.6 to 1.7 and the estimated life about 16 to 18, with the data and a reproduction notebook
shipped with the package. A full experimental accuracy benchmark across materials and loading types remains
future work.

Open directions for future work remain. The Bonte and multiaxial-rainflow criteria still require three-
dimensional generalisations. The ten criteria range mathematically from scalar trace operations to nonlinear
orientation searches, and a unified framework establishing formal equivalences or bounds between them would be
valuable. Data-driven method-selection guidelines become practical only once benchmark datasets are available.
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